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TRANSLATORS’ PREFACE 

In view of the number of excellent books on physical chemis- 
try now available in the English language, it may be wondered 
why anyone should venture to present a translation of a foreign 
text at the present time. The translators believe, however, that 
there is still room for a text in which kinetic theory, thermody- 
namics, and quantum theory, each being discUssed upon the 
basis of experimental facts, are considered of equal importance for 
the development of the subject. Professor Eucken’s '^Grundriss 
der phyvsikalischen Chemie” is written from this viewpoint. 
The discussion of the recent important developments in the 
study of the structure of matter, the excellence of the kinetic 
treatment of physicochemical problems, and the correlation of 
kinetic theory and thermodynamics are also prominent features 
of this book 

Owing to the scarcity of American and English publications 
in Germany during the past few years, it was considered desir- 
able to supplement the original work with material which the 
author \vas unable to obtain, together with some which has 
appeared since the second German edition was prepared. The 
larger portion of this material has been incorporated in the 
form of over 150 footnotes and a few short insertions in the 
text which do not affect the author’s treatment. 

In those portions dealing with solutions, there have been so 
many new developments which we felt should be incorporated, 
especially in view of the important position which this subject 
occupies in American chemistry, that we also considered it 
desirable to extend the discussion of the thermodynamics of 
solutions given by Professor Phicken. It was soon found that 
this necessitated entirely rewriting the empirical and thermody- 
namic subdivisions under solutions in Sec. B ; the author’s kinetic 
treatment has remained unchanged. 

In making this adaptation, the subject has been approached 
from the standpoint of the ideal or perfect concentrated solution, 

v 
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which wc believe follows quite logically upon the author’s 
treatment of ideal gases and ideal solids. The introduction of 
the concept of the pcrh^ct solution made it necessary as well iis 
advantageous to introduce the activity concept in Sec. C (188b, 
188(;, 191, 196, 211). A comparison of the first and second 
German editions indicated that Professor Eucken himself was 
considering such a treatment. 

In writing these portions every effort was made to adhere 
closely to the form and style of the remainder of the book. The 
translators would bo the first to admit that the result in these 
two respects is not perfect. In correspondence, Professor 
Eucken has stated that he intends to alter and extend consider- 
ably his own treatment of solutions in the next edition. At 
the present time, however, the most satisfactory procedure 
seemed to be to incorporate the new material in the way which 
we have adopted, ratlier than to relegate such important subject 
matter to an apiiendix, although this latter alternative would 
have involved far less labor on our part. This field is changing 
so rapidly, as is well known, that it is quite possible that Pro- 
fessor Eucken’s future treatment of solutions may differ con- 
siderably from ours. We arc indebted to Professor Eucken for 
reviewing the major portion of the footnotes and new material 
which have lieen incorporated and for offering suggestions and 
criticisms regarding them. 

All of the adaptations, as well as the footnotes, for which the 
translators arc solely responsible, arc indicated by asterisks. 
The translators have also made a number of important changes 
in tile original nomenclature, nearly all of which were due to 
the individual peculiarities of the two languages Due to the 
scope of the subject matter and the multiplicity of symbols 
which this involves, the author was not able to conform com- 
pletely with the official nomenclature of the International 
Commission as published in the Z, Elcktrochem., 27, 627 (1921); 
for the same reason the translators were not able to conform as 
completely with present American usage as they desired. 

The translators have fr(*ely consulted a number of textbooks 
on physical chemistry and monographs on special subjects for 
information. Since these works are quoted in the text and 
footnotes, no special mention will be made at this point, except 
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to acknowledge the assistance which Washburn^s ^‘Principles of 
Physical Chemistry, Lewis and Randall's ‘‘ Thermodynamics," 
and Hildebrand's “Solubility" have given in the development 
of the subject of solutions. We wish to thank Dr. H. C. Urey 
for reading the manuscript of Sec. D and for the valuable sug- 
gestions he has given on a number of points; also Dr. W. F. 
Meggers for the photograph of the band spectrum of nitrogen. 

E. R. J. 

V. K. L. 

Department op Chemistry, 

Columbia University, 

New York, N Y 
March, 1925 . 




PREFACE TO THE SECOND EDITION 

The basis of the present edition, as has already been empha- 
sized in the preface to the first edition, is a predominantly 
physical treatment of physicochemical phenomena; in this the 
use of simple mathematical tools cannot be avoided. Inci- 
dentally, this viewpoint, which determines the basis and the 
structure of the book, has found the approval of a number of 
colleagues; only a relatively small number found occasion to 
express fundamental criticisms In view of the theoretical 
difficulties which arc involved in the successful teaching of 
physical chemistry, the existence of a number of different 
treatments can be understood and is justified, especially since 
there is no definite agreement as to the ultimate aim of the 
teaching. I agree with those colleagues who decline to use a 
more mathematical-physical treatment of physical chemistry, 
but only when their object consists in giving a general (as a rule, 
rather superficial) understanding of physicochemical phenomena. 
But when it is desired to make accessible to students the 
resources of physical chemistry which are so useful for practical 
purposes, the task is made more difficult instead of easier for 
both teacher and pupil in the attempt to avoid mathematics. 
That the use of mathematical formulas in the teaching of 
physical chemistry, with the appropriate adjustment on the 
part of the teacher, can be performed successfully is shown by 
the results in analogous subjects — for example, in engineering — 
for there is no doubt that the students of this subject can 
actually attain the mathematical preparation essential to it. 
Should not this be possible for the majority of students of 
chemistry also? 

Although I have adhered essentially to the use of mathematics 
in the new edition, I have, however, endeavored to simplify 
several of the more involved developments which give the 
beginning student difficulties; for example, in the derivation of 

the fundamental Helmholtz equation A + 17 = 
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account of significant advances made in the more recent work 
of N. Bohr, several paragraphs in the section on “The Structure 
of Matter'' required reorganization. Suggestions as to a 
number of minor additions and improvements were very kindly 
given me by Messrs Buchwald, Herzfeld, Kriiger, Paneth, and 
Volmcr, to whom I wish to express my thanks. 


UUENLAU, 1924. 


A. Eucken. 


PllEFACK TO THE FIRST EDITION 

During the last twenty years of the preceding century a new 
science, “physical chemistry," was created in which physical 
methods were emplo^Td for the investigation of chemical prob- 
lems. This new science was founded upon fundaiiKMital 
researches by van’t Hoflf, Arrhenius, and Nernst, and at that 
period it was both justifiable and desirable to consider it as a 
separate science. During the past ten years, however, it has 
become more and more difficult to maintain the individuality 
of physical chemistry as a science in view of the manner in 
which both physics and chemistry have developed. Today 
many physicists are engaged upon a fundamental problem of 
chemistry in their investigation of the structures of atoms and 
molecules. On the other hand, many chemists are using purely 
physical methods in their work. It has thus become unnecessary 
to have a separate science between physics and chemistry, since 
there is reall}'^ no principle which would serve to distinguish it 
from either. 

If, however, this viewpoint is set aside and the problems 
involved in teaching physics and chemistry so that the student 
shall be able to combine them in his work are considered, the 
situation appears in a different light. 

The chemist and the physicist have inodes of thinking and 
methods of attacking problems which are so different in their 
natures that it is difficult for the majority of students to unite 
them and apply them profitably. Experience has shown that, 
unless both physics and chemistry are taught with particular 
care, the difficulties involved can be overcome only to a small 



PREFACE TO THE FIRST EDITION 


xi 


degree. From the teacher’s viewpoint, the justice of consider- 
ing physical chemistry as a special subject can scarcely be dis- 
puted, if one aspires to a fusion of the methods of physics and 
chemistry for the solution of fundamental problems. 

It is hoped that this presentation will be of service in this 
direction. It is intended especially for students of cheinistrj'^, in 
order to introduce them to the most important points of view and 
the results of investigations in those branches of modern physics 
which arc closely related to chemistry. The newer textbooks of 
general and inorganic chemistry usually consider numerous 
physicochemical laws and principles from a chemical viewpoint. 
I have assumed that this book, which is written from the 
physical viewpoint and is therefore a complement to the 
chemistry textbooks, will be found desirable. 

Experience has shown that the mathematical formulas cus- 
tomarily employed in physics present great difficulties to the 
deeper penetration of physical chemistry for many students of 
chemistry. It might, therefore, seem tempting to try to elimi- 
nate mathematics as much as possible from physical chemistry. 
By so doing, however, we should deprive ourselves of one of the 
most valuable aids which our science has at its disposal. Only 
he who is not frightened away by a simple mathematical formula 
can expect to derive any real and practical benefit from physical 
chemistry. In this presentation the use of mathematics will 
not bo avoided when it is of material assistance. 

The amount of pure mathematics required for the teaching of 
physical chemistry is rather small. Beyond a few rules for 
calculating, it is chiefly necessary to have a certain understand- 
ing of the physical meaning of a fomiula. However, it is this 
aspect of mathematics, i.e., the interpretation of formulas, 
which gives the student great difficulties. In order to eliminate 
these difficulties as far as possible at the very beginning, the 
main portion on physical chemistry is preceded by a short 
mathematical-physical introduction in which the most impor- 
tant fuTidamcntal concepts involved are touched upon. This 
introduction does not, of course, claim to offer a complete sub- 
stitute for attending a course of lectures on mathematics nor 
for the reading of a detailed book suitable for self study. 
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In order to make the scope of the work as concise as a text- 
book demands, numerous limitations became imperative. It 
was endeavored to develop the fundamentals of the subject 
jis highly as possible, and therefore but little si)ace has been 
devoted to the enumeration of isolated facts and empirical rules 
of lesser significance. 

In those cases in which various theories exist concerning one 
range of phenomena between which no final judgment can be 
made at present, I was generall}' compelled to restrict myself 
to the presentation of only one of them. I endeavored to make 
the selection in such a way that a somewhat homogeneous style 
would be preserv’ed throughout the work. Naturally, such 
a selection is affected by the personal viewpoint of the author. 
The omission of any particular theory must, then^fore, not be 
considered as an absolutely final rejection bas('d upon fundamen- 
tal scientific principles 

In the choice of references to the literature, I was led by the 
desire merely to indicate' the way to the original literature of th(' 
subject concerned. The references are geiu'rally limited to 
single papers which serve to introduce the readc'r to the litera- 
ture of the subject, or, where possible, to papers containing a 
summary of the literature of the particular field An even 
approximately complete guidance to the literature was not 
considered to be within the scope of this book. Since an investi- 
gator often consults one of the larger, comprehensive' works on 
the special subject in (piestion before searching through the 
literature himself, it may be mentioned that a cle'arly prranged, 
systematic catalogue of books which appean'd up to 1914 and 
which cover the entire field of physical chemistry is to be found 
in the first volume of the“Lehrbuch dcr physikalischen Chcinie,'’ 
by K. Jellinek. 

Experimental methods were described only in so far as they 
appeared necessary for their theoretical understanding anil for 
the mathematical application of the formulas. It was not con- 
sidered essential to include in this book descriptions of methods 
for performing practical investigations, especially in view of the 
fact that there arc already many books (large and small) 
which can be recommended for this purpose. As an example, 
“ Physikalische-chemische Ubungen,*' by W. A. Roth (3rd ed , 

T • • /lArkf \\ 1 .. J.: - 1 
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I am especially grateful to Dr. Hermann Senftleben, who in 
the reading of the manuscript and proof has assisted me by 
many hints and suggestions of improvement. I am also 
indebted to Dipl -Eng Ernst Karwat for drawing a number of 
figures and checking some of the calculations. 

The publishing firms of Gebr. Borntrager in Berlin, Ferdinand 
Enke in Stuttgart, AVilhelm Knapp in Halle, Julius Springer in 
Berlin, and Fr. \'iewcg and Son in Braunschweig, were very 
kind in transferring to us the stereotype plates of a numl)er of 
illustrations which had originally appeared in works published 
by them, and in this place I wish to express my gratitude to 
these firms. 

A. Eucken. 

Bue.slau, 1922 
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The page mimbers accompanying the various symbols indicate where 
they occur for the first tune or where they are defined. Paragraph refer- 
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At,v^ 

At,p 


-ilo 

A 


a 


a 


h 


a 

C 

Cp 

c\ 


c' 




Atomic weight (weight of a gram-atom) 

Work (usually mechanical) (p. 41) 

Maximum work under particular conditions of restraint (footnote, 
p 64). 


Chemical potential (pp 54, 319) 

Ionic activity of a metal (p 383). 

a o 

Angstiom, lA. = 10“^ cm 

Any constant quantity, special first van der Waals’ constant 
(p 129) 

'Flic activity (p 319) 

lladius or major axis of an electron orbit (p. 529). 


Thermal (cubic) coefficient of expansion iLdr), 


Bronsted- Debye coefficient (p. 329). 

Degree of dissociation (p 289). 

Apparent degrees of dissociation of strong ele(‘trolytes (p 315). 
Any constant term; special, second van der Waals^ constant 
(p 129) 

Pioportionality factor for an elastic force (p 27) 

Average effective diameter of ions in Debye-lluckel theory (p 332). 


Empirical constant 
Degree of association (p 359) 


Molecular or atomic heat in geneial or under special conditions of 
restraint (p 39 et aeq ) 


Concentration (moles /L ). 

\'elocity of light (3 10^‘’cm /see ) 

Concentration (moles/1000 g solvent). 

Mean specific heat (p. 38). 

Diffusion constant (p 30) 

Dielectric constant (p. 326). 

Difference 

Distance between atoms or molecules (pp 473, 648). 
xix 
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S 

d 

E 

6*0 

Ck 

F 

f 

1 ? 

Q 

7 


h 

u 

H 
//' 
/, « 


i' 


1 

A' 

A'„ 


A% 

A', 

Enp 

ft 


Density. 

Partial difTcrontial. 

Potential dilTeiencc ^ele<‘trical) (p. 42) 

Electrode potential n'fcrrcd t^) the normal hvdroKen elertnwlc 
(p im) 

Ease of the natural loKarithins (p. 21) 

Electrical charge 

Elementary charge of electricity (sometimes lepreseiited merely 
by c). 

Charge on nucleus. 

Energy- quantum (p 113) 

Sometimes electrical charge (188c). 

Number of degrees of fn^edom (p 254). 

“Th(» Faraday” = 06o()0 
A general function. 

Activity coeflicient of solute (p 320) 
rVictional resistance (p 26) 

C.'oefficient of internal friction (p 243) 

Coefficient of internal friction (p 150) 

Acceleration due to gravity 

Q 

Ratio of spccifii* heats (p 83) 

V. r 

Height (p 147) 

Planck’s elemental y (luaiitum of a(‘tioii (6 55 10 rnj «cc.) 
(p 559) 

Strength of magnetic held (p 504) 

= C + pv = Clibhs’ heat function (p 54). 

= — // = heat content of reaction at constant pressure (j). 364). 
Electrical cm rent strength fp 43) 

(True) clKumcal constant fp ISS) 

Van't Hoff's osmotic eoelheient (p. 307) 

Conventional chemical constant (p -llS) 

Moment of ineitia (pp 465, 595). 

Heat of ionization (p 624) 

Integration constant in Nernst Heat 'riieonMii (p 105). 
p]quilibrium constant of the mass-ai'tion law fp 2S6). 

The same referred to activities 

The same referred to concentrations (p 290). 

The same referred to partial pressure (p 290; 

Solubility product (p 356). 

Force. 
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Boltzmann's constant - gas constant fora single molecule = 

^ licaction velocity constant (p. 42 Sj 

lladioactivo disintegration constant (p IS) 

Compressibility •'>7) 

Debve's recipio<*al distance (p 327). 

Specific conductivity (p 303) 

Jj Mean kinetic energ>^ (p. 88) 

L M A. Law of Mass Action 

I Mean ficc path (p 02) 

In Natural logaiithm (p 20) 
log (= logic) Decadic or Biiggsian logarithms. 

A <»r Ar Heat of vaporization 
Ay Heat of fusion 
A^ Heat of sublimation 

A. Molecular or ciiuivaleiit coiiiluctivity at finile ecmcentratioii fp. 
301) 

A.^ The same at inlinite dilution (p 3(H) 

X Wave li'iigth 

M Molecular \n eight (weight of one ‘*inoh‘”) 

M„ Aveiagc moleiadar w eight (p 200 1 
j Mass 

7M : (Hirient number (quantum theory) (p 005) 

I Any whole iiumbci. 
j Unit of length 0 0001 cm , nfi = 10"" cm 
Number of revolutions per second Ip 550). 

! The ionic strength (p 32S) 

Numbei of actual imdeeules 
\ Mole fraction of a .solution (p 201). 

N .Vvogadni’s number (p 05) 

Aiiv whole number 
Number of coinpoiuMits 
Number of mok^s 
Tnie quantum nuiiilxT 
fit Valence or number ol charges on an ion. 
tir llefractivo indc.x (p. 041). 
n* Effective quantum iiunilwr (p. 572). 

j True frequency (number of vibrations per second) (pp 28, 554). 
I Number of ions in a molecule (p 323) 

f j Wave number (number of light waves per ccntiinctcT in a vacaium) 
i (p. 544). 
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Of o Surftu'C (pp. 42, 151) 
w Angular velocity. 

Potential eiicigy 

I* Number of phases (p. 254). 

Total pressure 

I Gas pressure. 

\ External pressure 

/)° Vapoi pressure of a pure component (p 207). 

II Osmotic pressure (p. 203) 
lU Intel nal pressure (p 154) 

Number == 3.1416 
ttI lleduced piessurc (p. 168) 

Cohesion pressuie (p 138) 

TTi, Ciitical pressure (p. 164). 

Q Quantity of heat (p 37). 
q Cross-section, suiface 

R General gas constant (p 76) foi numerical values see Table 1. 

Rydberg’s constant (p 554) 
p Average density of (4ectricity (p 324). 

*S Entropy (p 58). 
f Solubility (p 322) 

'''I Distance 
S Summation. 
a Suiface tension (p 146). 

T Absolute tempeiatuic (p. 37) 

7’c C’entigrade tempeiatuie (p 37) 

Tm Melting or freezing point of a solution (p 216). 
t Time 

0 Characteiistic ternperatuie (p 101) 

^ Reduced temperature (p 168) 
i>o Ciitical temperature (p 164). 

T Half-life period (p 24). 
j Intel nal energv (p, 45). 

^ \ Velocity of ionic migration {p 302). 

Uo Null-point energy (p 122). 

C'' Heat of reaction at constant volume (p. 363). 
i~‘ Ionic mobilities (p 443). 

Vf V Volumes 

VM Molecular volume (pp. 76, 292). 

V Velocity. 
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Vi Velocity of light. 

I A general function. 

I Angular measure 
^ I Ilechiced pressure (p lOS). 

I Osmotic coefficient (p 321; 

<Po Ciitical volume (p. 164). 

\p Average electrical potential in Debye-11 uckel theory (p. 324). 
I Probabilitv ^p 60) 

I Specihc lesistance (p 303) 
wk Heat capacity (p 38;. 

X, V Vaiiable quantities 

(IE 

X Strength of elect iical field = (p 42) 

Z number, e g , nuch'ar change number, atomic number, etc. 
Z* Effective nuclear charge ^p 572) 
z Valence of an ion Cl88c). 

~ Approximately e(iual to 
~ Is pioportional to 




FUNDAMENTALS OF 
PHYSICAL CHEMISTRY 

SECTION A 

MATHEMATICAL-PHYSICAL INTRODUCTION 

1. The Physical Law as a Mathematical Function. — If the 

•eal task of physical chemistry is considered to be the application 
)f physical methods to the solution of clu'inical problems, then 
t becomes appropriate to emphasize some of the characteristic 
‘eatures of physical investigation at the very beginning of this 
=?tudy. 

The aim of modern physical research is to discover and to 
investigate the relations which exist between the various simple 
characteristics of substances, such as mass, velocity, pressure, 
volume, temperature, etc. Such an interdependence of physical 
(luantities, in so far as it can be formulated exactly, is called a 
physical law. 

The language of ordinary life does not lend itself to expressing 
the pecularities of physical laws. At best, words can be used 
only to supplement the other means of expression. The physicist 
considers it of secondary importance to discuss a law in non- 
mathematical terms, and to do so exclusively, as has been 
attempted in some books, is uneconomical and unsatisfactory. 

It is absolutely necessary for every student who wishes to 
master the physical laws, whether for practical or for theoretical 
purposes, to familiarize himself with the other more profitable 
methods of expression. Efforts in this direction are always well 
repaid. 

The physical magnitudes involved in the law are expressed by 
numbers. This is one of the characteristic features of physical 
laws, the importance of which is not sufficiently emphasized by 
the ordinary means of expression. A reciprocal dependence of 

1 



2 


FUXDAMENTALS OF PlIYfUCAL CHEMISTRY 


Number I Loga^thm 


several variable magnitudes (the variables) is indicatf'd in 
mathematical terminology as a function. 

2. Different Methods of Representing a Function.- h'rom 
its definition as an arrangement of two or more series of numbers, 
it is at once evident that a function may bo ex- 
pressed in the form of a table, such as the table 
of logarithms or the table showing the variation of 
th(.» density of air with temperature and pressure. 
In the latter example there arc thrc'e variables. 
^I'lierc is a disadvantage in the tabular r(»presenta- 
tion, however, in that only a limited number of 
points can l)e arrangcid with respect to each other, 
although this form of presentation docs have the 
advantage of accuracy. The remaining points 
niust be found by a mathematical interpolation. 

'rhis inconvenience is avoided if the function 
be plotted as a curve in a plane or as a surface in 
space; at the same time a better idea is obtained 
of the behavior of the function, lint when com- 
pared with the tabular method, the conveniences 
of this graphic representation are often secured 
at the expense of accuracy. 

A function with only two variables is usually 
represented as a curve on a plane, the latter 
lieing defined by two coordinates at right angles 
with the point of intersection reckoned as zero. 
Tlie horizontal coordinate is called the abscissa ; 
the vertical one, the ordinate. The graphic 
method is so common that a description of the 
method of application is unnecessary. It can 
be applied to any law or function in which two or 
more numerical values are related to each other. If there arc 
three variables, the complete function can only be represented by 
a surface in space. Sometimes, however, it is convenient to keep 
the one variable constant and plot the other Uvo at different 
values of the first. A family of curves (see Fig. 28) is then 
obtained. 

l-p to a certain point, the advantages of tabular and graphic 
representation may be united by means of nomographical 
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methods.^ For each of the variables a special scale is made. If 
there arc only two variables, the two scales are simply placed 
beside each other; each point on the line of contact between the 
two scales corresponds to the pair of values of the variables 
which belong together. An example of a simple nomogram is 
given in Fig. 1, representing the logarithmic function. 

With three variables (Fig. 2), the individual points are arranged 
on scales of appropriate dimensions and placed in certain definite 
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positions with respect to each other. A straight line is passed 
through the proper points on two of the scales and the point of 
intersection with the scale of the third variable gives the desired 
value of the latter. In order to read the nomogram in Fig. 2, 
which represent^^ the dei^endence of the weight 5 of a liter of gas 
upon the barometric pressure p and temperature t, only a ruler 
(preferably transparent) is re<iuired. For example, at a pressure 
of 746 and a temperature of 22°('., the weight of a liter of 
air is found (dotted line) to be 1.174 g. As W. Biltz and Huttig- 
have shown, the nomographical methods are excellent for the 
interpretation of certain thermoehemical functions. 

' * Demino, 1[. Cl , “ Manual of C’heinical Nomography," I'niversity of 
Illinois Press (1918). 

^ Z. anarg. Chenu, 109, 111 (1910). 
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3. The Function as a Mathematical Formula. — It is the 

custom to express a function of two variables by the symbol 

//=/U). (1) 

The quantities .r, //, tlu' variables, arc freciuently diffen'iitiated 
as “independent" and as “dependent** variables, in I0(|. (1), 
X is the independent and // the dependent variable. If it is 
desired to reverse tins in order to obtain // as the iiul(»p<nulent 
and X as the deiKUident variable, then Hq. ( 1 ) must be transformed 
into 

J = ^(//). (bO 

The two functions fix) and *piff), n'prescmtinj]; f.ho saim^ depend- 
ence, are called inverse functions. A siiiiph' example of a func- 
tion and its correspondinjc inverse funehon is 

// = .r- and x = y/\j. 

Nature do(‘s not distinguish Ixd.ween x and // as indc'pendent and 
dependent variables; the distinction is made for purely practical 
purposes When this distinction is of no importance, the 
implicit ropr(‘sentation 

y) = d 

is to be re(*<»inm('n<l(Ml in place of tlM‘ explicit forms (H(is. (1) 
and ( b/) ). 

The expression of a- function by means of a formula is important 
because it can then be represente<l by any of the other methods. 
Besides, from it all the charaeteristics of the funetion may be 
read directly, although sometimes a mathematical transformation 
is expedient. Some of the mathematical operations, such as 
differentiation, integration, and the like, are briefly reviewed in 
the reinaind<M- of this section. As far as possible, tin? examples 
will be so chosen that they may be directly applied in the later 
chapters. 

4. Linear Functions. — A particularly simpki function is 
expressed by the equation 

y == b'x + a. ( 2 ) 

A physical example of this is the variation of the volume of a 
gas with temperature Tc (Centigrade) : 

V = ro(l + aTe) = I'o + VfiOtTcf 
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in which I'o is the volume at O^C' and a the coefficient of 
expansion. 

The conversion of the Centigrade temperature x into the 
Fahrenheit temperature y offers a further example: 

2/ = ^5 a: + IW. 

The most primitive means of establishing the course of such a 
function consists in calculating y from a series of values of x 
and expressing them as a table. The points .r, // so established 
are then plotted on rectangular coordinates and joined by the 
simplest possible curve. In this way it is found that Eq. (2) 



represents a straight lino. At the same time its special charac- 
t.<»ristics, €.g„ its point of intersection with the axes, its slope, 
etc., may be read oft’ directly. The geometrical characteristics 
of the important function shown in Eq. (2J may be exactly 
ascertained in the following manner: 

If f(x) represents a straight line, then for the variable point 
xy, when compared with two fixed points Xuyo and x^y^j the pro- 
portion (Fig. 3) 

.r — Xu ^ // — //n 
Xi - Xu yi — yu 

must always be satisfied. But this may be brought into the form 
y = X + t 

— Xf) JTl — Xo 

which becomes identical with tki. (2) if 

Xi — Xq' Xi — Xq 
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At the same time tlic geometrical significance of b' and a appears: 
b' = represents the tangent of the angle between the 

Xi :ro 

straight line and the a;-axis, the magnitude of which is a measure 
of the slope of the straight line. Moreover, the ratio 6' is fre- 
quently used in place of the angle as a measure of the slope. 

The points of intersection of the straight line with the axes 
are found most simply if Kq. (2) is stated in the form 


where b is substituted for If j: = 0, then y = a, and when 

y = 0, X = b. Therefore, the straight line cuts the //-axis at a 
distance a from the zero point and the x-axis at a distance b 
(compare Fig. 3). 

6. The “Slope” of a Curve. The Differential Coefficient. — 

From geometrical as well as from physical considerations, the 
straight line is of especial importance, because all curves which 
show no sudden breaks or discontinuities in their course can be 
replaced over very short distances by straight linos. The 
entire function may thus be represented by an exceedingly 
large number of very short straight lines or hue elements joined 
together in a series and gradually changing sloix) throughout. 
In order to obtain an exact duplication of a curve in this ivay, 
it is essential to have an infinite number of such line elements, 
but in practical cases only a relatively small number is necessary 
to obtain a sufficiently accurate result. If, for cxamplo, a circle 
is replaced by an inscribed //-sided polygon, then the difference 
between the circumference of the circle and the polygon is 1.6b 
ixjr cent when = 10, 0.28 per cent when n = 25, and only 
0.06 per cent when n = 50. 

The slope of the curve is found by taking the slope of the line 
element at the desired point, but the curve itself is distinguished 
from the line element in that its slope changes continuously. 

From the geometrical as well as the physical standpoint, a 
knowledge of the slope of a curve (function) is of particular 
interest. It is, therefore, important to be able to calculate the 
slope by means of a general and universally applicable process, 
differentiation. 




Fill 4 

may be designated as the slope of the curve just as in Eq. (2). 
This expression, which is usually called the difference coefficient, 
involves only the mean slope of the curve between the two points. 
In order to find the slope at the point x^yo itself, the point Xiyi 
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must be pushed closer and closer to Xofjo. The distances Ay and 
Ax thus become smaller and smaller (Ax', Ay' as well as Ax", 
Ay" in Fig. 4) until it approaches the value zero. The slope at 
any point xy on a curve is represented by the limiting value of 

the ratio for a vanishing value of Ax. This is usually written : 
Ax 


im 

dx 


= m 


(3) 


and is called the differential coefficient of the function y = 
ax 

f{x). Since in irregular curves (i.e., not circles) this generally 
changes from point to point, it is likewise a function of x, gener- 
ally designated by/'(x), which is known as the derivative of the 
function f(x). 


Although the above, exact definition of the differential quotient demands 
that the quantities dx and dy, the so-ealled differentials, should be infinitelv 
small, yet, as a rule, no ver>' large error is introduced when hnitc values are 
retained for the differences Ax and Ay, even when the resulting quotient is 
put equal to the differential quotient. For example, the difference (piotiont 
of the function y = in the neighborhoiMl of j: » 1 assumes the following 
values according to the values of Ar or Ay 

Ay ^ 1 0201 - 1 0000 ^ 0 0201 ^ 

Ax 1 010 - T 000 0 010 ^ ' 

Ay ___ 1 002001 - 1 000000 ^ 0 002001 ^ 

Ax 1 001 - 1 000 0 001 ' 

while the differential quotient, for which the general formula /y' = ir holds 
according to Eq. (4j, has the value 2 000 when j = 1. 

The magnitudes of the differences which can be put equal to the diffenui- 
tial quotient to a sufficient degree of approximation vanes a gr(?at deal fiom 
case to case. In numerous cases in which the. differential (piotieut lias a 
])hysical or chemical significance {cf. 8 ), it is possible to use differences, w'hich 
are more conveniently measured directly, in place of differentials without 
introducing any important error 

6. Calculation of the Differential Coefficient. Tn order to 
calculate the differential coefficient for ilefinite functions, it is 
convenient to start from the difference coefficient; i.e., the 
expression 

^// ^ fix - /(•»•) /g V 

Ax Ax ' 

is first developed and then Ax is gradually made vanishingly 
small. In the function 


y = /(*) = »“ 
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the binomial theorem gives 

f(x + Ax) = X* + «x"“* Ax + Ax® + 

If this expression is substituted in Eq. (3a), the term x" is elimi- 
nated. If Ax now assumes continuously decreasing values, then 
the terms with Ax®, Ax®, etc. vanish and there remains 
, Av dy „ , 
ax-oax dx • 


(4) 


In a similar manner, all continuous functions reprc.sentcd by 
formulas may be differentiated. As examples may Ixs given 


y = sin x; 
y = cos x; 


d// 

, = cos I 
dx 

dy 

’ = —sin X 
dx 


(S) 

(«5) 


which were obtained through the use of Eq. (3rt) with the relation 
sin (a + (3) = sin a • cos ^ + cm a sin P 
and proceeding to the limiting cjise where Ax becomes vanish- 
ingly small. The following expressions, in which u and v repre- 
sent various functions of x, arc very often used: 


y = u ± p; 

y = u'v; 


y = 


u 

p’ 


dy _ dll ^ di’ 
dx dx ~ dx 
dy _ dv , du 
dx * Vx * dx 

dll _ do 
dy _ *dx * *(/x 
dx i’® 


(7) 

( 8 ) 

(9) 


A si)eeial case of E(i. (8) which occurs very freciuently is where u 
is a constant A. In this cose 


y = Av; 


dy _ . dv 
dx ~ ^ dx’ 


(8a) 


since the differential coefficient of a constant quantity is always 
c<iual to zero. For the differentiation of more complex functions 
of X, but which, by means of suitable substitutions, such as 
u = i^'(x); w = <p{u); y = f{w), can be brought into the form 
y = the following relation is frequently used: 

dy _ dydwdu 

dx dwdudx’ ^ ^ 
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Just as by the diiTerciitiation of a function f(x) its derivative 
f'ijr) IS obtained, so by differentiatinK/'(i; the second differential 
coefficient or the second derivative of f[x) is found. 
df'U) 
dx 


^ d‘f(x) 
dx- •' 


(X). 


( 11 ) 


7. Maxima, Minima, and Points of Inflection. — The geometrical 
significance of the first diff<?rcntial coefficient has been discussed 
sufficiently above. It is frequently of interest to search for those 
places at which the sloiie of the curve is zero, and therefore, 
whore the condition f\x) = 0 is fulfilled. At such a point, the 
tangent to the curve must be parallel to the abscissa; the curve 
must possess citlw'r a maximum or a minimum if the third possi- 



bility, the appearance of a point of inflection, is disregarded for 
the present. It is po.ssible to decide which of the two cases 
exists by means of the second derivative whose sign indicates 
whether the slope is increasing or decreasing. A positive sign 
of the second derivative states that the first derivative, i e., the 
slope, is increasing, jiust as a po,sitive sign in the first derivative 
states that the original function is increasing. Conespondingly, 
a negative sign for the st'C()n<l derivative shows that the slope 
of the function is to be considered as decreasing. Thtirefore, if 
fix) = 0 and simultaneously, f''(x) < 0, then a maximum 
exists, since f'(x) = tan a is first positive (a is an acute angle, 
therefore tan « is positive) and then passes through zero into 
negative values (Vig. !kt). 

If f''(x) is positive while f'(,x) = 0, then fix) passes through .a 
minimum (Pig. Hh), since in this case tn changes frmn an obtuse 
to an acute angle (tan < tan «*). 

If f''(x) vanishes, it indicates that the slope of the curve 
passes through a maximum or a minimum at the point under 
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consideration- such a point is called a point of inflection (Fig. 
fyc). 

The calculation of maximum, minimum, and inflection points 
on a curve may be simply illustrat-ed by the example: 

y = + 18 j;. 

The first derivative, calculat<?d by means of K(|s. (4) and (7), 
is 

= 3a:* - ISa: + 18, 
dx 

which vanishes when a:i = +2 and a ‘2 = +3. To determine 
whether these points involve a maximum or minimum, the 
second derivative is taken: 

ns) - 2 - to - 15. 


From this it is found that, at the point x = 2, the second deriva- 
tive is negative and therefore the curve possesses a maximum 
at this point. A minimum exists at the point x = 3, where 
f"{x) is positive. When x = ?- 2 ,/"(a:) = 0 and hence this is the 
point of inflection. From these data no difficulties are involved 
in representing the approximate path of the curv'e. 

8. Velocity and Other Physical Differential Coefficients. — In 
a number of cases the physical significance of the first differential 
results directly from the idea of the slope of a curve. Functions 
in which time is the independent variable are often used, e.g., 
the movement of a point is descrilied i)y stating its distance s 
from some definite zero (or sttu'ting) point reached after a time t. 


s =A0. 

,\s 

According to the above, the difference quotient signifies the 


increase As of the distance during the time At {e.g., one hour) or 
the distance passed over in unit time. This quantity is known 
as the average velocity \7 for the respective time unit. If t 
is chosen infinitely small, the differential coefficient is obtained 
which is the true velocity of the body at the time f; namely, 


ds 

dt 


= V. 


( 12 ) 


A relatively large time unit can thus be retained; if, for example, 
it is said that a railway train has a velocity of UO km. per hour 
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at a definite nionient, this does not mean that the train has 
actually traveled (50 ktn. in an hour, l)ut only says that it would 
have traveled 00 km. if it had continued moving for one hour at 
the speed measured at that moment. 

In a chemical reaction, the amounts of the reacting sub- 
stances change; as the one increases, the other simultaneously 
decreases. If any single substance be selected, then during the 
reaction its concentration (expressed in mols p(»r unit voIuiik*) 
will change in some definite manner with the time, and this 
change may be expressed by 

=fit). 

flc 

The change of conccuitrathm with time may obviously be 

considered as a measure of the vclocitv of the course of reaction. 
dc 

The expression is often simply called the velocity of reaction. 

Similarly, it is customary to designate all other differential ([iio- 
tients with respect to time as a velocity (angular velocity, 
velocity of precipitation, velocity of solution, etc.). Other 
similar functions in which the tempi^rature T is the independent 
variable play an important role in physics, e.g., the change of 
the volume of a body with t-empi^rature is expressed l>y 


If the temperature increment is made very small, so that it may 
be assumed to be dT, then the corresponding volume ehang(^ 

will be dv. The ratio ^ is known as the mean coefficient of 
?'u AT 


expansion over the interval A7'; J is the true coefficient of 

expansion of the body at the temperature T. A further example of 
one of the differential quotients used very often in the theory of 
heat is given by the expression for specific heat [of. 19). 

The second differential coefficient is of major importance in 
many physical problems. For example, a force is defined as the 
increase of momentum or impulse which a body undergoes 
during unit time. Momentum is defined by the product 


w V = m 


ds 

di' 
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The following expression for a force Si is valid, since m is in 
general constant 


*="<7 



m 


4 

(H 


= m 


dH 

di^' 


(13) 


This fundamental equation is identical with the statement of 
Newton’s second law of motion. 

9. Integration as the Reverse of Differentiation. — It has 
been shown how to obtain the differential quotient when a func- 
tion ?/ = f{x) was assumed. Very often, especially in physical 
problems, it becomes necessary to solve the reverse problem of 
finding the original function from the first or second differential. 
The mathematical operation involved in this process is called 
integration. In many cases this may be performed very simply, 
as it is only necessary to reverse the process of differentiation. 
For example, from the expression 

^=/'(x)=x-» (14) 


one immediately obtains the function 

^wt+l 

y = f(x) + Const = + Const (1-la) 

The term Const, signifies a constant quantity, because the differ- 
entiation of the first term according to Kcj. (4) gives x*" and the 
differential quotient of the constant term is eciual to zero. How'- 
ever, in other cases, which will be discussed in detail later on, 
such a solution is not possible. The reason for this lies in the 
fact that the reversed process of differentiation often leads to 
new functions which, in comparison with the derivative /'(x), 
possess entirely different properties. 

(Jeometrically, a differential equation like Vjq. (14) expresses 
nothing more than that the slope of a curve has a definite magni- 
tude for a definite value of the independent variable x. It 
gives no moans of determining the absolute value of the depend- 
ent variable (//). What such a differential equation really states 
may be translated into a diagram such as Fig. 6. The individual 
arrows, which describe the differential quotient, are to lie con- 
nected to form a continuous curve. In this way it is found that, 
in general, each of the arrows can belong to only one curve, 
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although there arc an infinite niiiubor of parallel curves each 
corresponding to a solution of the differential equation. This 
result has alreadj’^ Im'oii formally expressed by the undetermiiK'd 
additive constant in lOq. (llrt), because the curves established by 
Fig. 1) are, indeed, parallel to each other, f.c., the ordinates /y of 
two curves chosen at rantlom differ at corresponding jioints by 
a constant amount ( \ 


^y\ 



Vi«i 


As a rul(‘, in physical problems only a single, very definite 
curve is involved; the selection is made so as to fulfil some 
concrete physical coiuhtion, according to which the curve must 
pass through some definite point, such as ;ri,//o (.see 13). 

10. Integration as a Summation.' - -Suppose that, in analogy 
to the procedure for /(x), /'(a*) is expressed as curves whostj 
ordinates y' arc equal iof(x)j which is a different procedure from 
that in Fig. 6, and let these curves be designateil as the differ- 
ential curves (Fig. 7ft). If, now, it is desired to obtain the 
integral curve y = fu), we again start from the difference quo- 
tients as follows: 

The expression = fU) is multiplied on both sides hy 

Ix] this is permissible, since lx always has a finite value. Thus 

ly = f\jr)lx. (15) 

The variable y is now obtained directly from a number of indi- 
vidual values of ly (sec Fig. 7a), such that 

y = hji + ly^ + Ays + . . 
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or, in abbreviated form, 

y = X^y, 

Jr — II 

r-jr 

whore ^ stat(‘sthat the* suniniatien is to 1)0 carried out between 

jr — II 

a fixed value J = « and a variubh* value x = x. Introducing 
I'Al. (15), 

j- = jr 

V = 

ar - a 

Proceeding now to the limiting value Ax = 0, the principle of the 
considerations will not have changed, but the size of the steps 
in Fig. 7a will become exceedingly small and at the same time the 
number of steps becomes infinitely large. In other words, the 
individual stc'ps approach closer and closer to the curve and 
finally merge into it. For such a sum, which is composed of an 
exceedingly large number of vanishingly small terms, the integral 

sign / has been introduced and 

■V = T.o = XV'Wdx 

X = « 

is written. The product /'(a:)Ar = y'Ar is expressed in Fig. 7b 
by the area of a strip with an altitude y' and a width Ax, which is, 
therefore, the sum of the areas in the entire step-like figure 
AliCD. By proceeding to the limits where Ax is vanishingly 
small, the area of the step-like figure becomes identical with 
the area AIi('D bounded by the curve DA, the two ordinates 
CD and AB, and the abscissa axis. This, therefore, translates 

the integral ^ J'ipddx into geometrical terms. The integral 

curve {Fig. 7a) is found from the differential curve {Fig. 7b) because 
the area between the differential curve, its abscissa axis, one fixed, 
and one variable ordinate represents a function of (x). 

The figure ABCD may lie also considered as the difference 
between the areas EAB and ECD; the first is a function only of 
(x), the second the same function of (a), and therefore 

y = J^f'{r)dx =/(x) -f{a). 


(16a) 
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The integration constant (Conid.) in I^q. (,14o) thus iic(iuires 
a simple geometrical meaning. Since /(«) = — Const . is true, 
this must represent the area ECD. If in I'jQ. ( 16u) the value of 
(j) is changed, there is a movement along a definitely determinetl 



curve, but if (fl) (the Const.) is change'll, there is a transition to 

another curve. , . . 

If the value of (jr) ns well as (a) is now considered fixed (it is 

then customary to use (6) instead of (jr)),a definite value of (y) 
is also obtained from 

2/0 = ~ —/(«)• 


(106) 



MA Til EM A riCAT^PJi YEICAL INTRODUCTION 


17 


The form = [/W]^ is often convenient because it serves as a 

transition stage between the undetermined integral f(x) to the 
definite integral f(b) — f{a). 

The fact that the integral in Eq. (16a) is equal to the area 
enclosed between the differential curve f(x), the abscissa, and 
the ordinates /(a) and /'(x) makes the integration simple and 
measuring the area of the figure by some purely practical means 
is often sufficiently accurate. In general, sufficient accuracy 
may be had by merely plotting the curve f'(x) on coordinate 
paper and counting the number of square millimeters or centi- 
meters enclosed It is somewhat more convenient to use the 
ingeniously constructed planimeter, with which the borders 
of the figure are followed with the pencil of the apparatus until 
the starting point is reached and the area of the figure is read 
directly from the scale. 

11. The Significance of the Differential Equation in Physical 
Problems. The Decomposition of Radioactive Substances. 
(Introduction). - As previously mentioned, physical problems 
are much more often concerned with integration than with differ- 
entiation. This arises from the following facts: (1) an experi- 
ment generally gives only an empirical relation between the 
final physical variables contained in the form // = f(x), and (2) 
in the theoretical treatment of a problem it is difficult or even 
impossible to <.‘xamine a process of nature completely and 
represent it by a function of the character // = fix), so that the 
test of the theory is not directly feasible. Therefore, the problem 
must be approached in the following indirect manner: The 
complete process is split up into a large number of small elemen- 
t.iry processes; since each of the latter is considerably simpler 
lhan the process taken as a whole, it is often possible to establish 
a relation between the desired physical variables for each one 
without much difficulty; by the summation of the effects of all 
elementary processes, the solution for the entire process is reached. 
It is clear that the relation which holds for each elementary 
process is already a differential equation. By the integration 
(summation) of them is found a relation of the form y = fix) 
which is valid for finite numbers of quantities. A direct com- 
parison between the results of the experiments is thus permitted. 
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A typical case in which a law of the form y = f{x) is obtained 
by starting with the differential equation is found in observing 
the decomposition of a radioactive substance. This example at 
the same time illustrates the above statement that the integra- 
tion of a relatively simple differential equation often leads to a 
function with (juitc different properties. 

A radioactive substance is known to decompose in the course 
of time (see 261 et srq .) ; its weight and the number of its atoms 
and the physical effects dependent on it (ionizing power, etc.) 
gradually decrease. It may now be asked if the rate of decrease 
of the number (a*) of the atoms in the substance is some function 
X = /(.O or, in case this should ])e true, if the inverse function 
t = Fix) may l)c ascertained theoretically on the basis of somci 
simple assumption. 

If the number (x) is rclativel}” large and the radioactive 
preparation be observed only during a short time d/, then one 
would be compelle<l to exj^ect from the above that in every similar 
time interval a quite definite fraction of the atoms existing at the 
time decompo.s(;s. Assume, for example, that the preparation 
contains 100,000 atoms, and perhaps 100 would decompose during 
a definite time, but if it contained only 10,000 atoms only 10 
could decompose. If the time of observation is doubled, the 
number of atoms decomposed must hav(} been doubled. If dx 
represents the number of atoms wdiich decompose in the short 

dx 

time interval dt, then the percentage decrease — must be 

X 

constant for a determined value of dt and must l)o proportional 
to an}*^ change in the value of dt. The expression 

dx 

- = kdt (17) 

X 

is thus obtained, where k represents a constant proportionality 
factor. 

12. Introduction of the Logarithmic Function and Its Charac- 
teristics. — One might easily be convinced that, in spite of its 
simplicity, the integration of this differential eciuation is not 
feasible, at least by means of the previous Kq. (14a). However, 
the simplicity of the entire problem, and, finally, an attempt to 
force a solution by means of some practical procedure, such as 
10 , indicates that a solution must exist. The method which 
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locads to an exact result consists in trying to determine the 
characteristic properties of this unknown integral function t = 
F[x) from the differential equation. In the pn'sont case this 
actually succeeds. Hence the conviction that F(x) is really 
not an exception to the earlier statements, but, instead, expresses 
a (piite familiar function. 

If for the present k is imule to ecjiial to —1, I5(|. (17) takes the 
form 


dF(x) ^ 1 
dx X 


(17a) 


If j-' is then substituted for x and:!;' = ax, which, physically speak- 
ing, is m(»rely expressing x in a different unit of measurement, then 

dF(ax) ^ 1 
d((ix) ax 

According to Kq. (Sa), diax) = adx, and therefore 
dF(ax) ^ I ^ dF(x)^ 
dx X dx 


I'roni the integration it follows that 

ftlFiax) = f dF(.x) + Const. 
or 

F{ax) = F(x) + ComL 

From the family of curves determined liy this equation it is 
possildo to select the one for which x = 1, Fix) = 0, and the 
following is then obtained: 

F(a) = Const. 

F{ax) =F{x) +na). (18) 

The function F{x) must, therefore, be peculiar in that the 
value of the product ax is equal to the sum of the same function 
with the specific value (a) and (x) as variables. 

Now there is a group of functions which fulfils this condition 
and which are commonly called logarithms. In general, a loga- 
rithm is defined by the relation 

X = (19) 

in which 6 is a constant, the so-called base of the system of loga- 
rithms. It can be easily shown that this definition leads directly 
to the addition theorem (Eq. 18), for, putting 

y = 6'*^**' 
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and imiltipl^dng by lOcp (19), there follows from an (‘leinentary 
rule. (wh(‘n a ([uantity raised to a eertain power is imiltiplied by 
the same quantity raised to the same or another power, the 
exponents of the (juantity are added): 

Xy = _ ^foyhx-\-louhy 

According to Eq. (19), however, the exponent must equal the 
logarithm of the product x\j, so that 

lotjtUy) = lo<jbX + logty. (18a) 

It is obvious from the above that there maj" be as many systems 
of logarithms as are th'sired, depending on the value assigiK^l 
to b. But in the differential Kq. (17a), only one of the possible 
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systems can be used, the one called the natural or Naperian 
system, for which the symbol is In {loganthmm natuniha). The 
behavior of this function is represented in Tig. 8, which shows 
• . . . 1 
that the difTerential quotient is, indeed, proportional to - ; 

X 

when 


X = 1 



then 
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The problem of determining the value of the base of the 
natural logarithms, which is usually reprownited by c, will now 
be discussed. According to the above, it is obvious that: 



t = F(x) = Inx 

(20) 

or, putting 

X = 1 x', 

t = /«(! + x') 


iiiul 

dt 1 

dx' 1 + y 

(20«) 

since 

dx. = dx'. 



In ca.se j is a real fraction, l<l<i f2()«) may be e.Kpressed by the 
sum 8 of a geometrical series with the first term a = 1 and the 
(luoticnt q = —x' 

I- x’ + x'^-x'^ + x'*- , ( 21 ) 

1 + j 

since*, in general, « = j ^ Obviously, the smalh'r the value 

()f jr, the shorter the series may l)c without introducing api)reciable 
error. Ky integrating Kq. (21) there is obtained direetly from 
(Ma) 

r'S 

t = /«(1 + x') = - 2 + 3 “ 4 + (22) 

Aualogouslv, for 

<//' 1 
dx' 1 - x'’ 

r'i r'i r'* 

t' = //I(l - x') = 2 ■ 3 “ 4 " • ■ (22«) 


or, if the last two series are united, 

/h(1 + x') - f«(l - -c') = = 

2(x' + '3* + + )• (221») 


The “base” of a system of logarithms is obtained from Kq. 
(19), which is the definition of a logarithm. Putting x = b = e, 
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it is obvious that In e = 1. Therefore, by investigating Kq. 
(226) for that value of x' which will make the right-hand side of 
the equation equal to unity, it is found that approximately j?' = 
0.4625 . . and therefore 


1 + 0.462r> 
I - 0.462.5 


- = 2.7183 


Before concluding the above problem (the rate of decomposi- 
tion of a radioactive substance), it will be well to discuss another 
important law depending on the function of the natural logarithm. 

If the addition theorem (Eq. (18a)) is applied specially to the 
natural logarithm and making x = y = e, the result, after repeat- 
ing t times, is 

In — line (23) 

or, since In c = 1, 

t = In eK 


A comparison of this formula with lOcp (20) leads directly to 
the inverse function of the logarithm 

X = c'. (24) 

The differential quotient of tliis function, the so-called 
c-function or exponential function, results in changing the differ- 
ential filiation for the logarithmic function ^ into = x. 

The exponential Junction has the characteristic property that its 
derivative is equal to itself. 

Thus the c-function, just as the logarithmic oiu^, may be 
developed into a series 

= 1 + ' + /.2 + 1.2-3+ • • 

That this really reproduces the c-function is shown by the fact 
that its differential quotient is equal to itself (compare (4)). 

The relation between the natural and the common or Briggs' 
(5 = 10) systems of logarithms is obtained by merely applying 
Eq. (19) to first one and then the other system. In this way 

einx ^ j. 

= X 
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arc obtained and therefore c'"* = Ky""*"*. Taking logarithms, 
the result is (compare Eq. (23)) 

lux = In 10logiox = 2 30238 . logm x = „ . . iooio x. (20) 

The differential coefficient of the common logarithm, in com- 
parison with that of the natural logarithm, has the value 
ditto in X ,.40 4 0 ^ 0.4343 . 

— , — ll.'It.J'lo , — 

dx dx X 



The behavior of the curves of natural and common logarithms 
is illustiatod in Fig. 8, and that of the exponential function with 
positive and negative exponents in Fig. 9. 

13. The Decomposition of a Radioactive Substance. — The 
indefinite integral of the original differential Flq. (17) may now 
be given without further discussion as 

— Inx = kt + Const. 

At the moment the observations begin (t = 0), x has the value 
X(), and from this 


(*onst. = —Z/iXo 
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and therefore 

H = In xq — In X = In^ (27) 

or, if the e-funetion is introduced, 

X = xo (27a) 

However, for the radioactive substances it is usually impos- 

sible to measure the f^uantity x directly. On the other liand, 
(luring its d(‘Composition the substance sends out a radiation 
(see 269), the intensity I of which is directly proportional to the 

amount of substance decomposed in unit time It is 

therefore correct to consider that, if the constant terms of the 
c-function be collected in a single constant C, the result is 

= (276) 


an exiuation which may bo directly tested experimentally. 

'rhe constant k in the study of radioactivity is known as the 

decomposition or radioactive constant; its leciprocal value is 

the so-called average life period, after which time the number of 

atoms has diminished to " times the value of x, because, when 

c ' 

1 j* 1 

/ = , , the ratio is = • 'llie half life period r, which is the 

K Xq €■ 

time recpiired for half the total number of atoms to decompose, 
is mon^ often used than the decomposition constant k. Its 
calculation, according to Eq. (27), leads directly to the yaluc 


T , iTo , o I/O 0-693 . . . 
kr = In - = m 2: T = , m2 = , 

X ' k k 

It may be noted that the natural logarithm, or exponential 
fun(;tion, is one of the most frequently occurring functions in 
physics and physical chemistry; it will appear later in widely 
different kinds of problems. The reason lies in the simplicity 
of its differential ecpiation. In case a quantity y depends upon 
an independent variable x, the law may often be found, as the 
typical example above illustrates, if it is assumed that a defi- 
nite change dx of x, (corresponding to a percentage change in 

y constant. 



MATllEMArirAI^PUYSlCAL INTRODUCTION 


2 ') 


14. Integration of Higher Differential Quotients. Motion 
of a Very Small Particle in a Viscous Medium as Well as under 
the Influence of an “Elastic Force.” — For the integration of a 
second differential quotient the viewpoints and the rules are 
the same as those applied to the first differential. It is to be 
oliserved, however, that in this case there are generally two 
undetermined integration constants which must be eliminated 
on the basis of the fundamental physical limitations selected. 
In many cases the double integration is not recpiired; the problem 
can be considered as solved when only the first integration is 
performed. 

As an example of the treatment of the second differential 
quotient, the behavior of a ver^' small body moving under the 
influence of a force Si may be obser\^ed. Two cases may bo 
considered. 

1. It may be assumed that the force is constant (c.g , force of 
gravity) but that the motion of the body is opposed by a fric- 
tional resistance which becomes greater as the velocity increases. 
The frictional resistance may be conceived as a force Si', which 
acts in the opposite direction to the original forwanl-d riving force 
Si, and for which 

St' = /V. 


Tlie total force acting on the body then amounts to Yi — /V, 
and this (piantity is to be used in place of Si in the eiiuation for 
Newton’s second law (Kq. (13)), so that 


m 


dt^ 


dV ^ 
"'rf! 


-/V 


is obtained. 

A slight transformation gives 


dV _ dt 
Si -fM ■" m 


and integration leads to the relation 

-yV) = + Const., 

the correctness of which, especially with refenuice to the ap- 
pearance of the factor — y, may be proved by differentiation, 
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taking Kq. (10) into eonsidoration. The fuiidainental physical 
limitation says that if / = 0, then v = 0. 

Therefore 

— = Con&L 

and the final r(*sult is 

V = (28) 

if the r-funetion is list'd instt'ad of the logarithm. The term 
c i/t f.-/ approximately unity for small values of Z; in this 



Fit! m 

region the velocity of the body is very small. With increasing 
values of Z, the c-f unction dt'creases rapidly and, for large values 
of Z, becomes practically zero. Accordingly, the velocity of 
the body rises to a constant limiting value (see Fig. 10), which is 
given by the expression 

Vo = (28«) 

The smaller the particles (m becomes small) and the greater 
the frictional force (large value of /) the shorter will be the time 
in which the limiting value Vo is attained. Similarly, for tlie 
cases to be met in the following chapters, where w approaches 
molecular dimensions, the time required for the limiting value 
to be attained is so exceedingly short that the movement of 
such particles may be calculated directly by means of Eq. (28a). 
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2. In the second case, let it be assumed that no frictional 
force exists, but that 51 varies from point to point. A ease 
which is of particular interest is where .fif is an “elastic force,'' 
7.C., a force that always seeks t-o draw the particle back into a 
definite position of r(\st. The simplest expression (Hooke’s 
law) for an elastic force is 

St = -bx, (29) 

I.C., the restoring force is directly proportional to the distance 
of the body from the e<iuilibrium position where j = 0 (/> is a 
constant). The combination of Kqs. (13) and (29) yields the 
equation 

m = -bx. (29a) 


A systematic solution of the equation would exceeil the bounds 
of the previous development and it can be disposed of at once, 
sinc(‘ a general procedure for the integration of siuih equations 
docs not exist. There is obtained as a solution of Eq. (29a) 


ar = Jo am 



(30) 


the correctness of which may be easily demonstrated by two 
diff(*rentiations, taking into consideration E/Cjs. (5) and (6), and 
especially liq. (10). The point performs a sine-wave vibration 
around the point of equilibrium. In this case both of the above- 
mentioned integration constants are included in Jo, the maximum 
distance from the point of rest, and tp, the so-called phase dis- 
plncementj but the latter can be neglected without further 
consideration in the practical application of the eciuation dis- 
cussed below, as long as the point of time where i = 0 is not fixed 
physically by the problem. Therefore, ^ can be put equal to 0 

and also in the latter case x =x^ cos is obtained in 


place of Eep (30), since sin + 2) ” a. 


Now, whenever the term 


J't i 
Af/« 


incmiscs by a whole number 


times 2ir, (30) gives quite the same value for j. Therefore, 
the point has traveled once over its path of vibration, while 

increases by 2t. Therefore, putting = 2ir, then t 
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signifies the period of a single vibration, measured in seconds. 
If the number of v brations per second, the frequency! is repre- 
sented by vq, then = 1 or vo = • 

T 

Then 

2^.0 = (31) 

SO that 15(1- (30) may also bo written as 

= Jo sin (2vvot + sp). (30a) 

15. Functions with More than Two Variables. The Equation 
of State.- -In problems of physical chemistry, functions with 



two independent variables often appear. An example of this 
is the equation of state of a substance, which is underwood to 
mean a strict relation between the pressure />, the temperature 
r, and the volume v of a body. As a general example, a given 
amount of a substance at a definite pressure and definite tem- 
perature always occupies a quite definite volume, which may be 
(‘xpressed by 

e = f{p, T) (32) 

which, in turn, is a simple function, apart from exceptional cases 

( 112 ). 

The differentiation of functions with two independent variables 
may be perfonned in the same way as a function with only one 
variable, if one of the variables is temporarily assumed to be 
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constant. Geometrically, this means that the motion is no 
longer over a surface in space, but on a curve lying on a plane 
which is perpendicular to the axis of the variable which is being 
held constant. 

A differentiation in which one or more of the variables are 
held constant is called a partial differentiation and is written 


dv 

dT 



or *•. = 


when p is held constant, and 




when T is held constant. 

If both T and p wary, it can be considered that first one and 
then the other changes, and the total change is simply the sum 
or the difference of the two individual changes, depending on 
whether the two changes act in the same or in opposite directions. 
Therefore, the above case yields the expression • 

+ + (33) 


Geometrically, this eciuation means that the transition from 
a point V = /(p,T) to any neighboring point v + dv = f{p + 
dpt T + dT) need not take jilace in a single operation. The 
point may proceed first a distance dp along a plane perpendicular 
to the T-axis, and later continue its motion for the distance dT 
on a plane perpendicular to the p-axis (compare Fig. 11).^ 
In case the point moves on the T, p surface in space so that v 
remains constant and thereby the point moves on a plane per- 
pendicular to the t;-axis, dv in Eq. (33) becomes zero, but simul- 
taneously the ratio acquires the same significance as 
and may be written 



' Contrary to Fig. 1 1, the term (SX always has a negative sign in all 
actual physical processes. 
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16. Integration of a Partial Differential Equation. The 
Diffusion of Dissolved Substance as an Example. — While the 
solution of physical problems with two variables usually starts 
from one of the ordinary ilifforential eciuations, the mathematical 
statement of problems inv«)lving more than two variables is 
usually given lus a partial differential erpiation. 

To illustrate the peculiarities of a partial differential equation, 
the theory of diifusion phenomena may be used; this also enters, 
formally unchanged, into the theory of heat conduction by sul)- 
stituting the temperature T for the concentration c, aiul the 
quantity of heat transported for the amount of the diffusing sub- 
stance. The diffusion occurs in a cylinder of constant cross- 
s(‘ction q and only in the direction of the axis of the cyliiuler, 

It may first be assumed that if a concentration c always 
exists at a point jr, at a neighboring point .r + dx th(' concen- 
tration c + dc will l.)e maintained. There is, therefore, a concen- 
tration difference dc between the two points x and x + dx, or at 
the point X a concentration gradient prevails which is expressed 
dc 

by + Diffusion will take place so long as this concentration 

difference persists. If an amount of substance dn diffuses through 
the cross-section q along the x-axis in time dt, the law establisln'd 
l)y Pick states 

(In = -I)q dt, (35) 

in which I) is the diffusion constant. i 

Now imagine another- case: In a cylinder open at both ends is a 
pure solvent, c,g,, water. At a certain moment (i = 0) a veiy 
thin layer (thickness = 2dx) of a very concentrated solution is 
introduced into the cylinder at a point x = 0. During the first 
moment the pure solvent and the concentrated solution l^ound 
each other at the points x = —dx and x = +dx. As soon as 
the diffusion begins, the boundaries approach each other more 
and more closely, and the dissolved particles w’ander from the 
middle to both sides. In the middle layer, which was originally 
very concentrated, the concentration decreases more and more 
in the course of time. The problem is to find the means of 
ascertaining the change of concentration of the solvent at individ- 
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iial points, or to find the local change of c at definite points 
of time, i.c., to discover the function 

c = fix, t). 

Since the course of the process from a; = 0 is completely sym- 
metrical in both directions, it is obviously sufficient to limit the 
calculation to the positive values of x, 

C'onsider that in an infinitely long cylinder there is a volume 
element bounded by two planes perpendicular to the axis of the 
cylinder and passing through the points x and x + dx, so that 
the dissolved jiarticles wander across. But the concentration 
in this volume will not be constant; at first it will be zero, then 
it will increase to a maximum; finally, when all is completely 
equalized, it will decrease to zero again, since the cylinder is 
infinitely large. The momentary increase of concentration in the 

volume element is now • Its magnitude is sinqily equal to 

the excess of the amount of substance (mtering the' layer over the 
amount leaving it (referred to unit volume). 

According to liq. (35) the amount of substance which in unit 
time passes the point x into the volume at a determined time i 

IS 



The amount of salt which passes out of the volume at the point 
.r + dx is, however, 

dn' 
dt 

9c 

since the absolute valu(' of at the point x + dxni smaller than 

dfl d"C 

at the point x by the amount J^^dx = « ., dx. Therefore, the 

ax OX" 




amount of salt increases by 
dn — du' 
dt 




Now q . dx is equal to the volume of the observed elementary 
cylinder and 

d7i — dn' _ /dc\ 
qdx-dt ^ \dt)x 
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since the concentration is defined as ^ As the general differen- 
tial equation for the diffusion problem, the result is 

(%). = KS).- <36, 

Since this equation expresses nothing further than that the 
first partial differential cofficient of one of the variables is equal 
to the second differential cofficient of the other variable, and 
this condition is fulfilled by many different functions, it poissesses 
an infinite number of solutions when considered by itself. Due 
to the existence of a number of physical limiting conditions, a 



definite solution may be selected from the mass of possibilities. 
In the above case there are the limiting conditions: 

1. When i = 0, c = 0 (for all except infinitely small values 
of x), 

dr 

2. When x = 0, = 0 (for all values of t, since through the 

cross-section at x = 0 no diffusion has taken place in any 
direction). 

3. Finally, the total amount of the dissolved substance must 
be constant, i.e., the sum of the amounts of substance contained 
in all the elementary volumes at any definite moment must be 
equal to n, the amount contained in the volume clement q • dx 
at the beginning of the experiment when = 0. 
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Tho solution of the diiTorontial equation, the systematic deriva- 
tion of which must likewise be abandonetl at tliis ]K>int, gives 


dn 7 - 


where dn represents tho amount of substance foiincl in a volume 
ehunent qdx at a point x and at a time t. 

One can easily be convinced that 15q. (37) as well as the differ- 
ential K(i (30) satisfies the initial conditions In investigat- 
ing condition 3, dn must be integrated over all values from x = 


0 to j; = Qo. The integration leads to a new function, the 

so-ealled probability integral^ <I>(x) = / ( putting f 

Jq ‘ \ y/ADi 

= \j and therefore dij = V4 /«) assumes th(» value 

I 

2 w'hen // = Qo. 


A mathemati(?al proof that no other solution of the problem 
than Kq. (37) exists may be dis])ensed with, since this must be 
clear from physical considerations. 

Kquation (37) is graphically represented in Fig. 12; each 
curve represents the distribution of concentrations at a definite 
point of time It is seen that at every point x in the cylinder 
the concentration c passes through a momentary maximum and 
that this maximum is smaller and is reached later the larger 
X becomes. (In l^^g. 12, Z should read L) 

17. A Brief Survey of the Following Sections. — In the begin- 
ning of 1 it was stated that the chief task of physical chemistr>’^ 
is the application of physical methods to the treatment of chemi- 
cal problems. The bases for the solution of these problems are 

1 * The probability integral finds extensive application in physics and 
chemistry, in the theory of errors which give criteria for the rejection of 
doubtful results in a senes of ineusureincnts, as well as in the distribution 
of velocities in the kinetic theory of gases, etc Chapter IX of J. \V. Meij- 
Loii’s “Higher Mathematics for Students of Chemistry and Physics” (Long- 
mans Orocn & Co. (1919)) should be consulted for a more extensive 
treatment of these applications of mathematics to chemistry. 
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oxact miniorioal relations between a number of physical and 
chemical properties of matter, the discussion of these will 
therefore form the essential content of the followinjj; sections. 

Of all the physical maj^nitiKh's upon which th(' behavior of a 
chemical process depends, temperature is the most important. 
Therefore in the following presentation the influence of tempera- 
ture on the chemical behavior of matter will be particularly 
emphasized. However, it seems appropriate to precede Sec 0, 
in which this problem is attacked directly, by Sec. B, in which a 
number of general and fundamental laws of thermodynamics and 
the most important physical and thermal properties of matter are 
treated. Finally, Sec. D, will be devoted to some of those funda- 
mental properties of matter which are especially important for 
chemical liehavior but at the same time are essentially independ- 
ent of the temp('rature 



SECTION B 


PHYSICAL THERMODYNAMICS 

1. GENERAL 

a. Definitions^ 

18. Definition of the Physical Temperature Scale. — Human 
porc('ptioii can distinguish qualitatively between warm and cold 
bodies, but it can make only a rough estimate of that degree of 
hotness or coldness which is called the temperature. On this 
account, errors and illusions frequently occur. Therefore, in 
order to investigate the phenomenon of heat by physical means, 
there must be first of all a quantitative measure of temperature, 

, a physically exact temperature scale must be created. 

To obtain this measure, two points of temperature are selected 
which are certain to lie different, which on the basis of a general 
natural law are unchangeable, and which are, moreover, relatively 
easy to nqiroduce, the temperature of melting ice and the tem- 
perature of water lioihng under atmospheric pressure are usually 
chosen as these two points (Renaldini, 1094) It would, of 
course, be possible to choose the difference between these two 
points as the unit of the scale which is to be established, but 
from practical considerations it is divided into 100 “equal” 
units. The lower point is called 0 and the upper 100 (Celsius, 
1736). Since in the construction of this scale the sensitivity of 
the human perception of hotness and coldness has not been 
involved at all, it is evident that some suitable physical device, 
a “thermometer,” must be applied in order to measure the 
temperature. 

1 The following presentation is limited to introducing the fundamental 
concepls of thcnnodvnaniics. On the whole, it corresponds to the historic 
development and suffices for the purjiose of physical chemistry. More 
exact dehnitions may be found in several textbooks on thermodynamics. 
The considerations of Carathif'odory described by M. Born {Physik, ZeiL, 
22, 218 (1921)) deserve special mention. 

35 
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As a matter of principle, any physical property which changes 
with temperature and can be measured with a fair degree of 
ease and accuracy may be used for the determination of the exact 
temperature. Properties which are especially suitable for this 
purpose are the vapor pressure of a substance, the thennoclectri(j 
force at the junction of two different metals, the electrical resis- 
tance of metals, and the luminosity of radiating bodies. How- 
ever, the most convenient, although liy no moans the most 
accurate, thermometer depends upon the thermal expansion of 
bodies, especially liciuids. The problem stated above, of dividing 
a given thermometer intcr\-al into 100 equal parts, sec'ms at first 
to offer no difficulties with a thermometer filled w’ith any liquid 
(e.(/., mercury), provided the cross-section of the liciuid column is 
the same throughout its length. The lower temperature is 
marked 0, the upper 100, and the interval between is divided 
into 100 iiarts. But if other liquids arc used for filling the ther- 
mometer, it is found that, in general, the different thermometers 
do not indicate the same temperature when compared at some 
point between 0 and 100. 

However, if tlK'rmometers filled w’ith gas are used instead of 
those filled with IkiuhIs, the indications agree at all tempera- 
tures independent of the kind of gas used. This not only indi- 
cates that the various gases expand (Mpially with respect to each 
other, but also that the absolute value of their expansion coeffi- 
cients is the same. All gases at constant pressure expand exactly 

by 0 3f)()04, or ^ times their volume between 0 and 100. A 

complete agreement between gas thermonieters w’ill, ot course, 
be obtained only if the pressure of the gas is quite small and th (5 
thermometer is not at too low' a temperature. ( 'ompletc* agree- 
ment can be expected only when the gases arc under ‘‘ideal 
conditions'' (see 37). 

By means of an iileal gas thermometer the desired definition 
of the unit (1°) of the temperature scale is found w'ithout diffi- 
culty. Since the interval (which was defined as 100°) of the 

volume expansion of an ideal gas corresponds to g of its 

volume of 0°, then 1° repn'sents the tenip(»rature change during 
which the volume of an ideal gas (at constant pressure) changes 
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273 2 volume at 0®. I’lie temperature scale thus estab- 

lished by means of the volume expansion of an ideal gas is 
identical with the so-called thenuodynamic temperature scale 
which is based upon the second hiw of thermodynamics, but for 
the present it is not necessary to consider this point. ‘ 

As the zero point of the temperature scale either the lem- 
tx>raturc of meltinK ice may be retained, thus obtaining for any 
temperature Tc’' the relation: 


»’i, «’o + 273.2 


or 


Vt. 

eo 


273.2 


+ 1 


T, + 273.2 
'273.2 ’ 


(38) 


whore Vt, represents the volume of the gas at or the tempera- 
ture may be calculated from T, = —273 2, thus obtaining the 
absolute temperature or Kelvin temperature, 


T = 273.2 -f- Tc. 


Mcpiation (38) then takes the simple form 

T ^ jv 
273.2 i-o' 


( 39 ) 


In the following the absolute temperature T will be used as much 
iis ])ussil>le, since this simplifies the majority of the thermod.v- 
namic eciuations.® 

19. Quantity of Heat, Specific Heat, Molecular Heat. — In 
onler to raise the temperature Ti of a body .1, it is simplest to 
bring a hotter body B at a temperature Tt into contact with 
it. Then the temiieraturos equalize and both bodies reach th(* 
temperature T*. It may now be imagined that the equalization 
of heat came about by a certain quantity of heat Q flowing from 
body B to body A . Without entering further into the principles 

* • More mfomiiition is to be found in textbooks of thennodyiiiiinics- 
Lswis, tr. N., and Kandall, M , “Themiotlynamics," pp. 51, 13.5, MctSniw- 
llill Kook (’ompany, Inc (1H23), MacDouuall, “Thermodynuinics and 
C’homistrj',” pp. 92 rt seq, John Wiley & Sons, Inc. (1921); Pahtinoto.v, 
“Textbook of Thcnnoilynamics,” D Van Nostrand C’oinpany (1913), 
(ioouENOUOH, “Pnnciplcs of niemiotl.vnainics," p. 58, Henry Holt & 
Company (1920); Sciiabpkk, Cl., “EiiifuhruiiK in die tlicorctisclic Physik,’’ 
2, I, p 104. 

* From its classification in the absolute s.vstcm of units, temperature is 
considered as “dimensionless ” Some authors, however, give it a nitgle 
tittneusion T, others the dimensions of cnerg}'. 
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of the question of what is t«) ho uinlerstood under the term 
“hoiit/*^ the flow of heat may he considered in much the same 
way as the flow- of a IkiukI. It can bo said that the body B 
possessed a certain heat content between tlie tein])eratures 
and Ti, just as a vessel contains a certain quantity of licpiid 
lietweeii two levels. If the lieat content of the l)ody B Ix'twec'ii 
the teinjicrature Tx and T» is designated by T'*.** and that of 
the body .1 l)etwe(*n the tcjinperatures Ti and by [''i,*. then 
from the above it is obvious that 


= Q. 


( 10 ) 


^nds o(juation forms the basis of the majority of calorimetric^ 
methods of measurement. (If U\,x is known from an experi- 
mental iiKxisureiiK'iit, Q is olitained, and conversely.) 

It is clear that tlu^ heat content Vi,^ of a definite Ixxly becomes 
greater as the t('mperature difference — 7\ increases. For 
small increases of temiieraturc m the vicinity of a definite point 
Ti, the hvo quantities can be put proportional to each other. 
The proportionality factor, i.c , the heat content between two 
temperatures which differ by 1°, is called the heat capacity m’* of 
the Ijodv. Thus 

WkiTi - TO = f/'i.o. (41) 


The heat capacity depends upon: (1) the mass ?« of the sub- 
stance?, (2) on a spc'cific thermal property of the substance, the 
specific heat [c], so that for a uniform body 


or 


Wk = Wl[c] 
UU 


(41a) 


fcl = = 

m{Ti - T,) Ti - Tx 
U' 

where Mi.s = is undcrstewl to be the heat content iior unit 

mass. If the Imtly is composed of several uniform substances 
whose masses are nii, itii, niz . and whose specific heats are 
[ci], [cs], [cs] . . . , then 


Wk = Wi[cj] + m2[c«] + Hh[r.t] 

^ All exact answer to this is not possible until after tlie First Law of 'Fher- 
niodynamies is discussed (21 vt seq ). lii ancient tunes (u]) to uljout the 
middle of the last century) heat was thought to be of a material nature. 
(One spoke of *‘heat matter.") 
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in iiiiiny casos it is nioro ronvc^nient to work with the atomic 
heat or molecular heat than witli tho spc^cifie heat, these quanti- 
ties being merely the heat capacity per gram atomic or gram 
molecular weight: 

[C] = A[c] or = 

As a nilo, the specific heat changes with temperature T. 
Therefore, in onler to talk about the specific heat at any partic- 
ular toini>eratiirc T, the diffenuice Tg — 2'i must be infinitely 
small, 1 e , the differt'nce term in l*lq. (41o) must be replaced by 
tho ditTerential. At the same time the heat content must become 
infinitely small, so that the result is 


c = 


and in view of (40) 


c = 


du 

dT 

dq 

dT 


or C = 


dU 

df 


or 


r = 

dT 


(42) 


(42o) 


The specific heat defined by Eq. (42) will be called the true 
specific heat or the atomic or molecular heat at the temperature 
T. The specific heat [c] defined by lOq. (41tt) will be called the 
mean specific heat iietween Tt and Ti. 

Since by integrating Eq. (42) the ro.sult is 

U,,,=f^ydT, (426) 

it follow's that th(' relation b(.»tw'(‘en the mean and the tnie specific 
heats is 



If C varies linearly witli the temperature, it may easily be seen 

T*i "f” T^** 

that, at the mean tempi'rature ^ becomes identical with 

the value of [C] measured between Ti and Tn. 

At temperatures aliove room temperature this relation is 
fairly accurately fulfilled even in many cases where the tempera- 
tun; interval is large. At low' temperatures, how^ever, the 
variation of C with temperature often does not follow a straight- 
line relationship, so that Eq. (42c) must sometimes be taken into 
account when the temperature difference is only a few degrees. 
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Tlio measurement of a heat content or a sjx^cilic heat c 
can be made under various extc'rnal conditions. In the* first 
place, a quantity of heat q may be addcnl to a unit weight of the 
substance, its volume being k('pt constant In this case the 
term ^pacific heat or atolecular heat (\ ot couataut volume is 
used. Kxperimontally, it is simpler, as a rule, to perform th(^ 
heating at constant pressure, and then the specific heat c*,, or 
the molecular heat Cp at constant pressure is obtained. These 
quantities are given by 



There are certain thermodynamic relationships between (\ and 
Cp which will be discussed later. 

As the unit for the amount of heaty the specific heat Cp of liquid 
water at lo°( \ is gcuierally used m physicochemical calculations, 
i.c., that amount of heat which must be added to 1 f/. of water at 
constant pressure in order to raise* its temperature* from 14.5 
to 15 5°; this is calk'd the small calorie (caL). Some'time*s, how- 
ever, a unit 1000 times greater is more ceinvenient, this unit being 
called the large calorie (CaL) or kilogram-calorie (te/.-co/.). 

h. TuERMODYNAMir AND KiNKTU’ MkTHODS OF ( 'e^NSIDKRATlON 

20. General.— Similar to all other problems of theoretical 
physics, there exist, for the consideration (A heat problems, two 
funelamcntally different meKles eif treatment to wliich specific 
cases can be subjected. The first depends upon the ajipljcation 
of very general huvs (or princqiles) which are based ujion liroad 
empirical foundations and w4i ch are to be considen'd as 
absolutely accurate within wdde limits. The results of this 
method are distinguished by exactn(*ss and gen(*rality. But by 
its use one obtains no deep insight into the concn*te mechanism 
of the process and therefore many problems can only be solved 
incompletely 

The other method temporarily abandons this ground of certain 
knowledge and attenqits to explain and to connect directly 
observed, special processes wdth the help of hypotlieses and 
models. This procedure is characterized by probability. Its 
results are, of course, generally less certain than those of the 
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former method, but the degree of uncertainty varies a great 
deal from case to case. An hypothesis is to be designated as 
relatively uncertain when it can be used only for the explanation 
of a single phenomenon and when a second or third hypothesis 
gives nearly the same r(‘sult. On the other hand, if a single 
hyi)othesis interprets a large number of observable phenomena 
not only qualitatively but ciuantitatively, it is improbable that 
a second hypothesis could bo found which would do the same. 
Thus, an hypothesis loses its originally doubtful character as 
fast as the number of iihenomena which it is able to explain 
increases; finally, it beconu^s a tmstworthy empirical result even 
though it can lx* approached only indirectly. 

In the study of heat, the first^named method is called the ther- 
modynamic method. It is built upon the following principles: 

1. Th(» principle of tlu* consi^rvation of eiK^rgy (the First Law 
of Tliermodynamics). 

2. The Caniot-dausius principle of the increase of entropy 
(the Second Law of Thermodynamics). 

3. The Neriist Heat 'Hieon'm. 

The second method is the kinetic method, which depends 
essentially upon the assumption that matter is Inult up of atoms. 

Although the th(‘rmodynamic and the kinetic methods are 
excelh'iit compleiiKuits, it will be of advantage to keep them 
separated as sharjily as ])ossibl<* in the following, on account of 
the fundamental differences in th(?ir principles. 

a. The First Law of Thermodynamics (Energy Principle) 

21. The Different Kinds of Energy. — The physical conception 
of energy or work is imlicated most clearly by simiile mechanical 
examples. Suppose a force A, such as gravity, acts upon a 
body. If the body is moved a small distance d.s against this 
forc(‘, then an amount of ‘'work” dX must be used; if it is moved 
in the direction of the force, thiui the force performs the work 
(/A. Since this is obviously proportional to the force St, as well 
as to the distance ds, then, according to definition, 

dA = Slds (44) 

An ('xamph' of such a mechanical work, which is frequently 
used in the following, is given by the case where a movable piston 
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fitted to a cylinder in which there exists a pressure p is moved 
against this pressure through a ilistance ih. If the surface? of 
the piston (the cross-section of the cylinder) is 0, then .ft = p • 0 
and 

dA = p • Ods = pdVj ( 1 Ui) 

in which dv = Ods represents the diminution of the volume of 
the cylinder.^ Such work performed against a force is, of course, 
not lost, but is stored up in the system as potential energy which 
at any time may ho given out and applied to souk* purpose. 
{Examples: A raised weight, a bent spring, a volume of gas 
compressed by means of a movable piston.) 

Besides this mechanical potential energy there are a number 
of other forms of energy which may be involved in iihysicochemi- 
cal processes: 

Kinetic energy j or the energy of motion. (Exaniplv, A moving 
bullet.) 

A = {lib) 

Chemical Energy. — {Example: An explosive gas mixture, before 
ignition.) 

Electrical Energy. — The conception of an electrical field of 
force can be used with profit in this connection. The field of 
force X is understood to !)e that electrical force (which generally 
varies from point to point) which is exerted on a material point 
cariydng a unit charge. The force Si on a point carrying the 
charge c is thus .ft = A'c. Therefore the work performed by 
displacing the charge c over a distance ds is * 

dA = eXds. 


The work which must be performed by the displacement ds of a 
unit amount of electricity is called the potential difference dE 
between two points separated by the distance ds. Therefore, 


dE = Xds or X 


dE 

ds’ 


Now since the amount of electricity 


1 If p IS a known fund ion of i», the w’ork -.1 which w.'is performed over a 
greater volume vi — Vi inav be determined by the integration of K(i (44(i). 
Frequently, the graphic methoil indicated ixi 10 m used for this purpose. 
At constant p the expression is simply A = p{vi — vs). 
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passing thnui^li any om* Mirfan* («’.//., the cross-seotion of a 

€ 

wiro) in unit time is (h'fiiuMl an electric current thm also 

dA = e dli = i t dE. (44c) 

Radiant or Elcctronnujnetic Energy. — livery body at tempera- 
tures above th(i absolute zero sends out eU'etromagnetic waves 
which fill the vacuum (luminiferous other) surrounding the body. 
Radiant eiu'rgy can thus be (jonceived of as the temporary’ energy 
(heat) conti'iit of the luminiferous ether. 

IIvAit. — That h(‘at also pn'st'iits a form of energj^ follows quali- 
tatively from th(‘ fact that heat occurs only when some other 
form of (mergy is consumiHl. {Example' The generation of 
heat by friction ) Quanlitativ(4y, this knowledge follows from 
the fact to Vie discussed in detail later, that heat, like the other 
forms of (aierg>', completely satisfies the requirements of the First 
I^aw of Thermodynamics. 

22. The Principle of the Conservation of Energy, Its Formula- 
tion and Empirical Foundation. — The principle of conservation 
of energy, which in the following wdll simply be called the energy 
jirinciple, states that each of the various forms of energy may be 
transform(‘(l into the other forms and that this transformation 
tak(‘s jilace without either losing or gaining energy; formulated 
in other words: The total energy of a closed physicochemical 
system always remains constant in spite of all changes which may 
take place within it. 

The various forms of energy are thus equivalent to each other 
and a definite amount of energy in one form corresponds at all 
times and under all conditions to an alisolutely definite amount 
of another form. If, for instance, heat energy is transformed 
into mechanical energy (or conversely), according to the latest 
measurements 1 Cal. = 0.4207 kg.-7n. The constant ratio, 
mechanical energy /heat energy ^ is called the mechanical equivalent 
of heat. A number of similar factors frequently used in calcula- 
tion are summarized in Table 1. 

In order to eliminate the trouble of transforming the various 
energy units, it would seem to be appropriate on the basis of the 
energy principle to express all forms of energy in terms of a single 
unit. For this purpose the erg (= dyne •cm.), which belongs 
to the so-called absolute system of units, is frequently used, and 
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sometimes the c4eetrieal unit, the joule. At the pres(Mit time, 
however, the units eoiTesjxmdinj; to th(‘ various forms of eneixv 
are more often used than thos(‘ of a uniform system, espoeially 
in practical calculations 


Table 1 ----Kneiujy I’mts* 



Misiiliilc 

units 

Flcvtrudl uiiita 

units 

Mci hanic.il units 


Erg 

Jiiiile - 

Kw -hr 

(f (III 

m 

Kg - III 

Ifp hr 

lerg 

1 

1 10 f* 

0 027S 10-‘- 

0 02 W 1(1 « 

DMiO 10 *-■ 

lOlOS 10 <- 

0 037S 10 « 

1 joule 

1 10»® 

1 

« 27.S 10 '• 

0 2‘ilN) 

0 (Ml'ls74 

0. 10107 

0 37.S 10 • 

1 kw-hr 

.10 0 1012 

3 0 10« 

1 

0 iil>04 ID* 

.r>.'i'>0 

0 il}7 10" 

1 36 

Ig-cal 


4 1S42 

1 lOU io-« 

1 

0 04 1.11 

0 42(i7 

1 .'i M • 10 * 

1 l-atm 

101.1 1 10« 

101 2S 

2h 2 10 • 

21 20> 

1 

10 3.13 

.W .1 10 • 

1 kg-m 



2 72 10 ‘ 

2 142.) 

0 00078 

1 

3 7 10 • 

1 hp -hr 

1 gas riiii- 

20 4S 10'* 

2 O.'! \{y- 

0 7.«> 

0 bU.5 10* 

2(i20U 

0 27 10* 

1 

ataiit E4 

S.1 13 10' 

s .m 

2 311 10 - 

1 oso 

0 0H2O1 

0 MM 



' * \alu<» 111 ooiiconlaiK'C with LiNDoLT-BuRN’cTKiw, “Talxtlli'n" 

* * Exact \aluc 1 (MOo 10" 

*• Exact value =:0»tf95 10“^ 

< * The values of R ilcpcml upon tho value selected for 0”C on the al«n]ute or Kelvin scale and upon the 
molecular volume The values in Ta'do 1 aro based upon 0"C = 27.1 1” ahn , while throuKhout the text 
IVofcssor Eucken uses 273 2°. In man> cai^s rounded off values of the cunstaiitd will be sufficient 

The energy principle was first clearly understood and stated 
by J. K. Mayer (1842), even though only with resjx^ct to the 
transformation of mechanical energy into heat. lie also indi- 
cated a method of calculating the mechanical equivalent of heat. 

The principle was first tested by J P. Joule (18 10 -50) by int'ans 
of more exact investigations, in which mc'chanical w’brk was 
transformed in various ways into heat. lie found, as the 
principle demanded, that the mechanical e(iuival(*nt of heat 
really was sufficiently constant within the limits of experimental 
error. As might be imagined, these limits were rather far apart 
at that time. 

A far better proof of the correctness of tho principle was given 
by Helmholtz in his publication in 1847, “t)bcr die Hrhaltung der 
Kraft.’’^ Helmholtz recognized that the impossibility, which 
had already been demonstrated, of constructing a pcjrixjtual 

1 Helmholtz used the word ** Kraft" (“force”) for the idea which today, 
following William Thomson’s (Lord Kelvin) proposal, is eharacterizfid 
hy the wonJ “energy.” 
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motion machine, i.e,, one which would continue running and was 
able to perform useful work without requiring the expenditure 
of energy, was nothing more than an expression of a general 
natural law, the energy principle. If it were possible to break 
this law, a perpetuum mobile would 1x3 an easy matter. If, 
for example, the mechanical equivalent of heat was not the 
sain(5 under all circumstances, it woulrl be possible by suitably 
transforming eniTgy in various ways back and forth between 
mechanical energy and heat finally to obtain energy from 
nothing and use this to drive a machine. On the contrary, the 
(;ountl(*ss futile attempts to construct a jx^rpetual motion 
machine iiulicated with far greater sharpness than the investiga- 
tions of .Ioiil(3 and his successors that the heat ofiuivalent and the 
oth(3r eiH3rgy ofiuivalents must be constant throughout. 

23. The Analytical Expression of the Energy Principle. — As 
a rule, thermodynamics is especially concerned with mutual 
transformations of the internal energy of bodies, of lieat, and of 
mechanical energy. By the term internal energy” is quite 
generally understood the energy stored within the body; it may 
be of a (.'hemical as w(*ll as of a physical nature. In general, the 
internal energy U of uniform bodies is a function of both volume 
and temperature. 

D, (45) 

in which I", as usual, refers to one mole of the substance. Only 
in exc<^ptional cases, such as the ideal gases, is it ilependent only 
on tluj tianix^ratui’c. 

In lOq. (45), U represents the absolute value of the internal 
energy of a body, lixix'rimentally, the determination of this 
absolute value involves considerable difficulties, but for the great 
majority of calculations and considerations it is not necessary 
to know the absolute value of the energy. It is nearly always 
sufficient to state the diffenmce in the energy" content of a body 
in two different conditions; it is, therefore, perfectly rigorous to 
write 

Ui - r-2 = Ti) - f{v2, T 2 ). 

Frequently, however, it is jiossible to write the difference C^i — 
U 2 simply as T without Ix'ing oxposeil to any danger of error. 
This simplification will be used as far as possible. 
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A physical or chemical process may now be considered in which 
the internal energy changes by dUj while simultaneously the 
system performs the work dA, and absorbs or liberates a certain 
amount of heat energy (IQ. 

In order to ol.)tain an analytical expression for the energy 
principle which will be suitable for thermodynamics, a system 
may be considenMl which consists of (1) a large heat reservoir, 
such as a ‘‘calorimeter;’' (2; a substance whose thermal change 
is to be oliserved; (15) an arrangement for storing up mechanical 
energy, r.flf., a cylinder fitted with a movable, weighteil piston. 
During the investigation, the substance will suffer a certain 
change (IT in its internal energy (chemical or thermal); a certain 
amount of work tIA will l)e p<'.rform<‘d on it if necessary but at the 
same time a certain amount of heat (IQ will be absorbed or lilx'r- 
ate<l by tlu^ substance and, conscciuentlj-, be liberated or absorbed 
b\' the calorimeter. 

Now, if the total energy of the system is to remain constant 
during the investigation, then just as much energy in the form of 
heat dQ must be added to the system as corresponds to the increase 
of its internal energy dU and the work performed d-l; therefore 

dQ = dA + dU. (4(5) 

As an example the evaporation of a mole of 1120 at 100® may l)o 
taken. The total amount of heat dQ added in such a process is 
called the total heat of evaporation; the internal heat of evapora- 
tion is dU. In this ciise dQ = 9710 cal., the work p(;rformed 
against the external pressure (see 126), dA = 740 aiL^ dlJ = 
8970 cdl. (the internal energy increases, since during the evapora^ 
tion process the molecules arc separated from each other and 
therefore work was performer I against molecular attraction). 

For dV there may now be written, as in Eq. (38), 

If the work dA was performed merely by the change of volume 
pdv, then there is obtained in place of Eq. (46) 


or 


dQ = ydv + dU 
dQ_/dU\ 

dT \a7V. Lv at- )r ■*" ^\dT 


(46a) 
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Now, inakin{r dr = 0, tho itisult is nioroly u heating process at 
constant volume (without the performance of work) and, accord- 
ing to I<k{. (43), 



(47) 




If the chtinse of volume takes place at constant pressure, y~yji) 
may bo written for and for and then, by applying 


10(is. (43) and (47) 

C, - (\ 

is obtained. 




(48) 


p. The Second Law of Thermodynamics 
(The ('arnot-C1ausius Principle) 

24. The Empirical Basis of the Second Law. — While according 
to the First Law all forms of energy are equivalent as a matter of 
principle, the Second Law says that, in reality, the transformation 
from one form into another is not always feasible, but that the 
transformation, especially of heat energy into other forms, meets 
certain obstructions and is bound up with certain conditions. 
The Second Law emphaaizcs the preference of certain natural 
processes to proceed in one direction, while the First Law (like 
nearly all other physical laws) makes no statement as to the 
direction in which a process takes place. 

A simple example will illustrate the one-sidedness of certain 
energy transformations. It is possible to transform any amount 
of mechanical {c.g., potential) energy into heat by means of any 
of the primitive devices, such as rubbing two surfaces upon each 
other (the Prony brake). It is also possible to convert a certain 
amount of heat into mechanical energy. For example, a gas 
under a piston can lie expanded and thus perform work whereby 
the gas itself becomes cooled and abstracts heat from its surround- 
ings or a heat reservoir in contact with it. However, the expan- 
sion of the gas can take place onli/ once; the amount of heat energy 
converted into mechanical energy is thus limited, for, in order 
to be able to use the gas for a new transformation of heat into 
mechanical energy, it must be brought back again into its former 
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coinprossccl state. I'his can 1 m' done only by reversing the entire 
process; the gas must again lie compressed, thus expending the 
mechanical energy whi(?h has l>een obtained. It is thus shown 
that, by means of a finite amount of gas, no optionally largo 
amount of lu^at can be taken from the surroundings and be trans- 
formed into mechanical work. This result is not by any means 
limited to the example chosen. It has been shown (juite gcjnerally 
that no machine can be constructed which continues to abstract 
heat from its surroundings and convert it into work. Such a 
machine, which would naturallj*^ be of great use since the heat 
content of the land and ocean ropi*esents an inexhaustible supply 
of energy, is called a perpetual motion of the second class. The 
knowledge that a perpetual motion of the second class is an impossi-' 
bility forms the real empirical basis for the Second Law of Thermo-- 
dynamics just as the First Law follows from the impossibility of a 
perpetual motion of the fust class. 

26. Conditions for the Transformation of Heat into Work. 
(Irreversible Processes). — liven though the possibility of realiz- 
ing a perpetual motion of the second class is excluded, it has not 
yet been stated, as the above example indicates, that a trans- 
formation of heat into work- whether single or continuous — is at 
all impossible, but only that in the conversion a certain condition 
must be fulfilled. As a closer examination of the relationships 
which govern these processes shows, this condition consists in 
the following: The transformation of heat into work must always be 
bound up in a process which ^Utf itself” proceeds in a quite definite 
direction. Such processes, which are said to be irreyersible, 
occur quite often in nature. The following examples may be 
(luoted : 

1. The expansion of a gas from a small volume into a larger 
volume (flow of a gas into a vacuum). 

2. The diffusion of gases and liquids. 

3. The course of a chemical reaction (explosion). 

4. The flow of heat from a hotter to a colder body, etc. 

Each of these processes may be utilized for the transformation 

of heat into work. In the above example, case 1 has already been 
used. In this instance it was even possible to obtain a complete, 
but, of course, not direct, conversion of heat into work. If 
it is desired to have the transformation proceed directly, 



PHYSICAL rUERMODYNA MICS 


49 


generally only a fraction of the heat or internal (e.g., chemical) 
energy can be set free as chemical or other forms of energy. 

Now this fraction depends mainly upon the manner in wiiich 
the process proceeding ‘‘of itself’' or “spontaneously” is con- 
ducted. Ordinarily, f.e., without a special mechanism, it will 
proceed so that on the whole no work will be produced. This is 
the case when a gius expands into a vacuum or heat flows merely 
])y heat conduction from a hotter to a colder body. A certain 
useful effect is only to be obtained when the spontaneously 
proce(Kling process is controlled by means of some mechanism, 
and masterly of it is sccurc<l. This appliance is similar to a 
mountain stream, from which energy may be obtained only by 
damming and leading its water through a suitable canal. 'Fhe 
useful effect actually obtained will 1x5 greater or less, depending 
upon the degn^e of elimination of losses by friction, etc., which 
retard the conversion. The Iwst results are obtained when the 
conversion- when all losses are stopixul — is made to take place 
iidinitely slowly. Viulcr these cireuinstanees the process loses 
completely its originally violent, spontaneous character. It now 
no longer proceeds as an irreversible process but as a reversible 
one, for under the conditions described it is possible to turn the 
process into the one which proceeds in the opposite direction 
without the exixuiditure of appreciable amounts of energy. 
Of course, a truly reversible process is an ideal limiting case which 
is never completely realized in cxix5riment, since small losses 
due to friction and other factors cannot be avoided in any 
practical case. Therefore the maxunum efficiency la attained in 
the transformation of heat into work when an irreversible process is 
guided into such paths that it proceeds reversibly. 

26. The Maximum Amount of Work Which Can Be Obtained 
by the Transformation of Heat. — The transference of heat from 
a hotter to a colder body may 1x5 taken as an example of how 
irreversibh? processes can be made reversible. The heat is no 
longer allowed to flow directly from one body to the other; the 
hotter bod}’’ is first put into a gas, which is allowed to expand 
and thus absorbs a certain amount of energy; the expanded gas 
is then brought into contact with the colder Iwxly and thus com- 
pressed. By this means the colder body absorbs nearly (see 
47) the same amount of heat that the hotter body gave up. 
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Heat has, therefore, really been transferred from the hotter to 
the colder body, but in a quite different wa 3 '^ from that of flowing 
directly from the one to the other. While originally the process 
was irreversible, it hits now been pc'rformed reversibly, for it is 
easily seen that the process may also l>e performed in the reverse 
direction, whereby heat will be carried from the colder to the 
hotter body. 

For the above process it is characteristic that, by the expansion 
of the gas in contact with the hotter body, a somewhat larger 
amount of work will be performed than must be cmploj'ed for 
the compression of the gas in contact with the colder body. 
On the whole, then? remains a small excess A*1 of work after tlic 
process which must correspond to the difference between the 
amount of heat given out by the hotter body and that absorbed 
by the colder. Thus, while altog<jther a (juantity of heat Q is 
transf(Tre<l from th<' hotter to the coldcn* body, a certain fraction 
of it AQ is converted into work lA and 

\T 

AQ = A.l = Oyr fl9) 


or 


Q 


= T 


A/1 

AT 


Tlie proof that this fundamental relation for the maximum 
amount of work which can be obtained from a- single heat transfi^r 
is general, and is, therefore, independent of the kind of transfer 
mechanism employed, will Ikj brought about by first calculating 
AA for a quite special case and then using an ideal ga.^ as the 
mechanism for transferring the heat (47). It can then be proved 
that a p(M-petual motion of the second class could be constructed 
if any other formula is permissible for another reversible proc(*ss. 
If it is assumed that for the maximum work any other equally 
reversible acting process held 

AT 

AA' < <3 y ; (lOn) 


then the first process (expansion of a gas) could be so joined to it 
that the one process extracts an amount Q of heat from the hotter 
body and forwards a large part of it to the colder body having an 
excess of work left over, while the other process works in the 
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opposiUi tliroction and soiuls back exactly the sainc amount of 
heat to the hotter body. 

{Since the right sides of both lujs. (49) and (49a) are identical; 
then 

AA > A.r or AA - A A' > 0, 

which is the same as saying that, in spite of the fact that the 
hotter body has lost no heat, work has been done at the expense 
of th(' colder. Obviously, such a process can be repeated as 
often as desired and in this way a finite amount of energy 
obtained. The com1)ination of two reversil)le processes in which 
the maximum work ol)tained is different in magnitude would 
thus permit the construction of a p(^rpetual motion of the second 
class and is, therefore, to be excluded as a possibility. This 
liossibility will l)c excluded if Hep (49a) is rejected; Eq. (49) must 
thus really be valid for all reversible processes if it can be proved 
to be correct for onlj' (me process. 

In irreversible processes the maximum amount of work is not 
obtained. Actually, it is found that 

(496) 

In the limiting case when; the process takes place in a completely 
irnn'crsiblo manner AA must Ikj e(iual to zero, as has already been 
emphasized. 

The above proof for the general validity of the fundamental 
Eq. (49) is remarkable in its simplicity; however, at first glance 
it is not (luiic clear how it hapi^ens that the tcmptjrature T, 
established in this case as a matter of definition by means of 
the. behavior of ideal gases and introduced by means of Eq. (78), 
governs the relation which is valid for any substance whatever, 
'rhis deficiency may be corrected in the following way: Eq. (49) 
may be derived without the use of a special substance, such as 
an ideal gas, if an undetermined but general temperature func- 
tion is used instead of T. As a matter of definition, the latter is 
put equal to T (thermodynamic temperature scale), ^ after which 
it may be shown that for ideal gases I^q. (71) and, therefore, also 
Eqs. (73) and (78) must l)c valid if the Boyle-Mariotte and the 
second Gay-Lussac laws are considered as proved. 

^ * This s(.*alc was (lcvi»lopcd by Loid Kelvin and is known as the Kelvin 
scale; accordingly teni])cralures may be (piotcd in “degrees Kelvin.” 



52 


FUNDAMENTAL^^ OF PHYSICAL CHEMISTRY 


27. Maximum Work and Maximum Useful Work. — At this 
point the case may once more be considered in which a certain 
amount of internal energy is set free in a chemical or physical 
process. If the process is completely irreversible, the decrease 
in internal energy — f ' is manifested only in the development of 
heat —Q; otherwise work +A is performed in addition to the 
latter. In this case also the maximum value for the work A, 
which is usually called the maximum work, will be attained in 
compl(‘tely reversible transformations; in the following this 
quantity will be represented by At. I'herefore 

-r = -Qr + At, (50) 

where — Qr represents the heat liberateil reversibly at the same 
time as At. The maximum work represents a very characteristic 
quantity for the process as a whole. As will be seen in 29, 
this (piantity may be absolutely determined only for processes 
which take place isothermally, yet this limitation is not very 
disturbing, since the conversion of internal eiaa-gy into work is 
nearly always performed at constant t(jmperature. 

For the sake of clearness, it is appropriate that a concrete ex- 
ample should first be considered in detail. For this purpose a 
reversible galvanic element is suitable (for further information 
see 207 ct seq.). In such an element chemical energy is partially 
converted into electrical energy accompanied by the absorption 
or liberation of a certain amount of heat. The chemical energy 
corresponds to the internal energy U, the electrical energy to the 
maximum work At,v provided that besidc^s the electricid energy 
no other work such as change of volume has been performed. 
In order to obtain an additional relation so that Qr may be 
replaced by some other quantity, it wdll be imagined that such 
a galvanic cell can be used to transport heat in a reversible man- 
ner from a heat reservoir at the temperature I' to another at the 
lower temperature T — AT. Fundamentally, according to 26, 
Eq. (49) must be strictly applicable to this case also. The pro- 
cess by which the heat is transported may be resolved into the 
following steps: 

1. The element is allowed to work at the temperature T (a< 
constant volume) in such a W'ay that the electrical energy A, = 
Atv is generated. According to Eq. (50), the element requires 
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during this operation the quantity of heat Qr = U + Ar,v, 
which must be taken from the hotter heat reservoir. 

2. The element (at constant volume) is brought into contact 
with the colder reservoir at the temperature T — AT and adds 
to this an amount of heat equal to to/^AT, 

3. At the tomperatun* T — AT the element undergoes a change 
opposite in directif)n to that of the first step. This reciuires the 
addition of electrical energy — AAr,v A quantity of heat 
will thus be added to the cohler reservoir. 

Qr — AQr = — AO “I” At^v — 

4. The element, still at constant volume, is brought into con- 
tact with the hotter reservoir, from which it absorbs an amount of 
heat iVkAT"^ and again returns to its original condition. 

Since no work is performed in steps 2 and 4, the total gain 
of work is: Ar,v — — AAr,i) = A quantity of 

heat Qr + u\AT has thus been given to the colder reservoir. 
However, it is not yet i^erniissilile to apply Kq. (49), since the 
heat transference is not completely reversible. By reversing 
the cyclic process, the quantity of heat transfered from the colder 
to the hotter reservoir amounts to Qr — w^AT. (Th(? (piantity of 
heat IV/, AT always flows irreversibly in one and the same direction.) 

But if AT is chosen vanishingly small, so that the term m’aA 7’ 
may be negl<»cted in comparison with Qr, the process liecomes 
reversible and the application of Va{. (*19) is now justified. If, 
now, fIT IS written in place of AT, and d-lr.v instead of AAr.w, 
Kq. (49) takes the following form for the present case: 

The latter expr<»ssion allo\vs the elimination of Qr from Eq. 
(50), obtaining the important relation 

.U,. + u - (52) 

However, this equation has the shortcoming that it is valid 
only for processes which take place at constant volume, while 

^ Tho boat oapaoitios before and after the change are not rigorously the 
.same ^froin Kq (211), p 366, this difference is equal to la the pres- 

ent ease Die differcne(f is uniinportant, since the heat (piantities arc eliini- 
nated 111 the following. 



54 


FUNDAMENTALS OF PHYSICAL CHEMISTRY 


most natural processes take place at constant pressure. In 
order to adapt it to the latter condition, the above cyclic process 
is reixjated, with the difference that the galvanic element is 
allowed to work at constant pressure p and it is assumed that the 
heating and the cooling also take place at constant pressure. 
As the result of this change, the element delivers a somewhat 
different amount of electrical energy than liefore, which wiW l)c 
designated by At each step of the process the volume of 

Willard Clibhs 0873-80) called the function which represents the 
mfixinnini work a system can peifoim at constant tempera lure and pressiiie, 
namely — -Ir.y., the "'thennntiipmnuc lyttUntiuL'' IFelmlioltz OSSUj name<l 
the function for tlie maMmiim ^^ork at rtinstant temperature ami Viihime, 
---•tr.r, the **fr(v entigy” Oiilv ^\hen the volume change is neKhKil>le, as is 
the case in most condensed s\ stems, is it immaterial A\hich of the above 
functions is used T'nfortiinately, this lias lc‘d to eonsidorable coiifiisioii m 
then application and at times to set ions erior. 

* Now, constant temjierature and pri'shure are the restraints most, fie- 
qiiently met with in practice and most easv to pioduce experimentally. 
0 N. Lewis (J ('fietn Noc, 36, 11 f 10.13), or Le\\is and JtwDM.i., 
Qoc Cl/, 158)) has accordingly proposecl that the thermodynamic ])otential 
should be ronaniod the free energy, as it is the function —At,p winch cairies 
the Significance of this term. This function is called the Muximnlc 
N utzfirhvit" in the Clermaii edition 

* In the present translation, the attempt has been made to avoid any 
confusion due to terminology by using tlie term maximum work and ^ndi- 
ctiting the conditions of rvstnnnt hij snhscnpts 

* The following jiartial summary of the symbols commonlj' used is given 
in order to aid the student in Heading the works of other authors. C\*iro 
must be excrcist*d in assigning + or — signs to these symbols, as the sign 
IS usuallv a matter of definition for en<*h case. The function U + pv is 
often called the heat function. The important (piaiitity whicfi results 
from the dilTerentiatioii of .1?'.^ witli respect to a cliange in chemical com- 
position (dm) lias been vaiiouslv called the thci modijnnmic potnitiol of the 
conshtunit of the mijcturc, the pnitial molal free energy (Cl. N. I^ewis), or the 
chemical potential. Here the latter term will be used 
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the element changes; at the first step it is 1 % at the second, i% 
etc. Then in the first step the external work perfonned is 
- i»i); in the second, - 1 * 2 ), etc. The maxiiniim work 
of the p^oc(^ss in the first and third st(?ps is composed of the 
electrical work and the work due to the change of volume; 
thus: 

I 'or the first step: At,v + — Vi) = Ar,v (•*>3) 

For the third step: At,p — ^Ar.p + pU'i — Cs) = At,v — 

Altogether, taking the other steps also into consideration, the 
r(*sult for the cyclic process is an amount of work given by 
At,p + pO’2 ri) + /;(C3 — r2) — (-Ir.ji ” AAp.p) +/>0'.i — C 3 ) 

+ p{vi — V a) = AAr.p. 


The consideration which leads to the necessity of making the 
temperatures inb^rval AT and then'foro also AAp.p infinitely small 
remains the same as in the above. The final result is the 
e(iuation 

drO, “ K or'),,' 

Before this expression is introdiicc'd into l’2(i. (SO) it is expedient 
to replace Ar.v in J'kj. (oOj by the left side of (oH) and to 
intn>duo(! a new function //p in plaw? of 1-. In the present case 
the relation Ijctwoen tlu'se two (piantities is defined by 

y/j, = U + p(i‘2 — J’l). (no) 

Therefore, from I'kjs. iHO) and (5-1) the following is obtained: 

d,.„ + //„= (50) 

The physical significance of the term Ap.p follows directly 
from the example of a galvanic clement used above; in this case 
the electric encjrgy Ar.p appears as the real productive leork, 
while the incidental, siM)ntaneously i)erformod work due to 
change of volume (which, moreover, is generally of minor impor- 
tance numerically) is quite separate from the electrical work and, 
in general, cannot be brought directly into use. It sccmis, 
therefore, fitting to call Ar,p the maximum work of the procjjf^ 
taking place under constant pressure. ^ 

The physical significance of the function Up is obtain^fnifLw 
nrneess is allowed to take place at constant Drcssur^^QQCry^ 
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irreversibly) in such a manner that onlij the volume work 
- rj) is performed. Then according to Eq. (46) a quantity 
of heat —Q' = - [t" + — *’i)] is dovcloiDcd. Thus, Up = 

Q', i.c., —IIpVA the heat developed only during the performance of 
work due to change of volume at constant pressure. (Examplv: 
C-ombustion at constant pressure: — //,, becomes the heat of 
combustion.) 

If only the simple heating or cooling of a uniform substance* is 
involved, then Up l^econies identical with the quantity Q in 
I?ki. (4:1), so that 



It iiiav be noted that more Koiioral Iherinodynamio considerations, su<*li 
as will be re<iuirod later, deiiiaiul a sonicwliat liroadcr definition of At,p 
and Up I’sually 

-It.p = .It-., - pv (53(1) 

i/p = (• 4- pv. 

Thus, not only the quantities At,p, -Ir.r, and //p, but also V aiul the 
product pv (see 23) represent differences between two diffor(‘nt states of tlio 
system, i r , Kij is merely an abbn'viation of the expression (which 

also holds for variable* pressure). 

-U’/*.'-' dr.p.i = .Ir.i.i — + />i/’i. 

The difTercntial Eqs. (52) and (56) do not giv(» alisolutc values 
for At,p or Ar.v wIkmi (■ or Up arc given. For this purpose an 
integration and the evaluation of the integration constant 
involved arc necessary. This is not possible on the liaWs of the 
First and Second laws alone, and a new fundamental hypoth(»sis, 
the Nernst H(»at Theorem, must lie introduced. However, 
there tire a numlicr of iini)ort.ant applications by which lOcis (5:i) 
and (56) may be directly tested by experiment. 

28. Thermodynamic Relationships for Homogeneous Substances. — 
In the application of (52) to Iioinogeneous substances, a very small Imt 
yet finite change of state is assumed. Therefore, in place of U it is more 
expedient to write (AfOr wlicre the index T indicates that the change 
takes place at constant temperature. In this case the work performed 
by or on the svsfcm can only be duo to change of volume. Therefore, 

may- l)t‘ PUt m place of .It., Iiistoad “f (^jr') ’ is 
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obtniiicil, Hiiiuv Ac IS to lx* conHiclereil fonstiiiit, l{(| t5‘J) first takes the 
form 


(Al/')r+/ao = r(^^',) Ac, 


w hicli, after (lividiiiK bv Ar aiid tho tr:nisfonnation to iiifinitolv small changes, 
IxH'omes 

/ !iF7\ 

(57) 


(“a 


If fn)??i Kc| (nrnt) the (iiiantity //p is iiitrixiuced in place of T, 

(A//p)r — Afp/'i + ;jAi» ■= (SIF,,)t — pSv — i»Ap + pA?> 

= (A/f„)r - cA/> = Ac 

IS obtaincfl Dividing through by Ap, changing to infinilelv small varia- 
tions, ami taking Kq. (iU) into consideration, 1 he result is 

C'i‘;)r--€^).-C:X- -<«■); <»*> 

E(is (57) and (58) form an especiallv convenient starting point for 
miineiouh imiMirtant 1hermo<l>nainic formulas for homogeneous substances 
For example, Fj<|. (57) can be directly applied to siinplif\ing Kq (48) and 
to bring it into a more convenient form for practural purpose's. If, at the 
same tunc, Eq. (*14) is taken into consideration, 

/.icy 


\0p)t 


m 


IS obtained. 

Hy introducing the coctricient of c.ubical expansion a and the volume 
compressibility k it follows that 


Tp - (\ = T 


2nf2 


niVa- 

VK 


or 


Tp - C. = Tv, 


(60) 


Co 


when IS a])proximately eipial to 1, as in lupiids and solids. 

llv tlie simple different lat ion of Eiis (57) and (58) with respect to T, the 
result IS the frecpieiitlv used formulas 
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and introducing Kq. (47(i), 
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29. Entropy. — In tho prcccMling paragniph it has been shown 
that the luaxiinuin work ami inaxiniuni useful work arc quantities 
which arc characteristic for the Second Law, although they can 
1x5 defined only for isothermal processes and therefore cannot 
embrace the whole range of phenomena governed by this law. 
The characteristics of irreversible processes and the transforma- 
bility of h(‘at into work which is involved in such processes can 
1x5 described without any limitations by means of the conception 
of entropy {eiTpkw^Li^ to transform) introduced by Clausius Due 
to its somewhat abstra(*t nature, the understanding and the 
application of this conception generally give the student much 
more difiicultj'^ than the relatively clear iilca of maximum work. 

The common definition of the entropy S of any substance is 
obtained in the following equation: 



in which the indices 1 and 2 indicate two different states of the 
substance, which may lx? characterized by the variables pi, 
Vi, Ti and p 2 j i’ 2 i T 2 of the states.^ Similar to tho internal energy 
U, the entropy is generally concerned only with a difference and 
frequently S is written as an abbreviation for S 2 — Si. The 
entropy, again like the internal energy, etc., is proportional to 
the mass of the substance, so that in tho following one mole of 
the substance will be considered as the unit of mass. The 
entrojiy of a system consisting of several different substances is 
composed additivelyof their several individual entropies, provid(*d 
no chemical change takes place. This follows directly from the 
equation of definition (Eq. (,63)), since this additivity exists even 
for dU and dv. 

In the following, it will 1x5 shown- 

1. That S IS absolutely determined for each value of the vari- 
ables which define the state, or, in ynathematical terms, that dS = 

dU + pdv . 1 . , yr j • 1 

y — IS a complete differential. 

^ * The most f^eiicrfil definition of entropy is 



Equation (63) implies the restraint of constant pressure on the term At 
of Eq. (50). Thus, dQr = dU + since vdp = 0. 
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2. That the change of entropy of a closed system in reversible 
changes of state is zero and in irreversible changes is always positive. 

The process of thinking which leads to these statements can 
merely he indicated in this place. For a more detailed considera- 
tion textbooks on thermodynamics must be consulted. 

From Eq. (81), page 85, which on the basis of 26 holds for 
every simple cj^^clic process independent of the sort of heat- 
transfer mechanism used, it follows directly that 

Qr 4 “ dQr __ _ Qr 

T + dT T T' ^ ^ 

in w'hich Q/' is the heat given out reversibl}^ from the hotter heat 
reservoir or the heat taken from this by the transferring mech- 
anism; Qr, the amount of heat absorbed reversibly l)y the colder 
reservoir or given up by the transferring mechanism. For the 
sake of uniformity, putting Q/ = —Q/\ the result will be, instead 
of Eq. (04), 

Qr ^ Qr' 

Q Q\ 

Now, if = >^*1 iind = S' signify the change of entropy of 

the heat-transferring mechanism in the first and second halves of 
the cyclic process, then 

S + S' = 0, (65) 

Z.C., the change of entropy of the heat carrier during the first half of 
the cyclic process is the reverse in sign but of the same value as 
that in the second half. 


This result may bo oxtonded from the simple oyolic process of 27 to any 
nioio conii)li<*ated cyclic pioccss m which llie carrier passes from somo 
oiiKinal state 1 through some intoriiiodiatc state 2 and back again to the first. 
It can be shown that any complicated cyclic process can eventually be 
resolved into an infinite* number of simpler cyclic processes by using numer- 
ous heat reserv'oirs so that the added amounts of heat and the individual 
entropy changes become very small (dQr or dS). 'I'hcn in jilace of E(i. 
(tifi) the result is the sum (see, v.g., Clausius, R. IMochanischc Warme- 
theorie,’* vol. 1, p. 87 d scq.). 


ftQrl , dQr2 
Ti Ti 

= d S, + dS, + 
State 1 Su) 


■ dQrn , dQ rii , 
Tn rn 


dSn + d S'n + 
State 2 


+ (AS' I = 0. 
{State 1 
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Equation (05) may tlius be obtained if the geiienil statement is mode that 

.S'... = («) = (<*) j'^dS, .S'a. = = {h)^^dS', m) 

wlicre the lotlers (n) and (h) indicate that the process lias taken place aloiiR 
dilTorciit paths at different tunes. 

CVinsidering now that the dii*cc(ion of the second half of the process is the 
reverse of that of the first half, then the sign of must be changeil, t c , 
it is nccessaiy to put By so doing Kq. takes the siniplo 

form: #S(a) = TJiv change of entropy is thus inticjicndvnt of thr path hy 

which the substance is brought from state 1 to slate 2 It follows from this 
that S can depend only upon the variables (p, T, r, or r) denoting the .states 
under consideration, ainl is absolutely determined by these (plant ities. 
Having reaclu'd this point, it may even be assumed that the jiath leading 
to state 2 i.s not reversible but can also be passed over irreversibly. Then* 
remains men*ly to introduce the quantitu's f/f' and ]ulr in place of dQ in 
E(i (Oti), doing so by nutans of Eq (HVi;, and thus express the direct depend- 
ence of the entropy on the variables defining the state In this manner 
K(| (0:i) IS again arrived at, which thus really represents an absolute 
definition of entropy. 

The principle that the total entropy change of a closed systt^iu 
in reversiVile changes of state is always eciual to zc^ro may In? 
found as follows: If a direct reversible energy exchange between 
two scfiarate parts of the* system is to b(^ ('stal)Iish(Kl at all, 
the temperatures of the two parts must be the same. If it is 
considered that two such parts exchanging energy always act 

in pairs, the result is (in which heat is added to oru? 

part and withdrawn from the other) or Si = —So or, finally. 
Si + So = 0. Indeed, all parts of the system need not even 
have the same temperature (see, for example, the cyclic process in 
26). However, those parts of the system which have different 
temperatures cannot exchange energy directly but only by means 
of an adiabatically heatc<l or cooled heat carrier. (In an adia- 
batic exchange dQr — 0 and therefore dS = 0.) But if for each 
individual isothermal exchange Si + S 2 = 0, S 3 + N 4 = 
etc., the sum >S'i + So -f S 3 + Sa must always vanish (more- 
over, the total entropy change of a single part of the system may 
be composed of several specific entropy values). 

In order fo prove that in any irrcv(?rsible proce-ss the entropy of a elo.sed 
system ahvays increases, it is best to establisli the fact first for some sjurial 
process. As a convenient example the irreversible expansion of an ideal gas 
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from voliiino /’i 1o vi without porforimiif; work inav be choKon. Since, 
acconliiiK to 42, dC — 0, it folIowH from 46 that the entropy ciifference 
amounts to 


5 



= 

t'l 


? r , it has a positive value. At present, a system will be considered wdiw'h 
consiifts of any substance A, besides one mole of any ideal k^^s. TIils will 
be passed through a two-stage change of state: (1) The substance X under- 
goes an irreversible change of state, while the gas, which at present is 
s(‘parated fiom it, remains unchanged. (2) The substance is brought back 
to its original state by means of a reversible process. Now, an irrcvcrsiblo 
process can be made retrograde only when at the same tune some other 
substance will undergo an energy change In the prt*sent case this change 
may consist in an addition of heat to the ideal gas ^ This heat will be used 
to perform an isothermal, reversible expansion of the gas. thus increasing 
Its volume. The c\])ansion of the ideal gas is then used to coni press the gas 
A’ back to its original volume I’l. The tmal state of the system is, therefore, 
distinguished by A' having returned to its original state while the ideal gas 
occupies a greater volume than before, the entropy of the system has thus 
inen^ased Hut this incnvise cannot result from the seirond step, since here 
only reversible changes were peiforme<l It must therefore be ascribed to 
tin* liist step, the irreveisible change in A' 

For svstems in which, besides woik due to volume cliange, still other 
kinds of work (such as elc'ctrical w’ork) are perfoimeil, then, instead of the 
special Kq (lOn), the more general Kq (10) is used and the result is 


dS 



d(- + dA 
T 


Old A = rdS - dr 


(67) 


Since this equation deals exclusively with reversible processes, A obviously 
leprcsents a maximum value of the work performed, yet A is not absolutely 
defined by lOq (07), since it is not like S and f ' in being dependent only on 
the limiting values of the variables which define the states, but depends 
also on the path over which the process was conducted (dA is an incomplete 
diib'rential). As an example showing that A really depends on the path, 
a chemical reaction which begins at one temperature 7’i, and ends at another 
Ti niav be considered. The reaction can at one time be performed iso- 
thermally at the temperature Ti while performing the work Ai and the sys- 
tem then be brought from Ti to T 2 . Another time the system could first 
be warmed to T 2 and the reaction then allow'ed to proceed, performing the 
work A 2 . Since no work was performed in the changing of temperature, 
in the two processes tw'o amounts of w’ork Ai and A 2 , w^crc obtained, which, 
in general, are not the same 

* For e.xanqde, if the irreversible process consists in a direct transference 
of the heat quantity Q 2 from a warmer to a colder substance, then a total 
amount of heat Qi — Q 2 must be added to the gas by means of which Q 2 
(through a reversal of the cyclic process described in 47) is to be again 
“pumped up.” 
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'I'lio relations will be siinpliliod if oiilv isothermal processes are eonsidcred 
and the discussion tlius liiiiiled iiioiely to establish the conception of maxi- 
mum work for such processes, as has alreaily been done m the above 
Hince in this ease T is now to bo considered as a constant, a completo 
difTerential is obtained instead of E(i (t)7): tlAr v = d{TS — V)^ so that 
the maximum work obtained in a transition from state 1 to state 2 is now 
absolutely defined by 

-Ir.ij, “ i-lr.ij = (7’*S'j — rd — {TSi — Ui) or, abbreviated, 

At.v = TS - r. 0i7a)i 

liy roinbiiiiiif' lOiis (TkIu) and (07n), the result is 

dAr.p - d(TS ~ U) - d(pr) (iub) 

or 

-ilAi.p = (KU - TS) + il(pv) 

It IS obvious that /Ir.r and At.p can be defined by moans of -tr.i = 
F(T, v) and = F'{T, p ) Tlie])artial ditTercntial forms for these are 


ilAr,v - 

\ i 

|*+( 

. OT J 

ilT 

p 

(.4^ 

ilAr^v = 

/'l.lr.,.' 
\ «’/* > 

)//' + 

V OT , 

) iir 

f p 

(B) 


From Ec|s (t37(ii and (ti76) 


-d li-.v - (Hr - T(IS - S,IT 


and 


-(lAi,p = df’ - Tils - SilT + pdv + fd/>, 
and liy ajiidyin^ Eq (oO) 

-tlAr,, = -]hIv - SilT (C) 

—ilAi,p -- vtlp “ SilT. (D) 

Hv coinpaiinK tin* coeflicionts of dc, d/>, ami d7’ in Eii (-1) and (r), and 
(li) and (I)) the following important relations result 




(67c) 

(67d) 


* Various attempts have been made to make the conception of entropy 
clearer. Some pli>sicists (rr/ , sec CiooDKNOUGir, he cit , pp 51, 60) divide 
encrKy into two classes, available energy ami unavailable energy. Phitropy 
is a measure of the latter. Tol\tan {Phya, Rev,^ 9, 244 (1917)) considers 
entropy as a (luantilative measure of the “ nin-downncss ” of the system. 
The two ideas are obviously related. J. Willard Clibbs evidently considered 
entropy as a lm^asuIe of the “inixed-upness” of the system, although his 
ideas on this subject were not published. Boltzmann considered entropy as 
the degree of “disorder*’ of the system and approached the subject from the 
standpoint of probability; this view wall be discussed later in 83. 

^ * The remainder of 29 has been taken essentially from the first edition. 
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30. Equilibrium Conditions. — In the above it has been empha- 
sized as a characteristic of reversible processes that they could 
be conducted in either direction without requiring an especially 
large expenditure of energy, i.e., the smallest impulse is sufficient 
to cause the process to change its direction, ("onversely, a 
system existing in such a state has of itself no motive to change 
direeition; it persists continuously in its original state for the same 
reason that a ball lying on a iwrfectly plane plate has no motive 
to put itself into motion even though only a very slight impulse is 
sufficient to do so. A system engaged in an xndnitely slow, 
reversible iransfonnntion is therefore in equilibrium at every 'point. 

The result arrived at in this way is: when the system satis- 
fies the conditions of a reversible transformation, then at the 
same time the conditions for (thermal) equilibrium arc also 
fulfilled. A general criterion for equilibrium is therefore given by 
the principle that in a reversible process the entropy change of 
the total system is zero. Limiting the method to isothermal 
processes— -and this is permissible for the following — then the 
maximum work may again Ix) used in place of entropy. As has 
already been emphasized, the maximum work will always be 
produced when the process is conducted reversibly; conversely, a 
rcversil)lc process is dealt with whenever the work actually per- 
formed A is equal to the maximum work At,v The condition of 
cciuilibrium is thus 

A = 

Now freciuently a work due to change of volume A = J* pdv 
enters into the problem as the only work performed. If the 
siH'cial case of a process taking place at constant volume is con- 
sidennl, then dv = 0 throughout the entire process, and there- 
fore A = 0. It thus follows for the condition of equilibrium that 

At.v ~ 6 . ( 68 ) 

In an isothermal process taking place under constant pressure 
have A = pv and therefore 

At,v == pv or At.v — pv = At.p = 0, (68a) 

7.C., a system which is kept under constant pressure will be in 
equilibrium when it is able to perform no useful work. 
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Concerning the direction in which a system not in equilibrium 
will change spontaneously (irreversibly), the following may 
l3C said: as it has bt^en shown above, work can be obtained from 
heat or internal energy only when it is bound up with a process 
which takes place irreversibly and spontaneously; the convers(^ of 
this law states that if in any process work is obtained from heat or 
internal energy then tins process originally was one which pi-o- 
ceeded spontaneously. Therefore, a system changes spontane- 
ously into the direction in which (by conducting the process 
reversibly) it performs work, /.c., in which At,v or Ar,p is positive. 

If secondarj'' influences are disregarded, the tendency of a 
system towards a transfonnation will obviously be greater the 
greater its ability to perform work. This conception is espc'cially 
important for chemical processes; according to van’t TIoff, the 
maximum work is a direct, exact measure for the tendency of 
substances to react with each other, or, in other words, a measure 
of the ‘‘chemical affinity which for a long time had been but a 
vague idea. 

(7) Fundamentals of Kinetic Theory 

31. Fundamental Assumptions. The older kinetic theory of 
heat was based upon the following three assumptions: 

1. Matter is composed of the smallest particles — atoms or 
molecules- - all of which are absolutely the same in a homogeneous 
substance. 

2. Heat energy consists in the mechani(?al energy of molecules. 

3. The mechanical laws oj^tablishcd by macroscopic (experi- 
ments and astronomical observations arc valid for molecules. 

32. The Atomic Hypothesis.- -The first of these assuini)- 
tions involves the atomic hypothesis. Certain (Ireek Philoso- 
phers (Lucretius and Democritus alx)ut 500 JL(.\) took up the 
question of whether matter was infinitely divisible, arriving finally 
at the conception that the divisibility must end at some point — 
just as at that time there was believed to be a limit to the univf'rso. 
They called these small particles atoms (dro/ios = the indivisible). 
For more than two thousand years the problem advanced no 
further, and therefore* it remained as a vague hypothesis. 

An exact basis (in the present sense of the term) for this 
conception was first obtained by the discovery of the fundamental 
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clu^iiiral law of constant and multiple proportions (Dalton, 1808), 
according to which certain fundamental substances (elements) 
always combined with each other in quite definite ratios by 
weight. Without doubt the simplest explanation of this law 
consisted in imagining that the elements w'ere composed of small 
particles (atoms) which were exactly the same for each clement 
and which always combined in quite definite numbers to form a 
chemical compound (molecule). It was not a very great step to 
consider that in purely physical processes these molecules were 
the real building stones of all matter. Kven though several 
further (luahtative arguments were added in favor of this con- 
cc^ption, it retained for a long time the (‘haracter of a pure but 
not improbable hypothesis but at first was l)y no means generally 
accepted by science. 

A revolution in scientific opinion set in onlj' after the discovery 
of a numb(»r of new, to a large extent physical, phenomena which 
allowe<l th(^ hypothesis to bo approacluHl from a quantitative 
standpoint and which enabled investigators to calculate the 
exact weight of the individual atoms and molecules. The deter- 
mination of the weight of a single molecule resulted in the cal- 
culation of a number which represented the number of molecules 
N actually contained in one mole of the substance. This number 
is called Avogadro’s number.^ 

As long as Avoga<lro's numlier could calculated only by 
moans of rather inexact methods, the result was scarcely a proof 
of the atomic hypothesis. In the last twenty years, however, a 
number of exact and completely independent methods of deter- 
mining N have been devclo^xjd, the results of which are sum- 
marized in Table 2. 

1 * Avogiulro (ISll) advanced the hypothesis that equal volumes of all 
ga.ses at equal pre.'jsures and teni])eraturcs contain the same number of 
molecules (sec 40). Thus, Avogadro’s name became associated with the 
number of molecules per mole. The first to indicate a way to estimate the 
magnitude of this quantity was the Viennese physicist, Loschmidt (1865), 
and in many German books on physics and chemistry' this number is referred 
to as '‘Loschmidt's number.” Some books (eg, Andrade, Structure of 
the Atom,” London (1923)) use Loschmidt’s number for the number of 
molecules per cubic centimeter of substance. Here the term “Avogadro’s 
number” with the symbol N will be used for the number of molecules per 
mole. 



Table 2 — Values of Avogadro’s Number N Determined by Various Methods 
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The most probable value at the present time is N = 6.06 • 10®*. 
The remarkable quantitative agreement of the values of N from 
the most widely differing methods would bo quite inconceivable if 
they were not all concerned with a common fact. The results 
given in Table 2 thus form the real empirical basis for the atomic 
theory; the assertion that atoms and molecules are actually 
present in matter is no longer an hypothesis but a principle firmly 
established by experience. 

33. Motion Due to Heat. — That the molecules in the gaseous 
and licpiid states can be conceived as being continuously in 
motion is made very probable by the fact that two different gases 
or licpiids in contact with each other will in the course of time 
become completely mixed of their own accord (diffuse into each 
other). Since by means pf a diffusion process the molecules 
undcirgo a change of position in spite of the fact that they have 
not b(»en stirred or otherwise put into motion by outside means, it 
follows that they must spontaneously perform motions of their 
own. 

It might, however, be imagined that in diffusion the particles 
move towards and mix with each other due to their attractive 
forces. It would then be necessary to assume that at the ter- 
mination of the diffusion the motion ceases.. But it can be shown 
that in many cases no force of attraction acts betw(;en the 
particles and yet diffusion takes place. It follows that the 
motion of the particles, made apparent by the process of diffusion, 
must itself be quite independent of diffusion and therefore does 
not ceiuse when diffusion ceases. Thus the molecules of the gaseous 
and liquid states must exist in continuous rapid motion. 

In solid substances which resist any change of outward form 
(distortion, etc.) it must be assumed that the molecules do not 
move freely as in gases and Ikiuids, but are bound to certain 
positions of rest. In spite of this, however, they are by no means 
immovable, but perform rapid though very small vibrations 
about their positions of rest or, more exactly, their positions of 
e(iuilibrium. 

Although the motions of the individual molecules, whether 
they be in gaseous, Ikiuid, or solid state, are generally invisible, 
they correspond to a certain amount of mechanical energy. In 
the simplest case of gases at low concentrations this energy is 
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mostly kinetic; in other cases, such as solids, potential energy 
is also involved. There can be no doubt that this mechanical 
energy of the molecules must form a part of the internal energy 
of the substance. 

The kinetic theorj’^ makes the special assumption that the 
mechanical energy of the individual molecules is identical with 

the heat energJ^ ?.c., with the part of the internal energv which 

rT% 

I flT = / C\dT. On this 

I' Jti 

hypothesis is built the present bold attempt to unite thermodynam- 
ics and mechanics, two branches of physics which are appanmtly 
quit(^ dissimilar. This attempt. howev<'r, immediately me(*ts 
with theoretical difficulties which consist mainly in that in th(‘r- 
modynamics a kind of process (irreversible process) is met with 
which is entin'.ly foreign to mechanics, or, what amounts to thii 
same thing, a radical difTerence exists iHitwcen heat energy and 
other forms of energy. 

'fhe classical investigation of Boltzmann has shown that such a 
distinction lietweeii heat and other forms of energy is not wholly 
justified. It is only necessary to consider that a fundamental 
difference exists between the ordinary iiK^cluuiical-kinetK* energy 
of a substance and tlie kiiu^tic energy of its molecules: In the 
first case, in the macroscopic, mechanical motion of a body, an 
ordered motion is involved all parts of the body have tla; 
same components of motion — but the second case involves 
motion which is completely disordered in respect to magnitude as 
well as direction, 

(\)nsidered from this viewpoint, the Second Law states that the 
ord(‘red motion can change directly into disordered, the degn^e of 
“disorder” usually increasing spontaneously — the inerease of 
disorder is, therefore, characteristic of irreversible procc'sses, 
similar to the increase of entropj' — but an ordered motion cannot 
be directly obtained from a disordered one. The quantitative 
treatment of the problem required a combination of mechanical 
principles with theoretical, probability (statistical) considerations, 
and thus gave rise to the new subject of “statistical mechanics.” 
The most important result of this consists in a fundamental 
formula for entropy. 


varies with temperature 


J X \pT 


S = k In w + Const,, 
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ill which the entropy appears as a simple function of the prohabilr 
it\i w of the state of the system and thus obtains a clear physical 
inenning. It is evident that a system will endeavor to reach the 
state of greatest ‘‘probability'* and therefore, after some time, 
disregarding minor deviations, will adjust itself at a point of 
maximum probability. The characteristic of entropy, that it 
always increases in irreversible processes, is thus explained by 
statistical-mechanical considerations. 

In simple cases, such as in ideal gases, the probability of a 
state can be exactly formulated and evaluated numerically.^ 

34. The Law of Distribution of Velocities. — In developing 
the kinetic theory of heat, it was first attempted to apply the 
fundaiiK'iital principles of the ordinary mechanics to molecules; 
for example, molecules were considered as rigid elastic spheres 
whi(?h collided with each other like billiard balls and thus 
exchanged direction and magnitude of motion. According to 
another concc^ption, molecules were considered as force centers 
mutually mlluencing each other like the heavenly bodies. An 
absolut<.‘ly exact, purely mechanical solution of the problem 
for any optional moment of time cannot possibly be calculated 
in advance on the basis of one of these conceptions of the motions 
and velocities of all molecules, since this involves “the problem 
of n-bodies” and “the problem of 3-bodies" is not yet solved. 

However, by means of statistical considerations a considerable 
siniplifKratioii can be obtained, so that the calculations can be 
Carrie* 1 out and yield tangible results. The procedure, of course, 
works in a rather arbitrary fashion and leads only to a statement 
as to the. average behavior of a large numlier of molecules, yet 
such a result is nearly always suflScient, since, as a rule, the aver- 
age effect of a large nunilier of molecules is what is actually 
measured by exix^rimcnt. If it is desired to follow the path of 
a single molecule (163) it is only possible to make a statement of 
the probability of the molecule, ?.<?., one can state the degree 
of probability that it will show a certain behavior — for example, 
that it will travel a definite distance in 1 sec., etc. 

One of the most important results of such calculations is 
Maxwell’s law of the distribution of velocities. This law indi- 

^ For furtlior information see Lewis and Randall, loc. cit., chap. XI; 
SciiAEFEU, loc. cit.f chaps. IX and X. 
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cates how many moloeulos of a at any dcterminod instant 
possess a certain vclocit}' or are contained within a definite 
velocity interval. For example, the following table expresses 
the results obtained for oxygen at 273.2° abs.: 


Tahle 3 — Distrihution of Velo(’ITIE8 for Owcjkn at 273.2° Ac’cordinjj 
TO Maxwkli/s Law 


Volonly interval (aV), iiioters iwir 
second 

/A.V\ 

Number of particles ^ y Jj per cent 

Below 100 

1 1 

100-200 

S 1 

200-300 

10 7 

300 -400 

21 r> 

400-500 

20 3 

500-(500 

15 1 

(W0-70() 

0 2 

Above 700 

t i 


If the calculation of the molecules is repeated for another 
instant, the same result will always lie obtained, disregarding 
trifling deviations, so that, even if the velocities of individual 
molecules increase or dccr(^ase, the average number of molecules 
within a defiiiiti? velocity interval remains unchanged, since at 
all times approximately as many molecules leave? the velocity 
int(;rval as enter it. 

If the velocity interval is restricted to 1 w. instead of 100 w., 
as in Table 3, then the law of distribution of velocities can lie 
represented graphically as a smooth curve (Fig. 13), where the 
abscissa represents the velocity in meters per second anti the 
ordinate the percentage of molecules contained in a velocity 
interval 1 ///. wide (e.g., bctw'tH 5 n 300 and 301 ///.). 

It is seen that molecules with very great and very small 
velocities occur but seldom; half of all the molecules at 273° 
have velocities between 300 and 663 w., the most frequently 
occurring velocity being 370.6 m. (Joncerning any particular 
single molecule, as has been mentioned before, only the following 
sort of probability statement can ho made: The probability 
that the velocity of the molecule falls l^etween 300 and 663 m. 
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is O.f), the pr«)bal)ility that it falls Ijctwecn 300 and 301 7n is 
0.002, that it falls between 700 and 701 ///. is 0.00005. 

The complete formula for the distribution law is 


3 - .vv* 



(IN 

in which - signifies that fraction of all the molecules *Vo the 

i V 0 

velocities of which lie within the intervals v and v + dv. 



If only o}ir component of velocity V is considered, such as V,, 
then in place of I'kp (09) the following simpler function is 
obtained: 

_ vv.* 

d\ I M 

I = yl2.Rr‘ 

for which the general course, like that of Hq. (37), is illustrated 
by Fig. 12. 

36. The Law of Distribution of Energy. — Very closely related 
to the distribution of velocities is the distribution of the kinetic 
energy of molecules. However, the energy distribution of the 
individual molecules of a uniform gas will not be considered — the 
solution of this is given directly by Eq. (69) — but the behavior of 
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the average energy of the luoleculos in cliCfcrent gasses will be 
examined. Then, if the energy values of the individual iiioh*- 
culcs, similar to the vehjcitios, deviate much from each other 
and change continiU)usl3', the average kinetic oiK'rgy of a single 
molecule, i c., the arithmetic mean of the. energy values of all the 
individual molecules, jiossesses a (iiiitc d(‘tinite value, which can 
be calculated from statistical mechanical principles. 

The result of the lengthy calculation involved in this is 
extremely simple and perhaps is clear without much explanation. 
On the average, the kinetic energy of the molecul(‘S is compleb*ly 
eompensat(Hl. If iico <jatn\s are in Uiennal equilihnum %nth each 
other, then the mean kinetic enerffies of their molerulra are equal. 

In thi.s simple statement the result is, of course, only true for 
gases in which the total energy consists entirely of the energy of 
translatory motion. It is, thcrefon*, assuiiKMl that the moh'cules 
do not rotate nor do the atoms within the molecule vibrat(‘ with 
respect to each other. The magnitud(» and the direction of the 
total velocity of such molecules, and thus th(»ir total state of 
motion, arc obviously determined by the magnitudes of the three 
velocity components u, v, and tv in the directions of the three 
space coordinates. Hut the state of motion of more complicated 
molecules is not fixed by thcj velocity components u, i\ w of its 
center of gravity alone; the rotation of the whol(‘ molecule and 
the vibration of the atoms with respect to ('ach otlua* must also 
be considered. In order to represent these motions, more 
coordinates are required. 

For the complete reproduction of the motion of a boily of any 
shape, such as a cylinder with an oval cross-section, it is, for 
example, necessary to have three dek»rminativ(» (plant i ties, since 
three angles are rcMiuired to fix the position of the cyhnd(‘r in 
space — two (the latitude and the longitude) to determine the 
position of the c^dinder axis, and one to determine) the degree of 
rotation of the body about its own axis. 

According to Maxwell, each such determinative quantity is 
called a “degree of freedom'';' a point and a perfectly spherical 
body thus each has three degrees of freedom, an ellipsoid, 
3 4-3 = 6 degrees of freedom, etc. 

* * This term, as used in thw eoiinecfion, must, of course, not be confused 
with its meaning in the chemist's ** phase nilc." 
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The general law of equipartition of energy states: The energy 
of an optwnally shaped molecule in the state of equilibrium is 
equally divided among the degrees of freedom, i.c,, 

the energy in any one degree of freedom = 

total energy of the moleeulc 
number of degrees of freedom 

36. The Necessity of an Extension of the Classical Mechanics 
for Its Use in Molecular Processes. — The kinetic theory, which 
is basc^d upon the three assumptions quoted in 31, leads in 
many eas(‘s to complete^ success, i.e,, it really iwrmits a num- 
ber of tlK'rmal and related properties of matter to be correctly 
calculate<l (lualitatively and (luantitatively. The kinetic theory 
of gases in particular has le<l to many beautiful results. For 
example, the princijile pre<licted from it that the internal friction 
and the ability to conduct lieat must be very nearly independent 
of the d(‘nsity was v(‘ry satisfactorily confirmed by experiment. 
''Hie sixjcifie heat of gases also shows in many cases a behavior 
wliich agrees well with classical theory. Howc^ver, observations 
which directly contradicted the theory have not been lacking at 
any time. In particular, it does not seem at all possible to con- 
firm the law of equipartition of energy for every case. In order 
to find a way out of this dilficulty, it was first assumed that, in 
thos(‘ cas(\s which disagn.xMl with the law, eiiuilibrium was inter- 
fered with or was attained with exceeding slowness. No experi- 
mental proof for the correctness of this assumption could be 
produc(Ml, liowever. Monjover, since in more recent times the 
contradictions, especially of the e(iiiii)artition law, have become 
more and more freciuent, the conviction was finally reached that 
a suppli*mentary hypothesis, such as the above assumption that 
eciuilibrium was n^ached only very slowly, was not sufficient 
and more radical tnjatment was necessary. Of the three funda- 
mental assumptions of 31, the first two are to be considered 
unconditionally as quite certain; the only way out of the difficulty 
therefore lies in changing the third. In this way, it was finally 
conceived that another sort of mechanics was involved in mole- 
cular proc(»ss; t he new laws must, of course, also apply to macro- 
scopic bodices and transform into the ordinary mechanical laws 
as a limiting case. 
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Simple, but (iiiite new, laws have already been found for a 
number of molecular and atomic processes which cannot be 
classified according to the classical mechanics (compare 294 et 
scq.). These new laws are distinguished by the presence of a’ 
universal constant h, called Planck' a conatant of action, which 
plays an important part in all of them and which is entirely 
foreign to the classical mechanics. To Ihj sure, a general theory 
embracing molecular and atomic as well as macroscopic phenom- 
ena is only in the stage of development. 


2. IDEAL GASES 
a. Kmiuuu’al 1m)uni)Ati(.)NS 

37. The Ideal Gas as a Limiting State. — 'Fhc majority of 
natural phenomena which present themselves directly to the 
senses are rather complex and therefore may, at least tlu'oreti- 
cally, be resolved into simpler phenomena. One of the main 
tiisks of the physicist often consists in uncov(»ring and describing 
these simple fundamental phenomena. Sometimes such a 
resolution can be pc'rformed only by theoretical treat?nent, but 
frequently experimental means are userid, especially when the 
conditions of investigation are suitably chosen, in bringing forth 
clearly the basic ])heiiomenou which is to be studied, and in 
repressing disturbing secondary phcuioimma. 

lor example, if the equation of state of a gas were invijstigated, 
i.c., the dependence of its volume on the pressure and ti^ijipera- 
ture, the result would be rather coinphcuted if the investigation 
were carried out at high pressure and low tt'inpi'ratures. The 
results, however, become simpler anil more uniform (the various 
giuses become more and more similar in their behavior) if low 
pressures and high temiieratures arc chosen. It is thus iiuite 
natural to consider the state of a gas at a vanishingl}'- low pres- 
sure as a limiting state to which all gases consistently strive and 
which yields a pure fundamental phenomenon free from all dis- 
turbing factors. A gas existing in this state is usually called an 
ideal gas. 

Sometimes experiments can lie conducted at pressures where 
the deviations from the ideal state of a gas practically vanish. 
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Hut if, for any reason, it is necessary to work at higher pressures, 
then experinients nuist l)e pi'rfornied at several pressures (e.f/., 
1 and 3-^2 (itm.) in order to find the deviation from the ideal state. 
From the difference between the two results the probable behavior 
of the gas at zero i)rcssurc can be determinetl very accurately. 
(This extrapolation to the ideal state is considered in greater 
detail in 96.) 

The following section is concerned exclusively with the ideal 
gases. It will be assumed that the investigations used to illus- 
trate the laws of this state were performed either under the 
conditions of the ideal gaseous state or the extrapolation of the 
njsults to vanishingly small pressures has already been made. 
It may l)e noted, however, that the discoverers of the gas laws 
did not know of this extrapolation. 

38. The Laws of Boyle and Mariotte and Gay-Lussac. — The 
Fjnglish physicist, hoyla (1064), and the French chemist, Mari- 
otte (107()), independently investigated the compressibility of 
gases at constant temperature. They found the well-known law: 

pv = poVq = Conat. (70) 

Considerably later Gay-Lussac (1802) investigated the tem- 
perature dependence of the volume at constant pressure and the 
pressun* at constant volume, finding that 

f = J-«(l + 27312 273.2’ 


This equation is identical with Eq. (.39) in 18, and therefore does 
not represent an independent connection l>etwccn gas volume and 
temperature, but is merely a definition of the ordinary temiK^ra- 
turc scale. The volume change which is to be exi^ected when tem- 
perature and pressure change is given by uniting Vk\s, (71) and 
(70), so that 


for a change of temperature: r'o = 

for a change of pressure: pv = **'u = 273 2 ’ 


(72: 


If th(^ two changes arc considered as taking place one after the 
other, the result must naturally }yc the same as when both take 
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place at the same time For the change of pressure at constant 
volume (i» = i’o), then directly from Va[. (72) is obtained: 


V 


p»T 
273 2’ 


i.e.j the change of preneure of a gas at constant volume is the same as 
the change of volume at consUint jn'cssure. 

39. The General Gas Law. — hipiations (70), (71), and (72) 
hold for any definite amount of gas; ?’o thus signifies the volume 
of the gas at 273.2° ahs. and at the pressure pu) eorrespondingly, 
V is the volume at the temperature T and pressure p. 

It is especially convenient to choose the same value of vq for 
all gases. If this is done, the expression 

273.2 


becomes a universal constant, if the unit for (expressing the term 
P(i can be agreed upon. 

On the basis of a principle advanced by Avogadro (1811), 
which will be discussed in the following paragraph, in a v(dume 
Co at a definite temperature (e.g,y 273.2°) and under a definite 
pressure po there is always a definite number of molecules or 
moles which is ind(jpend(»nt of the kind of gas enclosed. When 
it has thus been established that a mole of any one id(»al gas at 
273.2° and po = 1 occupies the volume vo = 22.41 /., then 
one mole of anj' other gas under the same conditions will occupy 
the volume Co =22.41 /. 

If hkp (72) is always referred to one mole, then for all gases 

pvn, = KT (73) 

For a quantity of gas containing n moles, it follows directly that 

pv = nRT (73a) 

if r = is the volume containing n moles. Further, if, in 
place of the number of moles a, the weight Ci and the molecular 
^ G \ 

weight A/(n = ^) are introduced, then 

GET 


( 736 ) 
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According to (78), the gas constant R assumes the follow- 
ng values:* 


1 w rtrt < -I 

= 0-10 = 0 0821 
2/3.2 

700 X 22 410 ». 11 

273 2 — ~ ()2,.«)b mm. Ilg X cmozc centimeters 

700 X 1.3..-)90 X 22.410 „ oi i uxr 

- 273 2 ‘ - = 8 814 X 10’^ ergs, 


depending upon the units used in measuring the pressure and the 
volume; 1 aim. = 700 mm. Hg = 70 X 1.3.590 gr. per square centi- 
meter = 70 X 18..5S0 X 980.0 dynes per square centimeter and 
V is measured in liters or cubic centimeters. In many calcula- 
tions it is also convenient to use R in calorimetric units; thus 
(sec also Table 1), 


R = 


8 81.5 X lO’f 
4.19 X IO^ 


= 1.980 cal. 


40. Avogadro’s Law. — The principle advanced by Avogadro 
is not based upon physical con.si<lerations but upon the simple 
chemical fact that in reactions t)otwe<*n gases a wholc-numlier 
n'ationship b(>t\vw*n the gas volumes is involved (CSay-Lussac- 
HumboUlt law, 180.5). But the principle cannot 1» derived 
wholly from this, as may lie easily shown by the following 
example: 

In the formation of water it Ls observed that 1 1. of oxygen 
unites with 2 1. of hydnigen to form 2 1. of water vapor. If the 
molecular weights and fonnulas are not known, as was still 
the case in Avogadro’s time, then one would first try to write 
the cciuation for the formation of water in the form 

O -I- H = HO. 


With respect to the volume relations, this form would signify that 
1 1. of oxygen has twice as many atoms as 1 /. of hydrogen or 
water vapor. On the other hand, the fonn IO2 -f- 2II2 = 2II2O, 
in view of the fact that 1 i. O2 + 2 I. II2 = 2 1. H2O, signifies 

' If T IS coiisitlercd ns diiiioiisionli'ss (slm. also p X7, schtoikI fiHttiioln), then 
R rc]>roiiciits an energy quantity. 
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that every liter in each one of the three gases contains the same 
number of molecules. Since the molecular weights were unknown 
at the time, it was not possible to know whether to write 
O or O2 for gaseous ox3'gen, and it follows, therefore, that the 
numbers of molecules contained in a definite volume of the vari- 
ous gases were either the same or were related to each other in 
the ratio of simple whole numl)ers. By a bold stroke, Avogadro 
removed the “or'* and simply postulated that the number of 
moleculvs contained in a definite volume under the same conditions 
of temperature and pressure u the same for all gascs.^ 

Thus at first Avogadro*s princii)le was only an h^^pothosis. 
In the course of time it ]>ecamc fundamental for the development 
of important chemical conceptions (see 67). In the beginning, 
however, it met with powerful opposition, since numerous investi- 
gators at that time still tacitly considered all elementary gases 
as monoatomic anti in such ciises the ideas of atomic and mole- 
cular weight were not to be distinguished from each other. 

41. Dalton’s Law. — If various gases all under the same pres- 
sure p and occupying the volumes ci, C2, e® . . are brought 
into contact by removing the partitions which separate them, 
they will be completely mixed after a time without the pressure 
p having changed. Since each gas now fills the entire volume 
V = I'l + 1*2 + C3 . . . , each must exist under a lower pressure 
than before. The pressure of each gas in a mixture of gases is 
called its partial pressure (pi, p 2 , Pz . . . ). According to 
the above experimental result, the sum of the partial pressures is 
always equal to the total pressure (Dalton, about ISOO). This 
law may be directly obtained mathematically if Eep (70) is 
applied to each single gas. 


p{r\ + »’2 + *’3 

Since v 

it follows that 


7)/’, = p,/' 
pez = 7 ^ 2 *’ 
pvz = pzv 

) = v(p\ + 7^2 + Pz 

I’l + ^2 + 1>3 


7> = 7>i + P2 + Pa . . . 


. . ). 


(74) 


^ Hee footnote to 32. 
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At tlu) bc^inninp;, it could be doubted whcth(»r it was per- 
mishilde to apply lb)yl(».\s law to the inixiuro of j?ases. However, 
the fact that the total pressure does not chan^<^ during the mixing 
confirms lOq. (71) and the assumption upon wliich it is founded 
that two gases can l)e mixed without Boyle’s law losing its 
validity. 

Moreover, the partial pressure of a gas can be experimentally 
demonstrated when a wall or partition which is permeable to 
<h(j one gas but not to the other is available. (Jlowing platinum 
is fairly permeable to hydrogen but not so to other gases. The 
gas which the semipcTinoable partition allows to pass through 
always attempts to equalize its partial pressure on both sides of 
the membrane; if, for example, a glowing platinum bulb is filled 
with air at 1 atm. pressure and is then put into hydrogen also at 
1 nttn., the hydrogen will flow into the bulb until its partial 
pr(*ssuro inside the bulb is 1 atm,, the total pressure within the 
bulb thus having increased to 2 atm, 

42. The Second Law of Gay-Lussac. — CJay-Lussac allowed 
a gas enclosed in a vessel to flow' into an evacuated vessel and 
('stablished the fact that, on the wdiole, neither heating nor cool- 
ing occurred in this process. The int(*rnal energy of an ideal 
gas t hus remains unchanged by inen^ase of volume, i r , the 
internal energy of a gas at constant temperature is independent 
of tlie volume, so that 



w hich is the mathematical statement of Clay-Lussac’s second law. 

43. The Molecular Heat. — A summary <»f the exi)erimentally 
d(‘termined values of the molecular heat of a number of gases at 
constant volume (\ and the dependence of these values on the 
t('mp(?rature is c<»ntained in Table 4. C'olumn 4 of this table 
shows for w'hich temperatures the given value of (\ holds, 
(’olumn 5 contains the percentage change of this value with 

temperature, 100 at room temix?rature. The last column 

contains certain values characteristic for the change of 

at high temperatures and which become smaller as the tempera- 
ture variation decTcases. These values wdll bo discussed in 76. 
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Tahlk 4 —Molkctlmi Hkats (r,.) of (Ivsks 
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From this table it is *socn that the gases may b(» divided into 
groups according to their molecular heats: 

1. The molecular heat is about 3 cal. and is appan^ntly fiuitij 
independent of the temperature. These are the gases wliich 
from their Ix'havior in other respects arc said to be monoatomic. 

2. The molecular heat at room temperature is v(»ry nearly o cal. 
The variation of around room temperature is slight, but 
increases gradually towards higher temperatures. These arc 
diatomic gases. Chlorine, which is likewise diatomic (as well 
as the other halogens), shows an irregular liehavior. 

3. Triatoniic gases and certain others with four and five 
atoms. Cv is between 0 and 7 cal. and even at room temperature 
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incroiiscs conRidcral)ly more with increasing temperature than 
for gases of group 2. 

4. This group cannot bo sharply distinguished from group 8. 
C„ is greater than 7 cal. and on the whole increases in greater 
amounts as the numhor of atoms in the molecule increases. The 
temperature coofliciont increases with the molecular heat. 


b. Tukumodynamk: Rklations 


44. The Difference : Cp — C „. — Since the internal energy 
of any homogeneous substance is a function of the temperature 
and pressure (H(i. 45), then for small changes of U (sec Eq. (33)) 


+ Ca,') /' 




Now iniiy l»(Mlosifrnatc<l by (%, thon l)econics zero 

on t!io l)asis of the w'ooiid law of (.}ay-Lussac (I'lq. (7o)) and it 
follows, therefore, that 

. •%. W T . 

(76) 




If the heating lak(‘s place at constant pr(‘ssure, then from 
I‘]q. (43) 



+ pdr 

(IT 


C\ + P 



lUit according to the gas law ( hkp (73)) 



which results in the important ndation 

f p- Cv = if = l.OSb cal (77) 

if th(‘ moli'cular heat is expressed in the usual heat units (calories). 


If (*p — <\. is cxjKMiiiifnt.'illv 111 oaluiics, and the constant 

/?, in agreement witli its original dclinition, is expressed in ineclianical units, 
Mich as i’ltja, th(*n K(|. (77) gives a method for deterinining the mechanical 
et|iiivalen1 of heat The fii-sl calculation of this fundamental constant was 
made ac(‘ording to this method by the discoverer of the energy pnnciple, 
It. .1 Ma\er. 


46. The Work Performed in Isothermali Reversible Processes. 
The work performed by an infinitely small change of volume 
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against the pressure p is always rfA = p dv. However, the pres- 
sure generally changes also during the performance of a hnite 
amount of work; therefore p must first he expressed as a function 
of V and thus an integration will be involved. If, as the lesult of 
Eq. (73), one puts 

RT 

p = — ) 

V 

which means that 

dA = RT^^^' 

V 

for a finito amount of work perfornu'd at {‘onstant tonipcraturo, 
then, by integrating, 

-I = RT In V + ('oN,sl, 

or 

= RTln^'-, (78) 

I'l 

where Ai.s is the amount of Avork which is perfonned by the 
expansion of a gas from I'l to r*. In place of the volume, tlas 
pressure can also be introduced according to hki. (70;, obtaining 

Ar,2 = RTln^"'- (7Sa) 

ps. 

Therefore, the work performed by an isothermal process deixmds 
otdy on the ratio of the initial and the final volumes (or pres- 
sures). For example, in an expansion fniiu 200 to 100 afin., the 
work performed is the same as that in the expansion from } .-,o 
to Jj oo <dni. 

46. Adiabatic Changes. — If a pressure or volume change of a 
gas takes place in such a way that the heat generati'd or lost 
during the compression or expansion is retained^ in tlie ga.s, the 
result is that form of change of statt* which is called adiabatic. 
The quantity dQ in E<i. (-10) thus disap])cars, and 

dQ =dU + dA = 0 or dA = -dU, 

* Kxpeiiinentally, thin in nOaiiioiI with quite siiflUMOiit approviniiitioii if 
the compmssioii or expansion in iierfoniied tapull)/. In order eonipletelv to 
retain tlic heat in the kiis during a slow roinjiression, the walls of ilio con- 
taining vessel Avould have to be completely impenetrable 1 o heat, a cuiiditiuii 
which experimentally is never quite satisfactonly fulfilled. 



PlfYUirAL THERMODYNAMICS 


83 


I r., the work iwrformctl is etiual to <.hc «locroase of internal 
oiiprj^j'. Taking l'’xis. (,70) ami (73) into consideration, 

CAT = -pdi'= -RT^'\ (79) 

winch when intc^>,i'Jilc(l, iissunniij^ (\ constant, jiivcs 
C^hiT = — Rlnv + Const. 

^ , C 

I'Voin Va\. (77). by introducing = 7 , the result is 

t V 

In 7' (7 — 1) In V — (*un>it. 

and fiTially 

Tr"-’ = ('wnsf. (80) 

In order to ol»tain a relation which is analogous to Boyle's 
law 7’ IS eliinin:it(Ml by means of Eq. (73) and 

pv^ = Const. (SOa) 


obbiiiu'd. A comparison of this formula with that of the Boyle- 
iMariottc law ( 10 ( 1 . (70)) shows that in an adiabatic compression 
the pr(‘ssure is greater than for an isothermal compression, since 
7 is always gn^ater than unity. 

The adialiatic processes (jffer various possil)ilities for determin- 
ing Cp or Cj, c\p(»rimentally. Working only with small tempera- 
ture* chang(»s, it is convenient to use Kq. (79) directly, i.e., the 
gas is alIow(?d to (*xpand through a definitely determineil volume 
(h) against a definite pressure and the resulting temperature 
change is measunjcl either directly or indirectly. 

47. The Maximum Efficiency Obtained by Ihe Transformation 
of Heat into Work. The Carnot Cycle. — In the reasoning which 
l(*d to the* fundamental K(i. (49), 26 still lacks one thing, namely, 
the proof that for the special case of a machine driven by an 
ideal gas the maximum useful work which can be obtained 
QST 

anmuntsto y • This deficiency can now be removed by means 


of I’](is. (78) and (80a) and the application of a cyclic process 
first suggested by Carnot (1824). By the help of these, heat 
will be transferred reversibly from a container at the tempera- 
ture 7’ + A7' to one at the knver temperature T. 

In the warmer container a mole of an ideal gas will be allowed 
to expand isothe.r molly and reversibly (^.c., very slowly) from the 
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volume /'i to v^, (Fiji llj. Accordms to I0(i. (7S), tlic work 

performed in this process is R(T + \T) In J txwil an c<iui valent 

amount of heat Q\ is withdrawn from the container. The gas 
is then expanded adiabatieally (likewise reversibly, but very 
rapidly in order tt) avoid losing heat), so that the gas is cooled 
to the temperature T, The w'ork pc'rformeil in this case must 
correspoml directly to that of cooling tlu* gas. and is therefore 
Cv^T. The volume is now r.i. The gas is lirought into contact 
with the colder container and is compressed isothermally to the 



Fi.; 11 


volume Vi. The external work performed upon the gas, which 
is equivalent to the amount of h(‘at Qo added to the coldi'r con- 


tainer, is 


The volume is so chosen that by i^n adia- 


batic compression corresponding to AT exactly the original 
volume is reached. The energy re(iuired for this last step 
of the process is again Since' the energy for the heating 

and cooling directly compensate for each other (each amounts 
to CrAT), there is ol.»taiiied by this cyclic process a (juaiitity of 
work given by 


A.I = 7/(7’ + AT’) - HThi 

Vi V4 


But from Eq. (80), which must hold for this case, 
_ /T + ATVy-i' _ 

r2 ” V T / Vi 
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Hence it follows that 


**« ^ **3 

/•i t‘4 


and thus for lA it is found that lA = lIlTln “• 

Vi 

Now, since 

Qi = /i(T + AD b, '■* and Qi = HTln'^, 

Cl Vi 


the usc^rul otlVct of tin; proct^ss, i r., the ratio of the work per- 
foriiied to the heat transferred, is, as has already been assumed in 
26: 


A.1 ^ IT lA ^ AT 

Qi T + ST Qi T’ 


( 81 ) 


depoiidins on whether AA is compared witli the heat given out 
by tin? warnnu* contain<*r Qi or with that absorbed by the colder 
container Q^- 


c . Klvktk’ Theoky 

48. The Kinetic Derivation of the Gas Laws. -As the sim- 
plicity and the generality of the gas law would suggest, the funda- 
iiK'nial assumptions of the kinetic tlu'ory developed in 31 arc 
(iuit:(‘ suflicient to (‘\plain it on a purely kinetic basis without the 
addition of special supphuinuitary hypotheses. 

Qualitatively, the pressure (*\(*rtcMl by a gas follows ilirectly 
from the kiiudic conception of what constitutes a gas. If the 
gas consists of a targe iiumbfu’ of rapiclly moving molecules flying 
about in compl(»te disorder (Boltzmann fittingly compares the 
mol(»cult»s of a gas to a swarm of gnats), th(»ii these molecules 
must strike tln^ walls of th(‘ containing vessel from time to time 
and b(? comixdled to turn back. The walls, thc^reforo, continu- 
ously receive impulses from impinging molecules, similar to a 
target being hit by bulkds, ami would bo moved if not firmly 
fixed in place. In order to ke('p the walls in their places, a 
certain opposing force, i.c., a certain pressure, must be applied 
to c'ach unit area of the surface to compensate for the effect of 
th(' molecular impacts. It is thus possible to consider the total 
effect of the molecular impacts as a pressure acting outwardly 
and in the following this pressure will be referred to as the 
thermal pressure. 
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The quantitative calculation of the thermal pressure from 
kinetic data involves no difficulties, provided some simplifying 
assumptions are introduced. 

Consider a cubic gas container of exactly l-cc. volume. 'Flu? 

N 

number of molecules contained in it will be A" = . Xow 


consider that th(' irregular motion of the molecules is sonu^what 
changed, so that the mol(‘cules move only at right angles to Hk' 
six walls of the cube.^ Then only onc-sixth of all the molecul(»s 



will move towards one wall. 


'llio number which strikes 


the wall during a very small interval of time tU is found as 
follows: If schematically the same velocity [v] is assigned to 
all the molecules, then during the time dt only those* molecul(*s 
will reach a wall which prevhmsly were at a maximum distam^e 
of dx = [v] dt from it. 

'file total number of molecules A'' which strikes the wall 
during the time di is thus (*<|ual to the number which was con- 
tained within a prism with the bas(* of 1 cm." and height dx ■— 
[V] dt and therefore the volume of Iv] di. Thus for A ' 


A* 


.V 

(> 


Ivj dt 


By the collision of a single molecule w'ith a wall, the lalfer 
receives an impulse amounting to 2//? [v]; if the molecule* r(*main(*d 
at rest after its collision, it w’ould impart an impulse* of only 
m [v] to the w’all, but, since on the average it travels aw’ay^ from 
the w'all with the velocity — [v], the W’all receives ano(h(‘i^imi)ulse 
of m [v], or, altogether, 2m fv|. In tluj time ^//, one wall w'lth a 
surface of 1 cm.- will receive impulse to the amount of 


2///[vlA'' 


XmlMYdi 

3 


Therefore, during th(^ time dt the w^all, which has a mass m', 
would undergo the impulse m'd[v] = 'J1iis can be 

'Boltzmann has given a rigorous proof for the aiithoiizalion of Ihia 
simplifying assumption 

® * ( )})vioiislv, for sueh motion to continue the molecules must be con- 
Biiiered as being “perfectly elastic.” 
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compensat-ed by a proasure or force ‘ p, since it can Ikj written 
(from l']q. (13)) Mt'd[vl = pdt. I'rom this it follows that tlie 
pressure on the w'alls of the vessel must be 
^ JM.V[V]* ^ mNlV]- 
3 3iv 

or, if there is a volume v containing n moles, 

==="3 ^ 


(82) 


(S2a) 


since /////N = Mn roprosents the mnss of all the molecules. 
According to Alaxwell’s eciuipartition law (34) the individual 
molecules cannot in any way be considered to possess equal 
velocities and therefore [vl in Va{, (S2) docs not represent a 
definite velocity, but [v]” represents a mean value called the 
root-main-aqmrc-velocitj/f generally written v-. - 

Since Pj V, tij an<l M can be assumed to be known, the term 
\/ v- can be determined without difiiculiy by means of Eq. (82r/); 
for If 2 it amounts to 1838 m./sei\, for -V 2 , 492 m./sec.; for O 2 , 
4til for (%, 310 ?n,/.sTr.; for /o, 101 ffi./scc, at 273.2® abs. 

It will suffice h(‘re to show' that the (luaiitity ^/ v- is not at all 
the same as th(‘ mean velocity Vi indeed, if. is greater than v, 
since in the first case the larger velocities havc^ a greater effect 
on the determination of the mean (due to taking th<^ s(iuarcs) 
than in the ordinary “average.” In the same w^ay the velocity 
Vm. w'hieh corn^sponds to the maximum of the curve of Fig. 13, 
is different from both V and \/v^ and, in general, the result is 



49. Avogadro’s Law as the Result of the Law of Energy 
Partition. — If various gases wit h molecular weights Mi, M 2 . . . 
and root-inean-s(iiiare-velocitios Vx*-, V 2 “ . . are put into con- 

tainers of c(iual volume v and under the same pressure p, it fol- 
low's from E(is. (82a) or (80) 

7iiM\\f\" a 2-4172^2" 

=3 = 3 = 

1 Forro and pressure are the saine in this rase, smej a force per unit area is 
involved. 

2 • 'Fins IS (‘(lual to the sum of the s<iuaros of the velocities of all the 
particles divided bytheur number fsoe Lewis, W. McC., A System of Physi- 
cal Chemistry, Ix)iidon (1021) vol. 1, p. 2). 
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or 


Tpv = 


jVi/HiVr 

3 


A' 2WJ2V2“ 
3 ■■ 




where iVi, • • • arc the numlx'rs of molecules of the first, 
second, etc. pises contained in the volume v, Ihit th<' funda- 
mental enorpv partition law, which can he derived from pimply 
mechanical c(»nsiderations (see 36), states that the mean kiiu'tic 
energy L of the individual molecules must be the same for all, 
therefore Li = L 2 = L.\ (»r 


must be true. Therefore, Avotjadro's law A'l = A ’2 = 
follows (IS a simple remdt of the kinetic method of ti eat meat and 
espcciallij of the energy partition law. 

60. The Absolute Temperature.-— If 10(i. (SI) is companMl 
with Eq. (73), which refers to one mole of substance, it is found 
that 


pv^ = HT = 


d/V^ 

3 


^ M V- ^ 2A„../ 
R 3 3 R 


m 


The absolute temperature is tla^refon? proportional to the 
mean kinetic en(»rgy L of the mol(*cules of an ideal gas and can be 
used as a direct measure of it. In this way the idea of t(»nipera- 
ture becom(»s v(»ry siinpk*. In particular, the (‘xisli^nce of an 
“absolute zero'* b(»comes undf.»rstamlable, since at this point the 
kinetic energy will have <k*creased fo its lowest possible value, 
zero; negative values for this magnitude arc to be excluded, since 
L must always be positives 

61. The Second Gay-Lussac Law. — The second f!ay-Lussac 
law (see 42) follows directly from the fundamental assumptions 
of the kinetic theory of ideal gases. Since no force exists between 
the molecules except at the moment of collision, no work is 
performed when they are moved closer together or fartluT apart. 
The total energy of a gas is thus independent of the position of 
the molecules. It consists simply in the sum of the eia^rgies 
(predominantly kinetic) of the individual molecules, and is 
therefore not a function of the volume. Formally speaking, 
the internal energy docs not depend upon the volume because 
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kiiiotic considoratons f ' ixa tho funoiion of th(‘ i«»ini)oriitun' 
alono. 

62. The Molecular Heat. If there an^ gases for which the 
internal energy (■ consists only in tla* kin(»tie en(»rgy of inok^eiilar 
niolion in straight lines, then the int(.*rnal energy U per mole 
must be simply 

r = 1= 32^^ = (84) 

and the mok^eiilar heat (for all temperatun^s) is 

(\ =. = 2.9S raL (So) 

Since the translatory motion takes place in three d(‘grees of 
freedom (s(»(‘ 35), then, according to Va\, (S4) and the (‘n<‘rgy 
partition law, each degree of fn'edom must corri^spond to an 
energy 

r = 

and a molecular heat 

r, = = 0 093 cal 

T<» tlic'se thri'e (U»gre<*s of freedom, which are always present 
in translatory motion, there must be adde<l, for theoretieal 
puriMises,’ two furtluu* degn^es of freedom of rotational motion 
if the molecuh* can lie considered as a rotating body, to describe 
the position of th<» symnadry axes and thus the whole body, two 
angle-coordinat(»s (latitude and longitude) are n'ciuired. Such 
a molecule must have a molecular heat of (\, = = 

4.07 aiL 'riiree <l('gr(?<'s of frecMlom of rotation, and therefore a 
molecular heat of b ra/., must be assigned to an optionally 
shap(»d molecule without a symmetry axis, since three* angles are 
nec(*ssary to define its position in space. On the other hand, an 
increase of only one in the numlx'r of degrees of freedom and thus 
a gas with a molecular heat (\ = 3.97 cfil. cannot be conceived. 
IJesides the extreme ease of three degrees of freetlom of rotation, 
a vibrational motion due to the mutual disptarcmcnt of the atoms 
ivithin the molecule also gives rise to degrees of freedom, the 
maximum number of which for Z atoms is:Z— l + Z — 2 + 
Z — li = SZ — 0. As will be explained in greater detail when 
solid substances are consi<lered from the kinetic standpoint (see 
67), potential energy also occurs in such a vibration, and the 
energy of such a degree of freedom is therefore nearly twice as 
great as for a purely kinetic degree of freedom. 
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As tho inaxinmni value for the atomic heat of a gas with Z 
atoms per molecule iZ > 2) the result is 

(\ = Hli + ?2/f + (SO) 

As Tabic 4 shows, Eq. (85) is quite accurately fulfilled by a 
number of gases which are usually consid(»recl as monoatomic. 
This indicates that there really are gases m which tlu» iiihu-nal 
energy consists entirely of traiislatory motion. In the sfuisc of 
the existing tlawy, it must be concluded that in these molecuI(\s 
other degrees of fre(‘<lom (c f/., rotalioii) are not present and that 
the molecules are to be regard(‘<l either as u^al point c(*ni(‘rs of 
force or as rigid, elastic, (piite smooth splu^res, because* for the* 
determination of the position of a point or a sphere thri‘(' spacer 
coordinates are sufficient. More recently, how(?ver, the vi(*w 
has been upheld tliat rotational and oth(*r degrees of fr(»i*«lom 
could also be present even in the monoatomic gas<*s but that, 
similar to th(^ rotational degrees of frei'clom of the Ho molecule, 
they were notable to absorb energy at low t(*m])eratur(*s (comi)are 
below). 

The next group in Table 4, which consists entirely of diatomic 
gases, has a molecular lieat of luxirly 5 nih^ while gases which 
within a large temperature interval have molecular heats of 4 vnh 
are lacking. According to the pres(»nt thoc)ry, this m(*ans that 
the diatomic molecules must 1)C considered as rotating bodies. 
This agrees very well with the early conception of atoms as 
spheres, since two sphere's joineel to each other like a dumb-bell 
do, indeed, represent a body which can rotate. Even among the^ 
diatomic gas(»s, however, the theory is not so well satisfied as 
V^y the monoatomic gas(»s, the absolute value of deviate's (piite* 
considerably {e.q , chlorine) from the theoretical vahi<^ ami at 
high temperatures has a temperature cocffici(uit which is 
unexplainable on the above theory, llie values for the remain- 
ing gases are still less in agreement with the theory. 

For some of the three- and fivoatom gases the molecular heat, 
indeed, lies in the neighborhood of 0 caZ., as the theor}'’ re«iuiros 
for molecules without symmetry axes and without vibrational 
energy within the molecule, yet in the molecules containing 
larger numbers of atoms the excc'ss of the molecular heat above 
the theoretical value is considerable. But this excess above the 
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value Cv = 6 cal. can new l)e reconcilecl with the theory; it 
inoiins that molecules with several atoms, even in the case of 
diatomic molecules, contain a certain amount of vibrational 
eiK'rfjjy within the molecule. 

It is a fact, however, that the law of energy partition does not 
explain why the molecular heat should change continuously 
wil :h t he temix'rature, since according to Eq. (80) it should change 

only in amounts equal to whole numbers times 2 Therefore, 

nothing remains but to assume that the degrees of freedom of 
interna! vil>ration gradually appear as the temperature increases. 
This behavior of the intramolecular energy of vibration gives us 
tlie first concr('t(^ example of the failure of the classical kinetic 
theory, which has already been n'ferred to in 36. 

As a matter of principle, the rotational energy behaves simi- 
larly. Tlu' d(»\'iations from the classical theory can cc^rtainly be 
shown <lirectly in one case, hydrogen. Even at room tem- 
pera! un* the mok'cular heat of hydrogen is distinctly bvhm the 
normal of I.Oti cal. and decreas(»s gra<lually as the temperature 
b('com<‘s low('r to the value of 2.98 cal., the characteristic value for 
monoatomic gasc's. This low value is attaineil by hydrogen at 
th(' t(*mp(*ratur(' of (50° Just as the degrees of freedom of 

internal vibration gradually dev(‘lop at high temperatures, 
tlu' rotational motion disappears towards the lower tempera- 
tures. For this also, the classical theory is unable to give 
any explanation. 

Only for the monoatomic gases, which involve only the kinetic 
energy of translatory motion, is the classical the«)ry (luite definitely 
established, as far as is known at present. Moreover, if 
the eiK'rgy of straight-line, translatory motion should never- 
tlu'less “degenerate” similar to the rotational energy at low 
tt'mp(‘ratur(?s, thi'ii not only deviations from the classical value 
of but also from the gas law pv^ = RT at low temperatures 
must be shown, since the magnitude of the thermal pressure 
depends directly upon the. energy of translatory motion. Such 
deviations have not yet been observed with certainty. There- 
fore, a failure of the existing mechanics has not yet been experi- 
mentally demonstrated for the straight-line motion of molecules. 
Yet theoretical considerations have been advanced according to 
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which such a *‘dcj?onoration’* of inonoatoiuic ideal gases is prob- 
able, but, of course, only at the low(‘st temperatures, which 
exp('rimoiitalIy cannot be attained because of the condoiisatioii 
of all gases. 

63. The Mean Free Path. — Tn the kinetic derivation of tlie 
gas law and the consid(‘rations concerning the energy content 
and molecular heat of ideal gases, concrete statements regarding 
the path over which a single gas molecule passed witc uhik'c*- 
essary. In a nunibi^r of other thermal properties, physical as 
well as chemical, this is no longer the cjise. 

A molecule, at every collision with another molecule, under- 
goes a sinhlen change of direction and therefore on the whole 
describes a zigzag path. The short, straight portions of this 
jiath are called ihofree paths, but these are, of course, not at all 
equal in length; at times the distance traveled betw('cn two colli- 
sions will be very short and at othi'r times quite long. But if 
the mean value' of a large number of the free paths is takc'n. then 
the resulting mean free path /, the average length of alMli(' small 
straight-liiK' s(*ctions in the patli of the molecule, will still ri'pre- 
sent a quantity which is characteristic of the gas. If th(' gas is 
expanded, the individual sections of the zigzag, and tlu'refore 
the mean free path, become? larger; if compressed, th<*y beconuj 
smaller and a calculation shows that the iiu'an free path is 
inversely proportional to the density. Instead of the mean free 
path, the course of the mok'cuk^ can lx* charactc'rized by the 
number (Z) of collisions which it undergoes in 1 .src. Since 
the average distance traversed by the molecule in t is V, 
then ^ = I • Z. 

Among the properties which are dopemdent upon the mean fn^e 
path w(* have the diffusion coeffich'nt, the lu'at conductivity, 
and the coefficient of int(*rnal friction. Conversely, from the 
experiiiK'ntally di'terinined value of one of th(*s(' constants it. is 
possible to calculate the mean free path. For air under normal 
pressure in this way it is found that I = 0.95 X 10“* cm , but, at 
a pressure of ' looo ^ nearly 10 c?n. Thus, if the 

molecul(?s under these latter conditions were placed in a cubic 
vessel with each edge measuring 10 cm. (volume = 1 /.), then, 
in general, a molecule could move from one wall to the oth(*r 
without encountering another molecule on the way. 
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( 1 . Applications 

64. The Importance of the Gas Laws in Theoretical Problems. 

The principal importance of the general gas law 

///•»* = KT 

in theoretical problems lies mainly in the fact that the ideal state 
t)f a gas IS completely governed by theory and furthermore that 
it iKM-mits a transition to more complex and difficult problems, 
thus fr(Miuciitly revealing a way t-o their solution. An example 
of this is given by Kep (19) for the maximum useful en(*ct obtained 
in the transformation of heat into mechanical work. This 
equation is, indeed, generally valid on the basis of general 
experience (the impossibility of a pcu’petiial motion of the second 
class) ; but the path which led to it involved considerations in 
whi(jh an ideal gas played a decisive part. 

66. Temperature Measurements by Means of Gas Thermom- 
eters. ■ -Since the ordinary teinperaturo scale is defined by the 
gas law, in exact temperature measurements it is always necessary 
to n»for back to the gas laws, especially in the standardization of 
th(»rmouietcrs and for the establishment of the ‘‘iixod points'' 
used in thermometry. For this purpose a gas thermometer is 
generally used in which the volume and molar content of gas is 
fixed and known, and the pressure is variable and adjustable. 
Tbe gas thermometer at constant pressure is less seldom used; 
in this case the pressure and the volume arc given and the numlier 
of moles of gas is variable and adjustable- In exact tompc'rature 
meiisurements by means of the gas thermometer, just as in the 
exact (Icterininatioii of the molecular weight (of gas), the devia- 
tion from the ideal gas must bo carefully taken into account. 
A hydrogen thermometer filled at and 1000 ^nm. pressure is 
too high at -193°; at higher temperatures the deviations 
are considerably loss.^ 

The gas law is of further practical importance for the direct 
measurement of gas temperatures, especially if these vary rapidly 
(as in gas cxj)losions) and it is possible to measure the pressure 
by a rapidly operating, registering manometer. The method is 

1 The exact incasureiiiont of temperature by means of the thermometer 
is (liHCusscil m greater detail by Henning, “Tcmpcraturinessung,” Braun- 
schweig (1915). 
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capal:>Ie of various applications. For example, if the amount of 
heat Q liberated by the explosion is known, then from this and 
the temperature of the explosion, as determined by the gas law 
from the measured pressure, it is possible to calculate the heat 
content of the gas mixture after the explosion and thus the mean 
specific heat of gases up to very high temperatures. This 
method, first used by LeC'hatelicr and A. Liingen, was developed 
by M. Pier into a j)rccision method, to which the present know- 
ledge of the specific heat of gases between 2000 and 3000° ahs. 
is duo. 

The gas thermometer method of measuring temperatures is 
also applicable to the determination of the heating which occurs 
during an adiabatic compression and which leads to a calculation 
of Cv according to hkj. (79) (the method of (lenient and Desor- 
mes). Since this case does not involve a d«d(‘rmination of the 
absolute; temp(?ratures, but only small temperature differences, 
the method can be carried out by moans of relatively simple 
equipment. 

66. The Determination of Molecular Weight on the Basis of 
the Gas Law. — In hkp (736) five quantiti(*s occur besides the 
universal gas constant /?. These quantities are pr(*ssure, 
volume, temperature, the weight of the gas, and the molecular 
weight. 

Since the conditions may be so chosen that the first four can 
be easily measured experimentally, the gas law givcjs an excellent 
method for the determination of the “molecular weight ’’ M of a 
substancci in the gaseous state. 

Concerning this point, it may be shown in particular that,' in 
the sense of the gas law, the molecular weight, which can be 
fittingly designated as the physical molecular weight, is not 
necessarily identical with the chemical molecular weight. TIk; 
ph^'sical molecular weight M, as is shown most clearly by kinetic 
considerations, is defined ])y M = N/w, where m is the 7nvan 
weight of the smallest particles which stiU move about ft cclg in the 
gaSy the ''physical molecule How these particles are constnict(‘d, 
whether they are held together by physical or chemical forces, 
is immaterial in this definition. In this sense, for example, a 
tiny dust particle visible to the naked eye is a physical molecule. 
By a chemical molecule is generally understood the smallest 
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uniform aggregate of atoms held together by chemical forces. 
It is to be borne in mind, therefore, in the appliaitwn of the gas 
laws that the rnolendar weight thus found does not need to he identical 
with the chemical molecular weight. Of course, in many cases 
the two arc actually the same. 

Numerous experimental methods exist for the determination of 
the molecular weight by the help of the gas laws anrl these methods 
may be summarized most simply by noting which quantities in 
lOq. (Til)) — pressure, volume, temix^raturc, amount of sub- 
stance — arc fixed at the beginning by the experimental conditions 
(in the mathematical sense, these are the independent variables) 
and which one is determined during the investigation (the depend- 
ent variable). In this way the following summar}' is obtained: 


Fixed bv the expcrimenlal 
conditions 

Det ermiiieii 

The m(‘tlii>d was d(‘\ (dii]>efl by 

T, V, V 

a 

Dumas, 1S27, for vapors 
Hegnault, 1S I7, for gases 

r, p, a 

V 

Viktor Mever, 1S7.S 

<}, T, V 

V 

Hlackmann, 190S, Mimzios, 1011. 

T, a 

p and i» 

(Jav-Lussac Hofmann, 1SI)8 


67. Atomic Weight Determination. — 1'hc atomic weight of an ele- 
ment IS generally (letermined by means of some chemical compound in which 
the element is combined with another of known atomic weight. Obviously, 
such a determination is possible oiilv w'hen the chemical formula of the 
compound concerned, % c , the valence of both elements is known. 

One of the most important methods for determining chemical formulas 
depends upon Avogadro’s huv. On account of its shortness, it will be 
described as a simple example. 

Sup])ose the problem is to determine the formula of w ater. Invest igat ion 
shows that 

22.41 Z. oxygen + 44 82 Z. hydrogen = 44 82 Z. w'ater vapor. 

If it is assumed that the physical and the chemical molecules are identical 
in this case, then the equation for the reaction must read 

10 » + 2 //„ = 

Since the number of atoms of each element in a chemical molecule must 
be at least 1, then n must be at lea.st 2. C'oncenimg 7/i, nothing can be said 
directly and it may, for example, be equal to 1. Tins would mean that 
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hydrogen la a monoat oinic gas and must have the same valence as oxygen. 
^\ at or would then liavo tlio formula IK ) and he diatomic \ow the Tiunilier 
of atoms in the (‘ompoiiiid can he inferred from the molecular heat (compare 
Table 4 and 62\ but, of course, the most extreme case to which this method 
can be applied is that of triatoinit; molecules, and oven among the <liatonnc 
moh'culea it is not (pule certain in its results llvdrogen would he correctly 
considereil as diatomic from its molei'ular heat measured at room temiioni- 
ture, hut monoatoinic from that at low- temperatures (see 62b From jiarely 
chemical considerations, however, a satisfactory result is obtained if other 
reactions arc alM» studied l\itting, as in the above, l//» + = 

f'/piA for the foimation of hvflrogon chloride or 3//m + .V^ = 
for the formation of ninmoma, it is seen that vi = p = q 
must be at least 2 If no reaction can be found m whicli a > 2 and m > 2, 
then n = tn — 2 is the correct value ami the formula HjO for water 
IS established with eeitainty 

Thus, in gcnoial, the method is not able to estaldish hovond doubt an 
e(|uati(m for a reaction nor the (‘hcniical formula of the compound from the 
observed leaction :done, hut it succeeds in doing so if other reactions in 
which the same eleiiu^nt or compouml occurs are taken into consideration. 
Kven though this niethml, hase<l upon Avogadro’s law, is scareelv noech'd in 
modern times for the det(*rminatioii of the niimher of atoms iii a molecule, 
It was of greatest importanci* in tlie dcvelopmoiit of chemistry as the basis 
of all atomic weight <leterminatioiis 


3. IDEAL AND SIMPLE SOLID SUBSTANCES 
a . Kmpikical Foundations 

68. The Ideal Solid Substance. (Limiting State). — The 
counterpart of tho ideal gas is the ideal solid. As the ideal gas 
is the limiting state of matter iit high t-emporatures and low'^pres- 
surcs, so is the ideal solid the limiting state at low temperatures 
and high pr(‘ssuros. 

The properties of tlie ideal solid substance in the limiting state 
are extremely simple: All mechanical and thermal properties 
are independent of the temiK'rature; volume, compressibility, 
and heat content liave a constant value, and therefore the coeffi- 
cient of thermal expansion and the temperature coefficient of 
compressibility and of specific heat have the value zero. 

lOxperimentally, it is very much more difficult to approximate 
the ideal state fur solid substances than the ideal gas; tho pres- 
sures re(j[uired arc enormously greater and probably must be 
reckoned in terms of millions of atmospheres if the substance is 
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to be brought anywhere near this limiting state at room tempora- 
tiir(\s. It is mon; effective and practical to reduce the tempera- 
tures; in the immediate neighborhood of the absolute zero, 
matter transforms to the ideal limiting state, even at vanishingly 
low pressures. 

Since, as far as is known at present, the absolute zero cannot 
be reached experimentally,* the possibility of realizing the 
absolutely ideal limiting state is excluded, at least as far as 
finite pressures are concerned. However, it is worth mentioning 
that in many cases the deviations from the ideal state, even at 
higher temperatures and lower pressures, are so small that they 
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cannot be determined with the accuracy of measurement now' 
attainable. As Nernst has shown ex|x»rimentally, the atomic 
heat of diamond between 20 and (>0° aba. is aln^ady e<iual to zero 
w’ithin the limits of experimental error. Most other substances 
first reach the n^gion in w'hich the deviations from the ideal state 
becoiiM* vanishingly small at somewdiat low'er temiieratures than 
the diamond. Now* while there are no measurements in this 
region, it may be clearly seen from the behavi«)r of the tempera- 
ture curve of the volume and heat content found at higher tem- 
peratures that these quantities reach practically constant 
values even at finite temperatun's. An example of this is given 

1 * If. Kanicrlingh Oniics rc'ports hnving rcaohod a temporature of 
fllightlv below 1° ahs. with iKpiid holiiini [Trans. Farmlay Noe., 18, Part 2 
1922)). 
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in Kij?. 15, wliich ropn'sonts tlio depentloncc of the volume and 
the internal energy upon the temixjrature for the case of 
fluorite. 

69. Ideal Solid Substances. (Transition State). — Even above 
the range where solid substances exist in a really ideal state and 
their thermal properties arc indcjpendent of the temperature, solid 
substances follow quite simple and general laws; therefore, the 
term ideal solid substances'* may also be applied to this inter- 
mediate or transition stat<'. 

The range ov(*r whicdi different solid substances may be called 
‘‘ideal” (in the broader sense) varies considerably. For a 
number of chemically simple substances cr 3 'stallizing in the 
regular sj'stem, this range (ixtimds up to higher temperatures 
than for sul)stances of lower cr^'stalline sj'mmetry and with a 
largo numl)er of diff(»rent kinds of atoms in the molecules. For 
a largo luimlx'r of ciystallographically and chemically complex 
substances and also the amorphous substances, the transition 
state is iiossibly limited to a small region just above the absolute 
zero. 

Th<‘ distinctive feature of idi'al solid substances (again in the 
broad<»r s(»nse) consists in that the hvnt content U m proportional 
to the fourth power of the alundute temperature: 

r T\ (87) 

so that the atomic heaU is given hy 


- \aT\ 


( 88 ) 


The term a vari(»s from substance to substance. Several experi- 
na^ntal proofs for the correctness of hkj. (88) are given in Table 
5. 

This important law was first developed theoroticall}' by Debye 
(1912) and later established experimentall 3 ^ For a number of 
substances the upper limit at which it is valid lies at about = 
0.3 cal. for maiy others it lies considerably lower. 


' In the following, tlic ntoniic heat can ahvays he calculated for chemical 

compounds also. In this (‘asc it represents a mean value, which is expressed 

, ^ ^ molociihir heat 

by: atomic heat = - 7- * " — — 1 r 

nuiubci of atoms m the molecule 
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A socond rogiilarity chanicterisfic of idoal solid suhstiinccs 
(iil)ov(' the real liinitin^ state) is that the change of volume or 
longth I hetwooTi any two temperatur(\s is proportional to the 
heat content lietween these temperatures. 

Vi — V2 /l — ^2 ^ f '1,2 1 ^ 9 ) 

or, what amounts to the same thiiiR, the eixdficic'nt of thermal 
expansion is proportional to the atomic heat. 

a tS9a) 


(Qualitatively, this fact has already been indicateil in Fig. 15, 
but "Fable () is a more exact proof, as hen* the chanse of length 
of a iliamond 3.758 mm. thick between S4.8 and 351.1° is com- 


. r /12 

pared with the heat content of the diamond. The ratio ^ j 

is, indec'd, very iii'arly constant, although the upper limit of the 
7’Maw has already been exceeded considerably. 
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Regarding the l)ohavior of the remaining thermal properties 
of ideal solid sid)st.ane(*s, for which hut little experimental mate- 
rial IS available at iirescuit, and the general equation of state for 
soliil sul)stances, reference may he made to the comprehensive 
investigation hy (Iruin^isen.^ 

60. The Dulong-Petit Law. — Above the range of th(' *‘i<leal 
solid/’ substances assume the properti(‘s of ordinary solids. The 
most important relation common to all solid substances is that 
the at.oinic h<»at (\, reaches a limiting value of about 0 cal. at 
high temperatures. I’ahle 7 indicates this. 
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A clear experinuuital proof of this law -which was first stated 
by Dulong and Petit (ISlSj for ordinary temperatures and 
Tp insteail of T*. — is made diflicult because in the investigation 
of solid substances (\, is always determined and the basis for 
the exact determination of the difference is often 

lacking, (‘specially at high t<*mperatures (see 64). Still, the 
data aln'ady available show (piite distinctly that neither Tp 
nor (\ assuni(‘ exactly (ronstant valuers. If the substance has a 
relatively low melting point, the value f ^ = 6 cal. is not attaiiK^d. 
In the other cases it is almost always appreciably exceeded, and, 
as a matt(‘r of fact, (\, usually shows a slight liiu^ar incr(»as(‘.® 
Just under the melting ixjint a still more rapid increase Ls fre- 
» Ann Pfn/Rik , 4, a<», 2.57 flOI2) 

Boiix, M and Hkody, K , Z. Physik., 6, 132 (1921), Maonus, A., dad., 
7, 141 (1921). 
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quently observed, so that TV, at least at this point, reaches val- 
ues which are considerably above G cal. (see also Table 16). 

It is thus shown that the law of Dulung and Pdit, even if 
it refers to (\ instead of ('p, ih concerned only with an approximate 
and not an exact regularity in the thermal properticn of wlida. 

61. Simple and More Complex Solid Substances.- -The 
behavior of the atomic heat ( \ at ordinary teinpf^ratures is gen- 
erally not more uniform. Yet a group of substances can be 
selected- -those wdiich obey the 7’Maw up to relativ(»ly high 
temperatures — for which the change of Vv with tenipjralure 
can be represented by an approximately universal function; 
tli(>se will be designated in th(i following by the t(^rm simple solid 
substances. In order to denionstrab^ how the temiioraturo 
change of the atomic h(.*at agr(M»s among the various simple 
substances, of course, the comparison cannot lx* made at any 
definite teinpfratun', but a charact<‘rislio temperature* scale 
must bo introdue'enl for each substane.‘e. This is done* nmst 
simply by expressing the teMnpe?raturc of the* body by the ratio 
T 

in which 0 is a characteristic cemstant fer the* substance and is 

e*alle*el its characteristic temperature.^ liy this nH*ans of repn^- 
seiitatiem the atomic he»at eif a nunibe*r of subslane*e*s shows the 
same* be*havie)r with change of temperature lse*e Fig. 16, vrhich 
eemtains a number of e)bse*rvatie)ns on various substances). 

As a matter eif principle, the atomic he*at of meire* ceiniplex 
substance*s sheiws a temperature change similar te.) that ejf the 
simple* substances given in Fig. 16, emly the be*havior is neit uni- 
ferm. Taken as a whole, the rise of atomic heat curve* is in meist 
cases not so sharp as in the nonnal curve, {Example: Hexagonal 
graphite anel rhombic sulfur.) In siiedi case*s can often be 
re*i)resented with semie de'gre*e of accuraew by these neirmal func- 
tieins if several 0 values are useel simultane*ously. As an ewamplo 
neite the fejllowing results in sulfur, feir which one*-fourth eif the 
value of Cv was calculated with 0 = 71 and thre*c-fourths with 
0 = 310. 

* * For a practical method of dctorminmg this important (piaiititv, sec 
Lewis anel Kandall, loc. cit , p 75, or Lewis and Gibson, ./. Awi. Chem. 
Sor , 39, 2554 (1917). 




I IG 16. 
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Tahlk S — SiTLKini 
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For practical and thorinodynainic purposes a simple graphic 
reproduction of the (Veurve is frecpiently sufficient (see 223). 

62. Thermal Expansion in Non-ideal Solid Substances. — 
In non-ideal solid substances there is no strict proportionality 
between expansion of volume and heat content, yet on the whole 
the deviations, even up to rather high temperatures, are not so 
very groat. For simple solid substances the coefficient of expan- 
sion increases somewhat more rapidly than (\] in this case the 
use of Cp may be recommended, since this increases more rapidly 
than (\ and tlMTcfore one may put 

(896) 

in order to do justice to the observed results. 

10. (Iruneisen luis indicated an important regularity which is 
convenient for practical purposes, but which certainly does not 
hold strictly; the total percentage change of volume from the absolute 
zero to the melting point is approximately the same for all simple 
substances and amounts to about 7.5 per cent; the total linear 
expansion between these temperatures is therefore about 2.5 
p(ir cent. 

For more complexly built substances, the thermal coefficient 
of expansion frequently increase's at a slower rate than (for 
quartz glass, for example, it is well known to be very small over 
the total range; in some places it is even negative).^ 

' * For a further discussion of the atomic heats of polyatomic solids, 
sec Lewis, W. loc. cit , 8, p. 70 et seq. 
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h. THP:uMODYNAMir Relationships 


63. Change of State of Ideal Solid Substances. — For the isothermal 
compression of a siilistancc there is the general expression given in 28. 



Acoonling to Kij (S7), for solid substances one may put 


and tlierofore 


r = a7’^ 
dU 


dv 


= a^T\ 


where the diiTerential quotient of (he volume function a is designated by a^ 
By the transformation of Eq (57) there is obtained first: 




1 fU7 
r® Ov ‘ 


If, now, is replaced by its value and integrated at constant volume 
between 0 and 7’, the result is: 


or 


P - 
T 



^a'T*<lT 

7^2 


+ IA| 


V = 


iYT* 

3 


+ IA]T = 


(Y 

Sa 


U + T\A] 


(90) 


This equation shows that the thermal pressure p is proportional to the 
energy U when the substance is heated at constant volume from the absoluto 
zero up to the temperature 7\ and the term 7’bll is neglected. That this 
term must vanish follow's from the considerations bcIow': 

The differential quotient of Eep (IK)) is 


/dp\ _4a'7'» 
\0T), - 3 


+ HI = 



HI, 




which, in view’ of Eq (34), gives 






The compressibility k changes so little iii the region of the ideal solid sub- 
stance that It can be considered constant. Since a and a' as well as v are 
likewise only slightly vanable, it is possible to wTite 


1 

Vo 



BC, + HI 


or, on substituting and integrating, 

B'U + [Ajr. 
Vo 
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If this is now compared with the empirical Eq. (80) for ideal solid substances, 
the important result follows that for the integration constant it is necessary 
that 

HI = 0. 

Since Eq. (57) is merely a special form of the fundamental, Eqs. (52) or 
(56), for tlie maximum work, and, further, since it is to be assumed that in 
ideal solid substances in the limiting state all properties, even At,v, become 
independent of the temperature, it can be expected that the integration 
constants occurring when the general Eqs. (52) and (56) arc integrated also 
vanish, at least in all cases where their application is limited to solid sub- 
stances. This expectation is completely confirmed by experience; it 
expresses the real mcamng of the Nemst Heat Theorem, which will be 
discussed later. 

64. Cp — C„. — The value Cp is the one usually determined experimentally 
and in order to obtain Tr, whicli ls freciiienllv more important for theoretical 
piirpuse.s, the general formula, Eq. (60), is used if possible. According 
to 62, Const X can be put approximately for ar\ k changes rcilalively 
little with the temperature. Thus, 

C, - C. = A"7V* (91) 

The term A", in which all the constant quantities are combined, vanes 
from substance to substance and must be empincally determined for each 
one by determining Cp and C\ according to Eej (tiO) as accurately as possible 
at some temperature at which a, vo, and k arc known. 


c. Kinktic Tiikoky 

66. Atoms as the Structural Units of Solid Substances. — It 
has been proved that, in general, atoms and not molecules are 
to bo considered as the smallest structural units in building up a 
solid substance. Tlxis follows directly from Dulong and Petit's 
law (see 60), according to which it is the atomic heat which 
shows a distinctly regular behavior in the case of solids and not 
the molecular heat, as in gases. 

As a more exhaustive investigation of the molecular structure 
of crystals shows (see 368), the atoms in many simple substances 
(Na(/1, KCl, diamond, metals, etc.) are actually so placed that 
they are linked to all their neighboring atoms in almost exactly 
the same way. In other cases the linkage is certainly unequal 
and such that certain atomic groups are more closely connected 
than others. Hut in none of these cases is it possible to speak of 
even an approximately rigid molecule, since each atom can be 
displaced along all three space coordinates from its position of 
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rest or equilibrium; in the sense of the discussion in 32 and 62, 
each atom in such molecules has three degrees of freedom. If 
the linkage of the atoms is unecjual in different directions, as 
is the case with the last-mentioned substances, then, on the whole, 
the vibrations become very complex. On the one hand, the 
atomic groups (molecules) will, to a certain extent, perform vibra- 
tions about their own centers of gravity; on the other, the atoms 
within the vibrating group (molecule) will vibrate with respect 
to each other. If a less exact and therefore somewhat ar])itrary 
treatment is sufficient, these refinements may be disregarded 
and only the munhvr of degrees of freedom , which depends only 
upon the number of atoms, need be considered. 

66. The Vibrations of Atoms. — Since the atoms arc bound to 
positions of equilibrium from which they cannot depart, the only 
IX)ssiblc form of motion is vibration. For the kinetic theory of 
the solid state, it is, therefore, important to consider the vibra- 
tions in greater detail. 

The simplest assumption which can be introduced is that all 
the atoms perform sine-wave oscillations, like a pcn<lulum, of a 
definite frequency po so that the motion of the atoms follows 
according to the equation 

a; = 3*0 sui 27rPut, 

According to 14, this equation of motion means that the atom 
is drawn back to its position of rest (or equilibrium) by a force 
which is proportional to its distance from its position of rest 
(Hooke’s law). It will be shown however that this assumption 
is permissible only as a first approximation. 

Closer examination (see 68) leads to the result that Hooke’s 
law certainly cannot be strictly fulfilled in solid sul)stances. 
Further, it can be shown that the atoms do not oscillate with a 
single, definite (monochromatic), characteristic frequency, but 
that an entire oscillation spectnim actually exists (see 76). 
However, this spectrum possesses, at least in simple solids, a 
quite sharp intensity maximum, so that for many consitlerations 
the assumption that the atom vibrates with a definite character- 
istic frequency is really sufficient. The magnitude of the char- 
acteristic atomic frequencies and the methods of determining 
them will be referred to in 79. 



PHYSICAL THERMODYNAMICS 


107 


67. The Basis of Dulong and Petit’s Law. — On the basis 
of tlic law of energy partition (see 31) the mean kinetic energy 
of atomic vibration per gram-atom must amount to caJ. 
However, potential energy as well as kinetic energy is involved in 
the vibrations. Therefore, in order to be able to give the total 
mean energy of the vibrating atoms, the relation of the mean 
potential energy to the mean kinetic energy must first be deter- 
inin(Ml. It is found that on the average the potential energy is 
equal to the kinetic energy. 


To derive tins (approximately valid) law, the provisional assumption 
should be retained that Hooke's law holds and that the atoms perform sine- 
w ave vibrations. 

In order to rcinovo tho jXHnt* fiom its equilibiiuin poMtion (j = 0). the 
force — = 6r must be oveicomc, the ]K>tciiti.‘d cnergv of the point at the 

distance or, taking into consideration Eq (13), page 13, is, therefore, 


P = 



hx^ ^ 

2 2 


X 





(92) 


The kinetic energy L is 



According to E(|. (S), 



2 dl 


At every iioint tho term 


(<«^) has a definite value which recurs at each 


vibration. On the average, positive values occur as often as negative, so 
that ill any whole number of complete vibrations they directly compensate 
each other. If tins were not the case, the equation would state that the 
center of the mass must gradually shift away from its position of rest. 
Taking the average value of this term, indicated by a horizontal line over 
the symbol, over a long period of tunc, which can be conceived with suffi- 
cient accuracy as a large whole number times a single vibration, then the 


mean value of 



and also its differential coefficient d 



di 


vanishe'i 


and, therefore. 



-P + L = 0 


In calculations of this nature the atoms are considered as point centers 
of mass. 
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or 

P - L. 

By taking the mean value for a single center of mass over a long period 
of time or by taking it at any point of tunc over a large miiiibcr of vibrating 
centers of mass, the hiiiiic result is obviously reached, since it must be 
assumed that the frequency with which a single center of mass occurs 
in a particular state (c (7 , a definite distance from the position of rest) must 
be the same as that of many niaas centers at any point of time 

Since L, the mean kinetic energy, amounts to (62), then 

for the total energy (kinetic + potential) per gnim-atom 

L + = r = 2 X ^iHT = \M{T 

or 

C\ = 3/f = 5.90 caL, 

as Dulong and Petit’s law statos, and which is in fair agreement 
with observations at ordinary temperatures. However, this law 
cannot he exactly fulfille<l at high temperatures, since, as it will 
be shown in the following paragraphs, the force is certainlj'^ not 
exactly proportional to the distance from the position of rest, so 
that the atomic vibrations arc not exactly sine curves and the 
mean potential energy is not quite equal to the mean kinetic 
energy.^ 

68. Forces of Attraction and Repulsion. — The powerful cohe- 
sion of the particles in solid substances requires the assuiuptioii of 
an attractive force between the particles; but, on the other hand, 
the particles approach each other only up to a certain limit- 
ing distance, for, in order further to decrease the normal distance 
between them, work of compression must be applied. This 
obviously indicates that a repulsive force also exists. If it is 
assumed that both forces arc additive at every point, then with- 
out any further siiecial assumptions it can be concluded that the 
repulsive force decreases more rapidly with increasing distance 
than the attractive force. At a definite distance between the 
particles, the two forces will exactly compensate each other — this 
corresponds to the normal volume — at smaller distances the 

1 M. Born and E. Brody (Z. Physik , 6, 132 (1921)) have calculated 
the deviation from Dulong and Petit’s law arising from this source and, in 
agreement with the results in 60, found as a first approximation n correction 
term proportional to the absolute temperature, which brings the results 
to the limiting value of 5.96 cal. 
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repulsive forces overbalance the attractive forces and vice versa 
at distances larger than the normal. This relation is illustrated 
by Fig. 17, in which the dotted lines represent the behavior of the 
individual forces and the smooth line the resulting force. The 
point ^4, in which the latter curve intersects the abscissa, corre- 
sponds to the normal distance a of the atom at rest. The maxi- 
mum of the curve at the distance a' from the zero point indicates 
to which point the atoms can }ye pulled apart by an increasing 
tension; if a' be exceeded, then the attractive forces again decrease 
or, in other words, the solid is broken. The point a' thus corre- 
six)nds to the elastic limit of the Ixxly. That this limit is difficult 
to obtain experimentally scarcely needs to be discussed; the 
material is either not perfect it contains inclusions of foreign 
substances, holes, etc.), in which case the limit is reached too 
soon, or else it flows, z.c., the atoms rearrange themselves during 
the stretching, a phenomenon exhibited even in crystals such as 
ice but which may l)c very easily observed in numerous metals^ 
at temixjraturcs far below their melting points. 



69. Thennal Expansion. — If the curve of the resulting force 
(Fig. 176) is examined more closely, it will be seen that a greater 
force is required to cause two atoms to move a certain distance 
Ax towards each other than to increase the distance between 


Mark, Polanyi and Schmid, Z, Physik , 12 , 78 (1922) 
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them by the same amount; «.c., referred to the point A, the force 
is unsymmetrical. As a first approximation the force may be 
represented by the formula 

fi = — ftA-c + (/Ax®, (93) 

which thus replaces Eq. (29). 

Now if the atom vibrates about the point -4, it will obviously 
be drawn back into its position of rest with a greater force from 
the point a — Ax than from the point a + Ax; in the first case 
the absolute value of the force is Af i = bAx + gAx-; in the second 
it is 2 = bAx — (/Ax®, in which fi '2 is assumed to act in the oppo- 
site direction to Al'i and therefore the sign of ,<('2 is roverse<l. 
As the result of this the center of vil>ration is somewhat displaced 
towarils +Ax, 7.e., the atomic distance increases or, in other 
words, the auhntance expands. ThuSj the thermal expansion 
occurs as a result of atomic vibrations {heat motion) only because 
the law of force is unsymmetrical. 

The expansion can he prevented by applying an external force (pressure) 
in the direction in which the atoms are held together, this force compensating 
directly for the thermal pressure or the attempt of the substance to expand. 
This force, which corresponds to the thermal pressure p (at constant volume), 
can be brought into relation with thermal energy by means of a rough 
CHlculation,^ if the view is accepted that the thermal pressure p must be 
proportional to the excess of the force over ^2 (per square centimeter) 
during a single vibration; f.e., as a mean 

p = ^ hSx + flFAx® - + pAx* = 2g^x\ 

if Ax or Ax* represent moan values for the amplitude of vibration! Now, 
according to Eq (92), the mean potential (thermal) energy is, at least 
approximately. 



The kinetic energy is not exactly, but nearly, the same, so that it is possible 
to write 

= L + P = hAx* 

and thus obtain 

P'^'U, (90a) 

1 P. Debye has performed an exact calculation on this problem (“Vortrftge 
uber die kiiictische Theoric der Materie und der Elcktrizitat,” Leipzig 
and Berlin (1914)). 
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7.C., the thermal jrrcsaure is proporltanal to the heat energy, which corresponds 
to Kq. (90) without the tcnn T[A] ^ Since a thermal pressure actually 
develops upon heating at constant volume, it follows directly that the sub- 
stance must expand at constant pressure, and, on the basis of the definition 
of compressibility k, 

1 Av 

if p is the increase of pressure calculated from the absolute zero to the 
lemjierature m question and Av is the corrcspondiiifg incnMisc m volume. 
Ihit K as well as v vary but little at low temperatures (see 63) and eaii be 
considered as constant. It therefore follows from Eq. (OOa) in agreement 
with Ec], (90) that 

Av 

70. The Failure of the Classical Thennod]mamics. (The 
Law of Energy Partition). — l^ven though Dulong and Petit's 
law {Cv = 37ij cannot be strictly fulfilled on account of the 
unsyinmctrical nature of the atomic vibrations since the exact 
amount of the potential energy is not iletormined, the classical 
theory still demands unconditionally that the normal amount of 
the kinetic energy is always present, i.e., in no case can the 
atomic heat lie less than the value 
^J'hc behavior of solid substances at low temperatures (ideal 
soliils) is certainly not in accord with this conclusion and there- 
fore indicates even more strikingly than the molecular heat of 
gases that the classical theory is not able to explain the facts. 

Perhaps it would not even have reiiuircd these concrete, 
observed results in order to recognize, just as a matter of principle, 
that somewhere the classical theory must roach a limit in its 
applicability to atomic processes. Since matter is built up of 
atoms, the atoms themselves of smaller units, and possibly these, 
in turn, have a structure, a limit at which divisibility theoretically 
ceases does not exist. Therefore, tn the aense of the classical 
theory, even the individual atom and certainly tangible viaiter must 
have an infinitely large number of degrees of freedom, i.e., have an 
infinite heat capacity. The fact that matter does have a finite 
heat capacity shows that in any case the classical theory is not 
valid for the very smallest structural units of matter. The 
^ Equation (OOa) makes no statement regarding the presence of a term 
7’[.t], since in tins case even the possibility that U T is left open; in this 
event Eq. (00a) is in agreement with Eq (00), including the term 7'[^], as 
long as tlie proportionality factor in Eq. (00a) is not fixed. 
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behavior of the atomic heat of solid substances at low tempera- 
tures indicates that under certain circumstances the classical 
conceptions begin to fail even with undivided atoms. 

It was first attempted to retain the fundamentals of the classical concep- 
tions and to extend them by means of additional assumptions. When, for 
example, the atomic heat decreased considerably at lower temperatures, 
this could be interprcteil, according to the classical theory, to indicato 
a gradual loss of degrees of freedom. Such a conception appeared feasible if 
it was assumed that w'lth decreasing temperature, the atoms first polymer- 
ized to form “rigid” molecules and these further to form “rigid” and 
increasingly large molecular complexes In the immediate neighborhood 
of the absolute zero (ideal solids) the whole substance must consist of a 
single such complex. This conception can be easily disproved , the substance 
must then be absolutely rigid (incompressible) at low temperatures, Imt this 
is not at all tlie case. Solid substances are, indeed, rather more diflicultly 
compressible at low temperatures than at room temperatures, but they are 
not incompressible ^ 

71. Energy at Absolute Zero. — The failure of the classical 
theory obviously dates from the day when heat energy was 
added to a system consisting of a diamond crystal at 20° abs. 
in an atmosphere of hydrogen or helium and it was found that 
this energy was absorlied only by the gas molecules, because the 
atomic heat of the diamond was practically zero. 

In the investigations of this and similar facts it was first 
demonstrated that by cooling to a low temperature a rapidly 
vibrating diamond atom gave up its total vibrational energy, 
? e , at the low(\st temperatures the diamond atoms pomist in 
a state of complete rest in spite of the impacts of the gas molecules. 

More recently the idea has been favored, on the basis of* Bohr's 
model of the atom, that the atoms, are not able to lose their total 
vibrational energy by cooling but retain a certain amount of 
heat energy even at the absolute zero (null point energy Uo)- 
Experimentally, no difference between the two views can be 
found on the basis of the measurement of the specific heats of 
solid substances, because by direct investigation it is only the 
manner in which the heat content changes and not its absolute 
value which is determined. (One always measures energy 
differences.) Perhaps the assumption that a very rapidly 

1 *See Richards (J. Am. Chem. Soc, 46, 1419 (1924)) for references to 
extensive researches by this author, by Bndgman and their co-workers. 
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vibrating particle is not able to lose a part of its vibrational 
energy at low temperatures, due to its lack of “resonance” 
with its surroundings, is even more closely related to previous 
conceptions than the assumption that such a molecule should 
remain at rest in spite of all influences (bombardment by gas 
molecules). In the following the existence of a null point 
energy will be assumed, since Bohr’s discovery makes it appear 
very probable. 

72. The Hypothesis of Energy Quanta. Planck’s Oscillator. 
The behavior of the atomic heat of solid substances and the 
phenomena related to it may be reproduced not only qualita- 
tively but quantitatively by fonnulius which rest upon a bold 
hypothesis advanced by Planck in 1000. This hypothesis states 
that the utonm arc not able to absorb atv/ opiumally large amount 
of energy but only flefinitc energy quanta. The same idea may be 
stated in another fonn: In ari atom not all but only certain, 
quite definite, vibrational states are possible. 

Planck made his idea specific by assuming that each atom 
may abs(»rb only a whole nuinb(>r n tunes a definite energy 
quantum «o, so that the energy of an atom is always 

e = n«i). (94) 

A s}’stem which follows this law is called a Planck oscillator. 
Whether individual atoms actually obey the law for Planck’s 
oscillator exactly could be experimentally provcil only with groat 
difficulty, since in most cases, and especially in investigations of 
thermal properties, it is never the energj' of the individual atoms 
but aways the mean value fur a large number of atoms that is 
measured. 

But on the other hand, since the assumption that the vibrating 
atoms follow this law has not yet lieen directly rcfutetl by 
experiment, it may be retained for the present in the following 
considemtions which are based upon Planck’s oscillator. 

73. Planck’s Formula for the Energy Content of a System of 
N Oscillators. — Oscillators with only one degree of freedom 
(which must Ixj doubled on account of the potential energy) may 
first be considcnnl. In solid substances the oscillators, of course, 
possess three (doubled) degrees of freedom, but the transforma- 
tion of the results obtained for a one-dimensional oscillator to a 
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three-dimensional one involves no theoretical difficulties. As a 
physical example of an ordinary one-dimensional oscillator, 
there is the case of a diatomic gas molecule, the two atoms of 
which can vibrate with respect to each other along the line con- 
necting their midpoints. 

Among a large number of oscillators the heat energ}' is distrib- 
uted similarly as among a largo number of atoms, i.c., uncfiually, 
for in this case also there is an energy distribution law which, of 
course, cannot be represented by a continuous curve since, 
according to Eep (94), the oscillators can assume only certain 
energy values. 



If a total of N individual oscillators arranged in series aecjord- 
ing to their energy contents is considered, then a step-like curve, 
as in Fig. 18, is obtained. The smallest energy content, assuming 
the existence of a null point energy, anu)unts to eo and it \nay be 
considered to be possessed by Xl oscillators. The next group 
(A "2 - A^) has the energy 2co; the third group (A'a — A' 2 ), 
:i€o, etc. The area of the shaded step-like portions of the figure 
is given by 

€oA' 1 + 2 €o(iV 2 - A^) + 3C0OV3 - A^ 2 ) 

and represents the energy content of the total N oscillators. 
It is now only necessary to find a support for the form of the step- 
like figure, t.c., to find a definite curve (drawn as a dotted line 
in the figure) on which the steps rest, so that the numbers Ni, 
A^ 2 f A’a, etc. can be calculated. The desired curve is, in principle, 
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represented by Maxwell’s distribution law (I']q. (G9)), which for 
a onc-diinenaional oscillator htus the form 

= (95) 

if the energy c of the atoms is introduced as a variable in place 
of the velocity. By int<‘grating Eq. (95), the result for the 
dotted curve is 


■ AT X' -]■ - h(i -• -) 


and for iVj, iV 2 , A\ 3 , the corrosponding values when 6 is 

replaced by €«j, 2eo, Sco . . The heat content I! thus is 


0 ^^0 ^^0 
1 + 6~kT + e ~LT + c ~ kr + 


T he suinination of this geometric s<‘ru‘s may be performed by 

means of the well-known formula s = , — and thus 

« 1-9 






( 97 ) 


In most cases the null point energy (N«o) cannot, as has 
already been emphasized, lx* directly demonstrated experi- 
mentally by means of thennal investigations, and therefore in 
the foll<Awing will be simply dLsregarded.' 

For high temperatures E(|. (97) transforms (by replacing 

ac(M)rdinjr t*) Hq. (25) by 1 + niid discarding tlu‘ higher 
terms) into 

U = mr = RT (97a) 


in agreement with the energy distribution law. From Eq. (97) 
it is found that the specific heat C„ is given by 



1 • This is logical, even in spite of the last statement of 71, since in every 
o\])criiiu>ntal case and not F is being eoiisKlen*d The mill |K)int energy 
IS an additive eonstant tenii included in f ' and its derivative is, therefore, 
zm>. 
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74. Introduction of the Characteristic Fre'quency v of Oscilla- 
tors. — In order to calculate the change of C, with temperature 
according to l'>l. (D8), the magnitude of the first energy quantum 
CD must be known, and, conversely, cu can be calculated from 
A comparison of the siiecific heats found for different 
substances at the same Oow) tcmiperatures (sec Table 5) slvows 
immediately that the quantity co cannot ixissibly be a universal 
constant. On the other hand, the fact that the atomic heat 
cur\’es of a large nunilicr of sulistances coincide if a temperature 
O characteristic of each sub.stancc is introduced and the atomic 

0 

heat is represented as a function of the ratio j, would lead to the 

supposition that the quantities 0 and co were proportional to 
each other, csiwcially since K<i. (98) represents a function of the 

ratio 

It can 1x5 shown that co as well as 0 are very closely related to 
the characteristic frequency p of the oscillators, resulting in the 
simple statement 

Co = hp, (99) 


The proportionality factor, Planck’s elementary quantum of 
action,^ is a universal constant which is extremely important 
for the phenomena discussed in Section D. Introducing the 
value of Co from lOq. (99) into l^qs. (97) and (98) and disregarding 
the null point energy Nco, the result is 


U = 


N//I',, 

hl’o 


_ 1 


N-u 


Cv = 



(976) 


(98a) 


A certain theoretical foundation for these equations, and thus 
also for liq. (99), can 1x5 obtainetl by the prtxif that C, must 1x5 

a function of y ■ This may 1x5 brought about in connection with 

the considerations of 69 by means of a combination of kinetic 

> S<M» foot not 312 . 
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and thermodynamic calculations.^ For present purposes it will 
1)0 sufficient to show that Eq. (98a) is completely, even if indi- 
rectly, confirmed by experience. By using the value of h obtained 
by the methods to be described in Section D and the various values 
of vq, likewise determined in other ways, it can be shown that 
Eq. (98a) gives the correct value for the atomic heat. 

The historical method of obtaining lOcjs. (976) or (98fi) was b}'- 
the law of black-l^ody radiation. While Planck was searching 
for the theoretical basis underlying the empirically found radiation 
law (see 338) he first obtained (97) for the energy of the 
electric oscillators which send out the radiation. In this case 6o 
must be cfiual to hvo, because a general law of radiation derived 
thermodynamically by W. Wien (Wien*s displacement law) 
reciuired that the formula for the energy of oscillators should 

have the form Einstein then demonstrated (1907) 

that Eq. (976) for the energy content of radiating oscillators 
was also valid for electrically neutral, vibrating atoms and, 
therefore, as a matter of principle, must represent the energy 
content of solid substances. 

A graphic illustration of hkj. (98a) is given by the lower curve 
in Fig. 10. 

76. Application of Eq. (98a) to the Vibrational Energy of 
Gases. — In the first place, liq. (98a) may be tested by the 
increase of energy of vibration in a diatomic gas, since this repre- 
sents a one-diniensioiial oscillator for which the theory holds 
true. (The vibrational energy is represented by the portion of 
the atomic heat which is in excess of For a number of 

gases in which the atoms curry polar electrical charges, the fre- 
quency vq may be found directly by optical methods (absorption 
methods). The only diatomic gas for which the necessary data 
exist is IICl. The (mean) atomic heat on the basis of Pier’s 

^ The proportionality factor in K<i (OOw) is first dctcrniinccl, which gives 

_ 1 (Jrunkisev, .Iww Phymk j 39, 257 (1912)) If this is 

Vo OV 

difTerciitiatcd with respect to T ami the thcriiHMlvnamic relation Kq ((i7) 

/ hC \ T bv bC 

IS applieil, the functional eipiatioii f is finallv ohtaiiUMl, 

which can he satisfi(‘d only if (\ is a function of y,’ 
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explosion investigation (see 66) is given by the empirical formula 
[Cv] = 4.90 + 0.0045^; for i^o from the optically measured wave 
lengths (X = 3.47/i = 3.47 X 10"^ cm ) the result is 0.87 X 10^ 


T 

[r.] oiw. 

[r.] culr 

ir)00 

5 45 

5 U 

2000 

5 OS 

5 ()0 

2r)(K) 

5 00 

5 S2 


The above eoinparison shows that (\ may be ealeulatcMl as accu- 
rately from the optically (lotermined frociucncy number as it 
can be determined by t he explosion medhod. 

76. Internal Vibration Spectrum of Solid Substances. — In 
order to apply Kq. (98a) to solid substances, it must be multi- 
plied by the factor 3 on account of the three degrees of atomic 
freedom existing in such substances. However, Since it holds 
only for oscillators of a quite definite frequency, it cannot bo 
applied directly to solid substances, because the atoms can by 
no means be considered as vibrating monochromatically; the 
forces acting on each atom arc continually changing, due to the 
motion of the neighboring atoms. In an exact treatment of 
the problem, one cannot be limited to the consideration of a 
single atom. The total number of atoms performing innumer- 
able interdependent (‘‘coupled”) vibrations must be treated 
together. If the vibrations WTre arranged according to their 
frequencies and it was attempted to determine their distribution 
among the various frequencies, an internal vibration spectrum* 
would be obtained, the character of which would, in general, 
differ very much from one substance to another, due to the vari- 
ous kinds of coupling. If, for example, the atoms are held 
together with different degrees of strength, then those in which 
the atoms were bound together very firmly (similar to the above 
case of a diatomic gas and also strongly marked in solid sub- 
stances) would iKjrform nearly monochromatic vibrations. In 
some cases this can be demonstrated. For example, Ci. Schaefer 
^ jVs distinguished from the radiation spectrum 
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and M. Schubert* were able to show that a well-defined inter- 
atomic vibration in water vapor at the wave length X = 6.27/* 
appeared only slightly different also in the solid state, ice cry.stals. 
liut on the other hand, the center of gravity of atomic 
complexes (molecules), in so far as these are distinguishable in 
the solid state, also vibrate with an approximately definite 
frequency, so that in such cases more vibrations or, according to 
77, more values of 0 are involved in the calculation of the molec- 
ular heat than would correspond to the empirical conditions 
outlined in 61. 

For other substances in which the atoms arc nearly equally 
bound in all directions (in the above these have Iwen called 
“simple solid substances”) it might be expected that the differ- 
ences lietween the various vibration six'ctra would not be very 
great and therefore that it might be pos.siblc to siiecify an 
internal normal spectrum for these substances. Debye (1912), 
indeed, arrived at this conclusion by means of considerations 
similar to those employed by Ixird llayleigh for the process of 
vibration in the “ether.” It must 1)0 assumed that in solid 
substances a numlicr of stationary waves can develop (thus the 
soliil is first considered as a continuum) ; and, indeed, only such 
waves can form for which the wave length is a definite fraction of 
distance betwwn the boundaries. The smaller the wave length 
(the greater the frequency number) the greater the nuinlicr of 
waves which can develop. In this way it is found that the 
nunil)er of waves with frc({ucncics between v and v dv is 




( 100 ) 


In this formula the original wave length X is replaced by the 
frciiucncy ^ besides the volume I’m, the mean velocity 

of a sound wave passing through the solid appears. Each 
individual wave in the solid substance must now be treated like 
a degree of freedom. The total numlx;r of waves Z is, therefore, 
limited (if compared to a real continuum) and amounts to 3N per 
gram atomic weight. The siwetrum represented by Eq. (100) 
thus cannot be expanded to any optionally large value of v, 

.4nn. Physik. (1), 60, 330 (1016). 
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but must cease abruptly at a definite limiting frequency vi. By 
integrating Eq. (100), 



_ 12iri'm>’/* 

“ ■ 3c„» ' 


(100a) 


so that, Lkj. (100), by substituting for Cm*, 
form 


can be written in the 

(loot) 


The internal normal spectrum of simple solid substances thus 
gives a picture such as is illustrated in Fig. 19, which shows that 



Fi«j i« 


the vibrations near vi by far exceed all the other vibrations. 
This limiting frequency practically represents that characteristic 
frequency with which the majority of the atoms vibrate. How- 
ever, the lack of definiteness of the frequency towards the smaller 
values, which is caused by the coupling, must not be entirely 
overlooked, because it is just this portion of the spectrum which 
is most influential in determining the atomic heat at low tem- 
peratures (ideal solid substances). Moreover, it must be assumed 
that even the more complex internal spectra, at least for the 
smallest values of v will follow the law represented by Eq. (100). 

77. The Energy Content of Simple Solid Substances. — In 
order to determine the energy content of a simple solid sub- 
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fltancc, tlio value of XJ in Planck's formula (Kci. I97a))‘ must l)e 
introduced fur each individual vibration in the normal spectrum 
and then the sum (integration) taken over the entire spectrum, 
t.e., the expression 


I’ = 



9N r 


hvMv 

■ A. 


is formed or, if 


hvt 

k 


= 0 , 


hv 

kr 


= r is introduced as a now variable and 


r/ = 9RT\ 
0 


/Ty r xHx 
Vo; 7o - 1‘ 


(101) 


At low temperatures y becomes ver}" large; likewise x becomes 


very large for large values of v, i.e., those which lie in the vicinity 
of VI. It can be easily seen that for such values of x (e.g., x. = 20) 
the expression under the integral sign becomes very small. 
This moans that the more rapid vibrations in the vicinity of vi 
contribute no appreciable amount to the atomic heat. Thus no 
error is committed if oo is put as the upper limit of the integral 

instead of y- Then the integral assumes a constant limiting 
value of , so that 

r = 58.45 . . (101«) 


78. The Atomic Heat of Simple Solid Substances. — ^The 
expression for C, obtained by the differentiation of Eq. (101) is 
somewhat inconvenient to use; for practical purposes it is 
better represented graphically or in tables. A graphic repro- 
duction of it is given by curve 1, Fig. 16, which also shows that 
by a proper choice of 0 it represents the experimentally observed 
atomic heats of numerous simple solid substances in an excellent 
fashion. 

For low temperatures the TMaw (69) can l)e obtained by the 
din'ct differentiation of Eq. (101a) 

r, = 464.5 . (q)*- (102) 


* vii IS replaced by p. 
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The valuofi of Cv from this equation arc also in cxeollont asrco- 
mont with the observed results. According to the very probable 
assumption mentioned earlier, that for the slowest vibrations 
the normal spectrum is actually attained by all simple solid 
substances, the 7'Maw must, in general, also hold, at least at 
the lowest temperatures. 

79. Methods for Determining the Characteristic Atomic 
Frequency. — In order to estimate the value of the theory jis a 
whole, it is important to discover whether the values of 0, which 
were necessary to reproduce the experimentally determined values 
of the atomic heats by means of Debye’s formula (see 61), can 
also be determined by other methods. Since 0 is defined by the 

/j Vl ■ . . 

e<iuatiuii = 0, it is possible to get direct infonnsitioii as to the 


value of the maximum frequency vi which can l)e considered as 
approximately the same as the characteristic frequency ro. 

ncsides the Debye equation for the specific heat (thermal 
method), there exist at present tliree other methods for determin- 
ing Vo or 0. 

1, Calculation from the Elastic Constants . — According to Kq. 
(lOOo), Vo or Vl can be calculated from the mean velocity 
Cm with which a sound wave passes through the substance 


Vo 



This can either l)c determined experimentally 


or be calculate<l from the following formula (which, of course, 
holds only for isotropic substances) : 


3^12 

Cm’ Cl* Cl*’ 


using the “longitudinal” and “transverse” sound velocities Ci 
and Cl. The latter may be calculated from the elastic constants 
of the sul)stance, most simply from Lamp’s constant X, the shear- 
ing modulus y and the density d 


Cl 


yl 


-y— ,c, 



For crystals, the relation between the mean velocity Cm and the 
longitudinal and transverse velocities is less simple; moreover, 
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a larger iiuni1>cr of clastic constants arc involved in crystals, 
depending upon the crystal system.^ 

If a rough approximation is sufficient and all atoms are con- 
sidered as vibrating monochromatically with the limiting fre- 
quency I/O, then it is possible to obtain i/q from the compressibility 
alone. The assumption forming the basis of this calculation is 
that the force involved in a rough mechanical compression or 
expansion is identical with that w'hich always draws the vibrating 
atoms l)ack into their position of equilibrium. In this way a 
relation between the compressibility k and the proportionality 
factor h in Hep (29) for an clastic force is first obtained. By 
applying hki. (31) then, 


Po 


3 ()• W 


2. Optical Methods , — These methods arc limited to a number of 
salts in which the atoms are electrically charged in the solid state, 
'i'hc atomic vibrations in such cases (at sufficiently high temper- 
atures) become directly oliservable by means of the electromag- 
netic waves of definite wave length which they emit. The length 
of these waves lies between 20 and 200/i, ami therefore belongs to 
the infra-red portion of the six^ctrum. Experimentally, it is more 
convenient to measure the absorption or reflection pow'er at ordi- 
nary temperatures rather than the emitted mys. Near the wave 
hmgths corresponding to the characteristic frequency of the atoms, 
the substance has a very high (nearly metallic) reflecting power; 
then'fore, if a ray containing various wave lengths is reflected a 
number of times from surfaces of the substance to be investi- 
gated, there finally will remain in the reflected ray only those 
wave lengths for wdiich the substance has an abnormally high 
reflecting power. These wave lengths are, therefore, called the 
residual rays. 

While, of course, the measured residual rays do not give exactly 
the real characteristic frequency of the atoms, they at least give 

> S (‘0 IFopf, a. and Lechnku, C5., Verb I)eut phyaik Oesdl , 16, 643 
(1014); Fousteulino, K , Z. Physik,, 3, 9 (1920); and Bohn and Karm£n, 
Physik, ZviL, 14, 15 (1913). 
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the approximate position much more directly.^ Moreover, 
Fig. 20, which represents the reflective power of rock salt as a 
function of the wave length, shows definitely that towards the 
shorter wave lengths the drop in the curve is very much steeper 
than towards the longer wave lengths. This is an excellent 
qualitative confirmation of the l^ehavior of the normal si)ectrum 
(Eq. (1106)). 



3. From a simple assumption regarding the process of fusion, 
F. A. Lindemann develoix'd a formula which permits the charac- 
teristic frequency to lie calculated from the melting point, the 
atomic volume, and the molecular weight (for further details 
concerning this method see 134). 

80. Characteristic Atomic Frequencies. — In the following 
table, values of pi determined by the four different methods 
outlined above are compared for several simple substances. 

^ A recalculation of the characteristic frequency from the wave lengths of 
the residual rays, whicli gives frequencies differing by several per cent from 
the older values, has been made by K. FOrstehlinq {Ann, Physik., 61, 
677 (1920)). 
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TaHLE 9. — (\>MI>AKlSON OK THE VALUES OK 

Methods 

PI (JUTAINED 

BY VaKIOUB 



vt 10-“ 


Sulistance 

'rherinal 

Elastic 

constants 

Optical 

Melting 
point * 

Vh 

1 83 

1 57 


^ 1 85 

(M 

3 50 

3 65 


2 80 

KHr 

3 70 

, , 

3 70 

4 50 

Ak 

4 50 

4 60 


4 40 

KC\ 

i 4 80 

4 73 

4 80 

5 65 

Nad i 

1 5 87 

6 38 

5 87 

7 40 

(^1 

6 GO 

7 10 


6 SO 

A1 

8 30 

8 65 

i 

7 70 

Ye 

1 

9 45 

10 1 

f *) 2 

8 30 

(’a Fo 

Diamond 

9 90 

30 00 

10 6 

1 13 5 

11 80 

abt 33 


''fhc agrocinont is as satisfactory as could bo expected. This 
indicates: (1) that the values of the characteristic frequency or 
limiting frequency for simple solid substances are known within 
al.)out 10 per cent; (2) that the Planck-1 )ebye theory gives 
correct absolute values for the atomic heat. This result is 
considerably better evidence as to the correctness of the theory 
than the circumstance that the calculated curve correctly 
represents the relative change of the atomic heat of simple solid 
substances with temperature. 

81. Dependence of the Atomic Heat on Pressure.^ — If a solid substance 
IS com pressed, the atoms are pressed closer to each other. The forces 
Yietwecii them ^\lll, therefore, increase, and likewise the characteristic 
fn*(|iiciicy 1^0 must become larj^er, since tlie increase of the force exerted 
upon the individual atom involves an increase m the characteristic frequency 
(see K(i (31) in which h is proportional to the force). 

An increase of pressure (decrease of volume) at coristant temperature 
1^0 

therefore increases the nitio or j, upon whii'h the atomic heat depends. 

An increase of pressure thus has the same (qualitative) effect on a solid 
substance as a decrease of tcmiierature, tlie atomic heat must decrease. 
This explains the statement in 68 that an infinitely great pressure transforms 
^ See PoLANYi, M., Verh, Dent physik Gcsell , 16, 156 (1913). 
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the solid substance into tlic ideal liniitin)]' state at finite temperatures. 
ITie decrease of specific, heat of solids by incrensuif; the im'ssuic has not vet 
been proved expeninentidly, but for water a perceptible decn'asi" has bwn 
found (5 per cent at a pressure of about 1000 atin.). There can be no doubt 
that this involves the saiiie effect as is to be expected in solids. 


(1. Ai'plu’ations 

82. Theoretical Importance of Ideal Solid Substances. — The 

real importance of the investigations on ideal solid substaneeH, 
particularly at low temperatures, lies in the fact that by this 
means it has been possible to learn something about a limiting 
state of matter for which fairly simple laws govern the phe- 
nomena. If the thermal proixjrties of a substance, which are 
relatively complex at high temperatures, are examined in the 
neighborhood of the ideal limiting state, the relationships 
become sufficiently simple so that the problems which would 
otherwi.se l)e deprived of any exact treatment may be attacked. 
In this way the formulation of a third law of thermodynamics 
(the Nernst Heat Theorem) was finally accomplishe<l. By moans 
of this theorem the range of problems wducli can be solved by 
purely thermodynamic methods is considerably increa.sed. In 
the Nernst Heat Theorem ideal solid substances play a similar 
rdle to ideal giLses in the tSccoml Law. 

83. The Determinatioii of Atomic Weights from the Law of 
Dulong and Petit. — The law of Dulong and Petit offers a method, 
although a very rough one, for detennining the .atomip weight 
A of elements or the mean atomic weight of compoum'Ls. b’or 
this purpose merely the measurement of the si>ecific heat Cp is 
necessjiry and we can then apply the appn)ximalion formula 
Cp = Acp = about 6.3 crd. However, since this law is only a 
limiting law for high temperatures and since this limiting state 
is far from being attained by many substances, such as diamond, 
at room temperature, the law can be applied w'ith certainty to 
the determination of the atomic weight of a new substance only 
if measurements of the specific heat at two different temperatures 
arc available and show that the specific heats arc not widely 
different over the interval concerned. 
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4. ACTUAL GASES 
a. Empirical Foundations 

84. General Survey. — Actual gases and liquids form the transi- 
tion between the two limiting states of matter, the ideal gas and 
the ideal solid. It might, therefore, be expected that some of the 
characteristics of ideal gases and solid substances would be united 
in them and, on account of this simultaneous appearance of 



Fig. 21. 

different influences, that the phenomena should become more 
complex and the laws which govern them less simple than in the 
limiting states. Moreover, a division between actual gases and 
liquids is not absolutely necessary. Both states are closely 
related and under suitable conditions can even transform from 
one to the other continuously (sec 111). Nevertheless, the twe 
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states will first be discussed separately for the sake of clearness; 
after that will follow a chapter devoted to transition phenomena. 

86. The Behavior of the Product pv. — The difference between 
an actual giis as compared to an ideal gas is illustrated with 
particular clearness bj^^ the behavior of the product ;«*. While 
for an ideal gas this product remains constant as long as the 



temperature is constant, in actual gases it is more or less variable 
with pressure or volume. The variability is different at different 
temperatures, as is shown by the two examples in Figs. 21 and 22, 
which represent the pv curves for air and (''O 2 at various tem- 
peratures. At low temperatures the curves show distinct min- 
ima which as the tempc'rature inenjases anj displaced along a 
parabolic path first to the right and then back again toward the 
left, and finally even appear to cross the point p = 0. It follows 
from this that the compressibility of an actual gas at low pres- 
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suros (left of the minimum) is greater than for an ideal gas, and 
at higher pressures (on the other side of the minimum) it is less. 
It will he seen that in those curves which still possess a minimum 
there always exists a pressure at which the product pv luis the 
same value as the ideal gaseous state at p = 0. It is further to 
be observed that at a definite temperature the curve becomes 
perpendicular to the pr-axis; therefore, at this temperature and 
above, the Boyle-Mariotte law pu = Const, holds up to somewhat 
higher pressures. This temperature is thus called the Boyle 
temperature of the gas (for air it is at about 55°C).). 

86. Van der Waals* Equation. — Since the 7 >i'-curve passes 
through a minimum, it might be immediately supposed that it 
would be necessary to add to the idi^al gas law prm = HT not 
one but two correction factors which oppose each other and at 
one point exactly coinjicnsate.^ Although Clausius (1857) 
clearly recognized the molecular kinetic n^asons for the deviation 
of a compn»sse<l gas from the ideal Ix^havior, neither he nor 
several of his successors were able to find an equation of state 
which would to any dc'gree bf* justified by the observations. 
The first to succeed was van der Waals (1878), who introduced 

a correction to the pressure amounting to volume 

correction of —b to the id(»al gas law pv^ = HT, so that his 
equation read : 

(l>+ ") O™ -h) = 7tT. (103) 

The quantities a and h are individual constants which must l)e 
determined empirically for each substance. (The numerical 
values for several gases are given in Table 19.) All gases 
which have the same value for 6 (as a matter of fact, h varies 
considerably less than a) show the same behavior, according to 
the theory of van der Waals’ eciuation, i.c., the pc-curves are 
similar, but definite points, such as the minima, are reached at 
different temperatures and pressures. This can be seen immedi- 
ately; if the value of a should be doubled, then both p and T 

^ AlmoHt every iiiaximiiiii and niiniiiium in physical functiuns may be 
explained by the Hiinullaneons effect of two influences, tlie primary, simplest 
functions such ns hold for the ideal limiting states generally proceed \v\ihon\ 
either a maximum or a minimum 
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must likewise be (loiil>lcd in order to give the same value for r«. 
Therefore, as the value of a becomes smaller, the family of />/•- 
curves are displaced towards the lower temiieratures (compare 
Figs. 21 and 22); for air, with a = 1.3 • 10®, the temixirature at 
which the curve becomes perpendicular to the /jr-axis (the 
Boyle temperature) is about 55°C., while for CO 2 (a = 3.GI • 
10®) it is between 500 and ()()0°C. As a result of the differences 
(even though small) in the values of 6, the curves cannot be 
brought quite into coincidence with each other. In order to do 
this, it is necessary to introduce a special unit of volume which 
must be proportional to b (for further details sec 113). 

As an example of what can be accomplished by E<i. (103), 
Table 10 should be examined. This table compares the observed 
and calculated values of the product pv for C ()2 at 40°C., using the 
values of a and b in I'able 19. It will be seen that the equation 
reproduces the behavior of CO 2 with qualitative correctness, 
but quantitative deviations appear which are far beyond the limits 
of experimental error. Other values of a and b can, of course, 
l)e found through the use of which the agreement between 
observed and calculated values may be considerably improved 
for the lower pressures, but then the deviations at higher pres- 
sures become even greater. No matter how the values of a and 
b are chosen, van der Waals’ equation always gives too high a 
value for the volume and the product pv when the pn^ssurc is high. 
Since at high pressures the volume correction is of very much 
greater importance than the pressure correction, it is ac(‘oril- 
ingly necessary, at least at high pressures, to change tlie volume 
correction. In other words, b is not to l)e considered as a con- 
stant but as a function of the volume and perhaps also of the 
temperature. However, up to the present, no one has achieved 
another equally simple equation^ which accomplishes more than 
the van der Waals, so that the retention of this ociuation is justi- 
fied. Moreover, it can be shown that an ecpiation which is to 
reproduce in a really exact way the behavior of a substance at 

^ The most important of the equations of state which have been advanced 
up to the present are summarized by J. P. Kuenex in a monograph, Die 
Zustandsgleichiing” (Sainmlung Wissenschaft. No. 20). Sec also A. Won l, 
Z. phijnk, Chenuj 99, 207 (1921). * W. McC. Lew'ih (loc cit , 1, pp. 68 el aeq., 

and 2, pp. 59 et aeq.) discusses the mam C(|uations of state in some detail. 
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all prcRsurcis, voIiiino», and tcmpciraturcs must have at least 
three other constants Ijesidcs the gas constant (see 116). 


Taulk 10.— (Uhhon Dioxide at 


p 

pv ol)S. 

pu calc 

1 

25574 

25597 

5 

25090 

25204 

10 

244S5 

24713 

25 

22500 

230G0 

50 

10000 

19750 

SO 

abt. 9500 


KM) 

0930 

8800 

200 

10500 

14100 

500 

22000 

29700 

1000 

40000 

54200 


87. The Equation of State at Relatively Low Pressures. — It 

will be convenient at this point to test th(5 van der Waals equsr 
tion for relatively low pressures, and to observe whether it 
repr(.‘scnts an approximately exact law under such conditions. 
For this purpose it is advantageous to change the equation into 
the form 




Since the terms ^ and arc only small corrections, 

pCm” Chi J) 

may be introduceil in them and the following obtained, according 
to the w(»ll-kiiown approximation formula which is applicable 
to small (quantities: 


pi\ 


= /er(i - 


ap ^ ^ hp 


UiT) 


Hi) 

RT(i - - h)) 


(103fl) 


pv„ = nT(l - Bp), 


(1036) 


in which 


1 / « 
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lOquation (1036) therefore indicates only a linear variation of 
the product yv with the pressure, 2 .c., it gives the slope of the 
curve at the point y> = 0 (compare with 4 ). 

According to Kq. (104), B may be calculated for different tem- 
peratures by using the data for a and 6 in Table 19. If the values 
thus obtained are ctmipared wdth those from the observations 
(measurement of pv at different temperatures), by using E((. 
(1036), qualitatively satisfactcjrj' agrecunent is obtaiiu»d, as 
a rule, as Talde 11 shows for hydrogen. For example, the 
Hoyle temperature (at which ^ = 0) is loeate<l approximately 
correctly, at this point the pressure and volume corrections 

compensate directly, z.e., = 6. On the other hand, there are 

differences b(4w(‘on the observed and the calculated values at 
high as well as at low te^mpenatiires, so that I0(| (101) cannot 
be considered as (luantitatively confirmed. 


Tahlr 11 — Vam’ks op B poll 


■ 

H ■ K). obs 

H 10^ call* van 
<lor Wa.als 

n • lOi 

])ol11ll‘l(>t 

le 0 

+ 10 1 

+ 12 22 

+51 .3 

20 0 

+ S 2 

+ 7 1.3 

+ 15 S 

55 5 

+ 0 50 

+ 0 (>(K) 

+ 0 010 

(W 4 

+ 0 2S 

+ 0 303 

+ 0 307 

00 3 

+ 0 072 

+ 0 087 

+ 0 18.3 

107 0 

± 0 

+ 0 015 

f± Oil 

1.3.3 2 

- 0 010 

- 0 0375 

- 0 050 

100 5 

- 0 005 

- 0 0040 

- 0 or>o 


- 0 0.")S 

- 0 0701 

- 0 tm 

HU 

- 0 010 

- 0 0000 

! 

f- 0 O Ui] 


After exhaustive investigations, D. Berthelot (1900) found 
that an efiuation of state, proposed in a simplified form by 
Clausius as early as 1S.S1, was more servic(‘able than the van 
der Waals’ eciuation for low pressures and high temix'ratiires - - 
therefore, when the gas approached the ideal state. The Claus- 
ius equation differs from the van der Waal’s in that the pressure 
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correction is j, instead of {c is a third constant); 

J- v'm Vm" 

liertholot put c = 0 and thus obtained: 

(/> + ('•« - = RT. (105) 

If this equation is simplified for low pressures in the same way 
as has been done with the van der Waals*, Kq. (1036) is again 
obtained, but B now has the value 

B = -?>) (10-la) 

If the values of a' and b are determined empirically from observa- 
tions at two different temperatures, it is found that for high 
temix'raturcs the values of B calculated from Eq. (lOla) are 
in somewhat better agreement with the observed values than 
those calculated from the van der Waals^ equation. At low 
temperatures, however, the latter eriuation is apparently superior 
to tlic ('lausius-lierthelot relation. 

88. The Joule-Thomson Effect. — While, according to the 
second law of (Jay-Lussac, the energy content I- of an ideal gas is 
independent of the volume (see 42), in actual gases it is a function 
of the volume, z.c., wdien an actual gas expands without perform- 
ing w'ork (expansion into a vacuum) a change of tempiTature 
occurs. In order to measure this effect conveiiientlj' and exactly, 
it IS expe<lient to apply tlie somewhat dillenmt arrangement 
used by Joule and Thomson (1853) A gas contained in a 
narrow, heat-insulated, wooden tube is allowed to expand from a 
small volume to a large one through a difficultly permeable plug. 
A heating or a cooling of the gas is observTd (the Joule-Thomson 
effect). This, of course, is not due to the volume cjhange of 
internal energy alone, but partly also to the external work A/1 
performed in forcing the gas through; on the side of the plug 
from which the gas disappears the w'ork pih must be ixrformcd, 
while on the other side the amount —P 2 V 2 is gained, so that the 
total is 

AA = PiVi - P2V2- 

This difference is zero only in an ideal gas. 

89. Molecular Heat. — As the result of the dependence of the 
internal energy upon the volume, the molecular heat of actual 
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gases is also a function of the volume (or density). In general, 
the molecular heat increases with increasing density, and more 
so at low temperatures than at high ones. I'herofore, at con- 
stant density, tlic molecular heat of an actual gas increases as 
the temperature Ixscomes lower, provided it is constant in the 
ideal state. At low temperatures it again deci'cases for high 
pressures, t.e., it passes through a maximum. As an example of 
the molecular heats of an actual gas, the exiicrimental results for 
hydrogen between 35 and 45® abs. arc given in Tal»lc 12. 


TA1II.E 12. — Molecolak Heat ok ITyukooex at (’<jnst\nt Vot.ome 


Tot. 

( 'oncent rat ion (inoli*/lit(*r) 

2 ti7 

4 80 j 

It) 05 

17 20 

34 5 

3(') 2 

35 

3 20 

3 40 

abt. 4 5 

abt. 4 0 

3 30 

3 30 

37 5 

3 10 

3 35 

3 (>5 

3 50 

mm 

3 43 

40 

3 18 

3 2S 

3 43 

3 30 

■■ 


45 

3 14 

3 30 

3 30 

3 30 

■ 



h . Tiiebmodynamio IUxations 

90. Isothermal Variation of Internal Energy with the Volume. 
The most important thermodynamic characteristic of actual 
gas(!s as compared with ideal gases is that the internal energy 
V is a function of the volume, i.e... the dilTerentiul coefILcient 
dU . 

Q- is not zero. From the eiiuation of state, the ndation between 
U and the volume maj' l)o obtained directly by moans of Kq. (57) 



According to the van der Waals equation, 

(dp \ ^ It 
\dT), v-b' 

and therefore 
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Analogously, from the Clausius-Berthelot relation, 



2rt/ 

v-T 


Thus in both oases there is the same dependence on the volume: 



(107) 


The latter has been tested by Amagat, who determined empiri- 
cally the volume deiiendence of the expression T — P, 

w’hich, according to (57), is equal to (^^^^)>andin which only 


experimentally measurable quantities are involved. For all the 
gases examined (II 2 , Ns, CO 2 , C.’sTIi, Nils) Etp (107) was very 
accurately confirmed for small pressures and room temperature. 
At high pres.sures, however, it faileil completely, due to the inac- 
curacy of the eciuation of state which was used (see Table 17). 

For a finite isothermal change of energy in an expansion from 
volume i’l to i's without the perfonuance of work, the result from 
F< 1 . (100) is 



91. Joule-Thomson Effect. — The Joule-Thomson effect, as 
hsu 3 l)ceu mentioned above, is not a result of the change of 
internal energj' alone, but is duo partly to the external work per- 
forineil. Indeed, since, during the investigation no heat is either 
added or subtracted, the change of internal energy Ut — U\ must 
be ecpial to the work performed piV\ — p-iVi, or, what amounts to 
the same thing, then 

IJp\ = + P'if'i = f'onst. 


The Joul<>-Thomson effect is mo.st simply characterized by the 
relation : 


dllp 



Now, from I'kj. (47(0, PH'gc 50, 
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and, further, os the result of Kti- (.58), 

For the change of temperature to be expected in the investiga* 
tion, the general expression 

’’(ar) - '■ 

iT-—'”- dp (108) 

Kjp 

is obtained. If the calculations are restricted to the efTect at 
low pressures, the simplified van der Waals eciuation (Eq. 
(103o)) may be used. According to it 
_ a , , 

p RT 

therefore 

RT a 

^VdTJp p^Rf 

dT = • (108a) 

^ P 

As Table 13 shows, the values of dT calculated from this formula, 
using the values of a and b from Table 19 and with dp = — 1 
atm.f agree fairly well with the results actually obtained by 
experiment. In particular, this formula explains why hj^drogen 
at ordinary t€7fip€ratureis shows an increase of temperature, while 
the other gases become cooler. The formula also indicates that 

for every gas there must exist a temperature To = at which 

the Joule-Thomson effect changes sign. According to van der 
Waals* equation, this inversion temperature should be exactly 
twice as great as the Bojdc temperature since from Eq. 

(104) Tb = The Boyle temperature for hydrogen is found to 

be Tb = 107® abs., while the inversion temperature To = 222° abs. 


Table 13. — Joule-Thomson Effect at 15°C. 



dT calc. 1 

dT obs. 

H,.. 

+0 02® 

heating 

0, . 

-0 31® 

-0 31® 

CO 

-0 77® 

-1 19® 
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92. Molecular Heat. — The simple relation (Eq. (77)) for the difference of 
molecular heats Cp — Cv of ideal gases does not hold for actual gases. By 
applying the general Eq. (50), and provided the pressures are small, 

r, -r. (109) 

111 which, on the ba.sis of the simplilicd van der Waals equation (103a), 



iH'glocting the term For the variation of molecular heat (’r with 

<iCv 

volume, = 0 IS obtainc<l from the theiinodynaniic K(| (01), if 

according to van der Waals w made cciual to ^ ^ ^ and therefore 

~ Table 12 shoi\s, Cv actually docs change, it is thus 

(Miiphasized once more that the van der Waals eipiation iloes not survive 
a critical examination. 

c . Kinetic; Theory 

93. General Survey. — It has been shown in 68 that the 
behavior of solid substances is determined chiefly by the presence 
of two forces, an attractive force effective over relatively great 
distances, and a repulsive force effective over much shorter 
distances. It is highly probable that in the transition into the 
gaseous state these forces do not entirely disappear, since they 
are specific properties of the molecules or atoms and not of the 
state of aggrc'gation. However, they w'ould be involved to a 
smaller extent in gases because of the gn^ator separation of the 
molcrulc's. In an ideal gas, which is defined as the limiting state 
at infinitely low pressures, they would thus lx‘Conie impercepti- 
ble only because the molecules are so very far (theoretically, 
infmitel}' far) apart. As a matter of fact, the properties of 
actual gases can be satisfactorily explained by assuming the 
cxistmicc of these two forces. That is, it is possible to find a 
theoretical basis for an equation of state like the van der Waals, 
which to a certain degree corresponds with the observations, by 
the use of this assumption. 

94. Cohesion Pressure. — (Obviously, the force of attraction 
is first concerned in assisting the molecules to stay together. 
The molecules located in the inU^rior of the substance exercise 
an attraction on the molecules on the surface in the neighborhood 
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of the walls of the container. The attractive force thus acts in 
the same direction as pressure from the outside. In ord(»r to 
perform the calculation as simply as iiossihle, van der Waals 
assumed that the effective range of the force of attraction of a 
single molecule should l)e great enough to include a relatively 
large number of the neighboring molecules. Then in the interior 
of a gas the forces acting on a single molecule would be comph'tely 
annulled^ only the molecules in a surface layer (or iiitc'rfan'l 
near a partition would be drawn inwardly, ''i’he pull exerted in 
this way on an individual molecule at the interface is, obviously, 
greater as the number of molecules within its range' of attraction 
is greater. If the range of attraction is cciual to the volume 
the force becomes proportional to the density of the gas or jiro- 

portional to ^ • The total attraction acting upon the moh^- 

V Vm 

culcs of the surface layer now deiK'iids upon tlu' total number of 
molecules located in it, and therefore beeoiiK's greater as the 
number of molecules thus situattnl increasi'S, ^'an tier Waals 

put the numlx'r of such molecules proportional to ^ which, 

Cm 

incidentally, includes the assumption that the efb'ct of tlu' attrac- 
tion does not of itself cause a change' of clensity in tiu' surface' l.nyer. 
The total force r is now equal to the product of tlu' forc<' acting 

on a single molecule in the surface layer r ^ * ) and tlu' number 

of molecules situated in the layer. If, f(n* the pres(*nt, this force 

is likewise made proportional to ^ , it follows that 

Vm t 

a 

^ •2’ 

« m 

in which a is a proportionality factor. If the above consid(»ra- 
tions arc applied to a surface layer 1 cm.^ in area, the direct 
result is a force per unit area, i.e., a pressure is obtained, ''riiis 
quantity will, therefore, be called a cohesion pressure which, as 
mentioned, acts in the same sense as the external pressure, and 
thus the two act addit-ively. In place of the external pressure 
p in the eejuation of state, there now appears the sum 

•’ + ' = V +j”.- 
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The magnitude of the cohesion pressure in somewhat strongly 
comprcsscM.! gasc's is ratlicu' consi<leral)lo. For at 10°(\ and 
100 aim. c\t(‘rnal pressure, the cohesion pressure according to 
van der Waals* eipiation is 450 atm. i.t*., the internal pressure in 
this case is 4.50 times that of the external pressure. 

The calculation of the cohc'sion pressure, taking into account 
the change of density in the surface layer, involves no difficulties 
from the standpoint of theory, but, in ortler t(j make the calcula- 
tions practicable, special assumptions are r(‘<iuircd concerning 
the manner in which the molecular attraction changes with 
the distance between the molecules. The distribution of density 
in the surface layer doix>nds not only on the molecular attraction 
but also to a largo extemt on the intensity of the heat motion. 
At high temperatures, the latter is strong enough to stir the surface 
layer ccmtinuously and effectively, so that the density really 
beconuss uniform to some dogrcjo. It will then be approximately 
the same as the internal density, and the van der Waals assump- 
tion therefore will bo correct. On the other hand, at lower 
tempc'ratures a density gradient must develop in the surface 
layer similar to that in the atmosphere; the lower the tempera- 
ture the more easily can this density gradient develop. It will lie 
recognized, therefore, that the distrilmtion of the density of 
mol(»cul(*s in the surface layer, and thus the amount which this 
contribut(*s to the iiih*rnal jiressure, must dc'pend on the tem- 
perature and the cohesion pressure must also be a function of the 
temiMTatun*, even though the actual attractive force is not. 
This explains why an eciuation of state, such as J^(?rtholot’s, in 
which the cohesion is a function of the tempiu-ature, will to a 
jertain degrecj fit the facts better than van iler Waals’ (Mpiation. 

Von Sinohiohowsky (4w/< Phyaik , 48, 1092 (1915)) liiis Kiven a somewhat 
liffcront (lonviition of th(? van dor Waals expression for the cohesion pres- 
mrp, which is in rather bettor agreement with the actual behavior than van 
:ler Waals’. Due to the force of cohesion, a density gradient must develop 
11 the boiindarj" layer which is similar to that in the earth s atmosphere 
[see also 162 ). In the outermost layer which is m contact with the wall oi 
.he containing x-essel, the number of luulcculcs will therefore be smiillci 
.hail in the interior of the gas. the result of this, the thermal pressure 
It the w'all IS less than it would bo if the density were the same as in the 
nterior. Kxact calculation shows that this reduction of the thermal ])res 
lure corresponds exactly to the effect of the cohesion pressure. 
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If the van dor Waals assumption that the molecular atti action has :i 
large range of influence is dropped, then, in general, the simple expression 

is no longer obtained. In particular, a would no longer be a constant but 
w ould depend on the temperature. This follows from the circumstance that, 
with a smaller range of inllucnce for the molecular forces, loose agglomera- 
tions of molecules must form which cause a reduction in the number of 
molecules m the boundary layer, and, therefore, similar to the above, reduce 
the thermal pressure. However, these agglomerations decompose with 
increasing temiierature, due to increasing molecular motion (heat motion). 
That the van dcr Waals cohesion piessure should be a fund 1011 of the 
temperature, us it reallj' seems to be, may, therefore, be evphiined ns the 
result of a relatively small range of influence of the molecular forces, and an 
agglomeration of the molecules due to this, without the necessity of consider- 
ing the molecular forces themselves as being variable with temperature. 
10(iuati()ns of state, based upon the assumption that the range of influence of 
molecular attraction is small, were advanced bv lleingamim (Dissertation 
(lOltingon (ISDO), Ann, Phyaik,, 6, 557 (1901), Tanner (Disseitation Basel 
(1012)); and others. 

96. The Volume Correction. — While van dor Waals assumed 
that the effective range of the attractive force wa*s relatively 
great, probably greater than it really is, he limited the repulsive 
forces to an extremely small region in the immediate vicinity of 
the ^‘surface of the molcculei i,c.j he considered molecules 
simply as rigid clastic bodies. 

By this means the problem is simplified to an extraordinary 
degree. As it has been shown in 48 , the thermal pressure caused 
by gas particles striking the walls of a vessel depends upon the 
number of molecules striking a unit area of the surface in 1 
sec. At that time the gas particles were considered as mere 
points or, at most, very small particles, but, if these particles 
have finite dimensions, then the individual molecule no longer 
has the original volume Vm at its disposal, but a smaller one instead. 
In fact, as an exhaustive investigation shows, ^ the volume 
correction b is to be put equal to four times the characteristic 
volume of the molecule. Therefore, in Eq. (81) Vn — b must be 
substituted for and thus for the thermal pressure the result is 

1 See Boltzmann, L., “ Vorlesungen uber Oastheoric,” 2, p. 7. Sections 
I and II give an excellent and relatively easy presentation of the whole van 
der Waals theory. *A similar discussion will be found m Jeans, “The 
Dynamical Theory of Gases,” p. 125, Cambndge (1021). 
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Since in the state 


NwV 2 RT . . , , 1 N/nV* RT 

3(l'« — ») Vm—b S Vm v„ 

of equilibrium the thermal pressure and the sum of the external 

and intermtl pressures p + ^. must be equal to each other, van 


der Waals’ equation is again obtained. That this sort of treat- 
ment of the volume correction would from the very first lead one 
to expect nothing but approximate results and tluit, in fact, it 
leads to considerable disagreement with the observations, espe- 
cially when the pressure is high, have already been emphasized. 
Furthermore, since solid substances arc still compressible at low 
temperatures, it follows directly that the repulsive force extends 
over a finite range and is in no way limited to the “surface” 
of a rigid cla.stic sphere. The modern conceptions of the atom 
(see Sec. D) indicate still more clearly that molecules can be 
considered os being rigid only as a very rough approximation. 


d . Applications 

• 96. Reduction of Actual Gases to the Ideal Gaseous State. — 
With the assistance of the abbreviated lOti. (1036), which holds 
for moderate pres.sures, actual gases may be easily mduced to 
the ideal state, for* 

(/)rj..iua = = (p/*„)„ct..ai (1 + Bp). 

If two measurements of pv at different pressures are available, 
B can be determined empirically for each case; otherwise, this 
(luantity can be calculated from 13q. (104), using the data for a 
and 6 in Table 19. With the help of such a reduction to the ideal 
state, it is now possible to give the molecular weight determina- 
tions which arc baseil on Avogadro’s law a high degree of accu- 
racy. By this means it wiis possible to determine the molecular 
weight of a number of elementary gases with somewhat the same 
accuracy as is usually attained by purely chemical methods. 

97. The Joule-Thomson Effect. — The cooling of gases in 
the Linde apparatus for the liquefaction of gases is based upon 

' * It must be remembered that Eq. (1036) is an approximation formula 
and that it is applicable only when the term is small It is only under 

these conditions that the following can be written ^ + Bp. 
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the .loule-Thomson effect. Table HI shows that, proceeding at 
ordinary temperatures, hydrogen cannot be Ikiuefied in such a 
machine, l)ecausc the gjis Ijecomes warmer instead of cooler. 
Only when hydrogc'ii is precoolcd below the inversit)n tempera- 
ture (about 220° ahs.) d<x?s cooling accompany expansion. 

In other gas-lkiuefying machines, such as that of Claude, 
cooling is ol)tainod by allowing the gas to perform mechanical 
work within the machine, which is then nullified outside b}*^ fric- 
tion or similar means. However, the natural assumption that 
more powerful effects may be obtained by this means than by 
the Joule-Thomson effect is inconclusive. The practical applica- 
tion of this idea also involved considerable technical difficultic's; 
in particular, it was not eas^’^ to find a lubricant suitable for such 
low temperatures. 


6. LIQUIDS 

a . JOmpiuical Foundations 

98. Differences between the Liquid and Other States qf 
Aggregation. — The characteristic difference between a liepiul and 
a gas is that the latter will occupy the whole of a relatively large 
volume and have constant density throughout, while the former 
will not. However, then* exists no theoretical difference between 
a lupiid ami an (actual) gas. This is best shown when the 
substance (liquid or gas) is strongly compressed. All physical 
properties of the two states then become very similar. For ('(>2 
under a pressure of 1000 atm. the product pv^ is 22.415 ^ 1.748 
l.-atm. at 80°C., and 22.415 X 1.780 at 40°C^ And yet at 
30° carbon dioxide is in the li<iuid state because under a sufficient 
pressure it does not occupy the entire volume at its disposal with 
uniform density, wdiile at 40° it fills the whole vessel uniformly 
at any pressure, and is therefore a ga.s. 

Compared with the solid state, there is also no theoretical, 
qualitative distinction. The most characteristic projK'rty of a 
Ikpiid, as compared with a solid, is its relatively low viscosity, 
which indicat (*s that the molecules are easily displaced. How- 
ever, the particles in crystalline solid substances possess the same 
property, especially at temperatures just Iwlow the melting 
point. That this property (in solids) is finite and measurable 
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is shown by the flowing” of numerous metals while being 
worked, and the behavior of ice in glaciers. ^ The distiiictiuii 
emphasized by earlier writers that matter in the solid state as 
distinguished from the luiuid state not only assumed a definite 
volume but also definite form, the crystalline form, likewise 
cannot be considered correct under all circumstances since 
iniiiid cr 3 ^tals or crystalline liquids are now known and their 
proixirties have been studied. A liquid which solidifies without 
crystallizing, usually called a or an amorphous solid, 

ina^^ with equal justice be elassilied either as a solid or as a liquid. 
'I'he justification of this conception follows from the agreement 
between cr^'stalline and amorphous sulistanees with respect 
to many thermal proix'rtics. For example, the temperature 
change of the atomic heat of amorphous solids is qualitatively 
the same as that of crystals of low symmetry (such as triclinic 
crystals), while easily flowing li(iiiids act differently. 
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99. The Equation of State. — If the temperature and pressure 
range is limited to that in which li(|uids have a relatively low 
density, then the van der Waals or some related equation of 
state can be applied to liciuids as well as actual gases. Table 
14 shows that the volume (in cubic centimeters) of liquid carbon 

^ * For a detailed discusmoii of this property of solids, .see Bkilkv, Agfsro- 
gatioii and How of Solids,” Ix>ndon (1921). 
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dioxide {Vz 2 \\h ^^ol) at 30°C. can be satisfactorily calculated by 
means of van der Waals’ equation, but, of course, the values used 
for a and b must be somewhat different from those used in the 
gaseous state; at lower temperatures, such as 273® abs., the 
agreement between observed and calculated values is not as good. 

Tainmann* assumed that, by applying very high pressures, 
liquids could be brought into an ideal limiting state, for which 
the laws, as for ideal solid substances and ideal gases, would be 
very much simplified. For pressures between 1000 and 3(HM) 
atm. an e(iuation of state was actually established for a number 
of liquids, and was similar in appearance to the gas law: 

{P + t){v-vJ =CT. (110) 


IT is a constant cohesion pressure, the volume at infinitely high 
pressures, and C an empirically determined constant. This 
equation states that, within the range of its applicability, the 
thermal coefficient of expansion (at constant pressure) as well as 


the tension coefficient 


Cjl\ 

\dT), 


is constant. 


Tabij: 15 — VoLFsip. op 1<3thvl Ether According to Equation (110) 
T = 27f)2 ntm., = 0 0928, C = 3 0401 
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At low temperatures and pressures the behavior of luiuids is 
less uniform, so that a relatively simple and generally applicable 
equation of state cannot be set up. As a rule, the thermal 

I Ann. Phyaik., 87, 975 (1912); also Tumubz, Wumer Ber., 118 (lla), 
230 (1009). 
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coefficient of expansion at low temperatures is small (in some 
cases, such as in water just above the melting point, it is even 
negative) and then increases with increasing temperature. The 
compressibility at higher temperatures is greater than at lower 
temperatures, which would be expected since the volume is 
greater. 

100. Molecular Heat. — A brief summar}" of the magnitude 
and temperature coefficient of the molecular heat of several 
liquids is contained in Table 10, from which the following conclu- 
sions may be <lrawn: 
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1. At ordinary and at high temperatures Cp usually increases; 
at low temperatures just above the melting point it soiuetiines 
shows a sharp doorcase, so that in these cases it passes through 
a minimum. 

2. In the neighborhood of the melting point Cp for the Ii<iuid 
is frequently appreciably larger than that of the solid; (\ gener- 
ally has about the same value in both states. (Water is, obvi- 
ously, an cxec])tion to this.) Therefore, if th(» atomic heat <»f a 
solid substance at its molting point has reach(?(l tlu> Dulong and 
Petit value, then the same holds true for the liquid. 

3. In case the ( ^ of a li(|uid at the melting point is rather far 
from the Dulong and Petit value (o.f/., hydrogen), it increases 
relativelj" more fslowlt/ with the temperature than the corresiiond- 
ing normal curve for a simple solid substance (sec b'ig. Ki). 
Por example, ('v for 7^6 increase's from 2.67 to 3.69 rnL between 20 
and 27°, w'hile for laiuid hydrogen over the same interval it 
increases only from 2..S to 3.2 cnL 

101. Surface Tension. — -All li<iuids t('nd to diminish thei 
surface an‘as as much as possible and therefore (excluding other 
forces) assume a splu'rical form, since? the sphen? has the smallest 
surface for any given volume. The surface of a liciuid may be 
compared to a stn'tchod membrane, or, in other words, the 
liciiihl has a surface tension (cr). Physically, this quantity is 
defined as that force with which a lupiid surface of 1-cm. width 
tends to diminish itself; it is, therefore, expressed as a force 
per c('ntimeter or as a weight per centimeter. If, for example, 
the surface tension of water is 0.077 g, per centi^U'ti'r, it 
moans that a perpi'iidicular, plane, water lamella 1 cm, wdde is 
able to bear a weight of just 2 X 0.077 f/. (in this case' there are 
two surfaces, one on each side) without becoming either longer 
or shorter.^ 

Solid substances also have surface tension,® but it is s('ldom 
apparent, duo to the extremely high viscosity of such substances; 
moreover, in the formation of crystals the directional forces 

1 * This gives one method by winch the surface teii.sioii may be measured 
directly but not very accurately. 

* One result of the surface tension of ordinary glass is the phonoinoiion 
that the zero point of a thermometer increases with the course of time, the 
thermometer bulb contracts of itself for the same reason as a soap bubble. 
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of the molecules are very important and oppose the surface 
tension by teudin^ towards the formation of plane surfaces an<l 
sharp edges. 

The surface tension is not a specific property of the liquid itself, 
but depends on the boundary substance and is, therefore, entirely 
different, depending on whether the liquid is bounded by a solid, 
a gas, or another licpiid. If three media meet at one point (Fig. 
23), an angle of contact is formed such that 0-1,3 is equal to the 
sum of 0-1,2 and the horizontal comixinent of 0-2.3. If o’ 1.3 is greater 
than 0-1,2 + 0-2.3, then the lupiid ‘'wets” the solid substance, i.e,, 
the intersection point moves towards the l(‘ft until the entire 
surface of the solid is covered with the luiiiid. 



There are two methods for determining surfacM' tension, besides 
the one mentioned in the footnote on the preceding page: 

1. The Ca pillar ij-rise Method. — A liciuid contained in a tube 
which it “wets” first attempts to rise in the tube against the 
force of gravity. But now the surface (which is to be compared 
to a stretched membrane) of the Ihiuid must carry the weight 
of the liquiil column which increases with the length of the 
column, and the total weight of the column really hangs on the 
ring-shaped contact (darkly shaded ring in l<^g. 24) between glass, 
liciuid, and gas, the length of the contact being 27rr (r = tube 
radius). Obviously, the liciuid meniscus can rise only as far as 
the carrying power of the liquid surface at this ring-shai3cd con- 
tact will permit. The relationship thcu'cjfore must 1x5 : 

Carrying power = weight of the cohnnn of liquid. 

Hie first is obviously cciual to 

a • 2irr, 


the latter 


itr'^hb^ 
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and, thoreforc. 



This equation allows <r to be determined very conveniently from 
the height of ascent of the liquid in a narrow tube. The only 
iissumption involved in the method is that the liquid really 
‘‘wets" the walls of the tube. 

2. * Drop-w( ight Method . — This method, which was developed 
to a high degree of accuracy by^ J. L. R. Morgan' and others, 
depends upon the fact that the w'cight of a drop of liciuid forming 
at the end of a narrow tul)e depends upon the surface tension of 
the li(iuid, provided other factors are kept constant, and thus 
the method is excellent for moiisuring relative surface tensions. 
For determining the absolute values, the other factors must be 
taken into consideration. Harkins and Rrown- give the following 
derivation of the formula for this purpose: IIk.' weight W depends 
on the surface tension <r, the radius r of the tip from which the 
drop falls, and the shaiie of the drop. 'I'hc latter is a function 

/ of r and a linear dimension I of the drop, hc'nce 

ir = 2rrafQ 

Now the cube root of the volume of the drop varies as a linear 
dimension of the drop and, therefore 

ir. 2., 

Harkins and Brown were able to evaluate the function 

very accurately and thus standardize their tips. After this they 
could obtain absolute values for a. 

102. Eotvos-Ramsay-Shields Rule. — The only fairly general, 
empirical regularity which has been discovered up to the present 
with respect to surface tension is the rule of Eotvos (1S8G), 
modified by Ramsa^’^ and Shields (1893), according to \vhich 
the dependence of the surface tension on temperature follows the 
simple relation 

= k'\To - T), 

^*J. Am Chem. Soc.j 30, 300 (1908 and later). 

»*lbid., 41, 499 (1919). 


( 112 ) 
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where A;'' is a constant which for many liquids has approximately 
the same value of about 2.12 (if <r is measured in gm./cm.). The 
constant To is specific for each substance and, in general, is 
about 6° less than the critical temperature (113) of the liciuid. 
Since is eciiial to the edge of the molecular volume Vm, if it be 
consulcrod cul)e-shapeil, must l)e the area of a cube surface; 
thus = cTm the molecular surface energy or exactly that 
amount of work which will l)e performed by increasing the 
li(iuid surface by one-sixth of the surface of a gram-molccule-cubc 
it c , a mole of the substance brought into the shape of a cube). 
If lOq. (112) is differentiated with respect to temperature, then 

= -k" = - 2 . 12 , ( 112 «) 

1,0 , the temperature coefficient of the molecular surface energy 
is the same for numerous li<iuids. 

However, a number of liquids do not follow this nile, but show 
temp(»ratiiro deviations and considerablj'- smaller values of A;" 
than 2.12. In the main these are substances which in the liquid 
state apixirontly polymerize into doubkj molecules or even groups 
of gr(.»ater compl(*xity. Since at present there is no method 
which is frc<‘ from objection for determining the molecular 
weight in the li(iuid state, it cannot be stated with complete 
assurance that the failure of the I']otvos-Ramsa 3 '-Shields rule 
is always <luc to polymerization of li<iuid molecules. Still less 
is it possible to draw quantitative conclusions as to the degree of 
polymerization from the deviations fnaii this rule.^ 

103- Crystalline Liquids. — A number of chemically pure 
organic substances® first melt to form more or loss turbid liciuids; 
upon increasing the temperature further, the liquid suddenly 
becomes clear at a definite temperature. On cooling, the clear 

i*Scc also J. L. R. Moikjan, J. Am. Chotn. Soc., 33, 043 (1911). 

2 Ainonp; the more recent suminanes conceniiiiK crystalline IkiukIs may be 
mentioned that bv W. Voigt {Phystk. Zvit , 17, 70, 128, 152 (1910)). which, 
especially from the chemical standpoint, will be excellently supplemented 
))V the munoj;rai)h by D. Voulanders, 'Mxristallinische flussige Siibstan- 
zeii,’* Stuttgart (1908). 

■* Altogether about 250 substances are known which can assume the crys- 
talline licpiid state. For demonstration purposes, p-azo\yaiiisol and p- 
azoxyphenetol arc especially suitable. 
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liquid again becomes turbid at the same temperature and remains 
so throughout the temperature range in which it is stable. 

When observed under a polarizing microscope, the turl)id 
liquid shows a strong double refraction similar to a crystalline 
aggregate of an opticall 3 ^ uniaxial solid crj^stal. The discoverers 
of these liqui<ls (Ueinitzer, 1888; Ijehmaim, 1889) called them 
‘‘liquid crystals,’’ but possibly the name “ cr 3 ^stallinc liquids” 
proposed b.v Vorlandcr is more appropriate. 

The turbid liquids can be made more or less completely 
clear by several methods without losing their power of double 
refraction. 

1. Thej' attain a certain degree of transparency’ if they arc 
suspended in the form of fine droplets in an indifferent li(iui<I. 

2. The li(|uiil becomes almost completely’ clear if placi'd 
between two glass platos. If clarification does not take place 
immediately, it can often l)e hasteiKMl by’ sliding the one plate 
back and forth. The optical axis of the Iwiiiid lay’er always 
places itself perpendicular to the glass plates. 

3. By means of a relatively’ weak magnidic field, the luiiiid can 
be clarified in the direction of the magnc^tic lines of force (the 
optical axis assumes the same direction), while in the direction 
penx)ndicular to the fic'ld it still apjiears cloudy. At the same 
time, the conductivity produced hy the addition of a small 
amount of clectroly’te is increased, ihv, increase in the dii-ection 
parallel to the lines of force Ixuiig particularly' large. 

4. By flowing (slowly') through a narrow tube, the licjuid 
slightly clarifies itself in the direction of the tube axis, tlje optical 
axis of the liquid becoming parallel to the tube axis. 

The coefficient of internal friction, or viscosity, which is 
the most important factor for liquids flowing slowly through a 
narrow tube (Poiseuillc’s law),’ is considerably smaller in these 

^ * Poiscuille’s law simply states that the volume of iKpiid ^\hl('ll jias^es 
through a capillary tulio iii the time t is proportional to the force F wluch 
pushes the luiuid through the tube, the length I and the radius r of the tube, 
and the coefliciciit of internal friction 17. The formula is 

irFrH 

Hril 

For a given capillary tube, and keeping F and t constant, it is evident that 
the volume passing through it is determined entirely by the viscosity of the 
liquid. 
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substances in the crystalline liquid state than in normal (clear) 
liquids, even in spite of the lower tenip<5rature. I'hese Ikiuids, 
therefore, flow more readily than the corresponding normal ones. 
On the other hand, if the liquid Ls allowed to flow rapidly through 
the tube, the condition demanded by PoLseuillc’s law is destro3'ed 
and the flow becomes turbulent. 'Jlie internal friction of a 
substance in the crystalline liquid state then becomes nearly as 
great as in the normal liquid. 

With respect to the majority of the remaining physical prop- 
erties (density, surface tension, dielectric constant, etc.), the 
diflerence between the crystalline-turbid and normal li(iuid 
states is trifling. 

According to Vorlander, the ability to assume the crj'stalline- 
liquid state is limited to substances which, on the basis of investi- 
gations of their chemical constitutions, can be said to possess elon- 
gated, straight-line molecules, but, on the other hand, not every 
substance with an elongated molecule forms a eiystalline liciuid. 

On increasing the temi^rature, some substanc(*s pass through 
two (s(»nie even three) crj'stalline Ikiuid states, which can be 
distinguished by the degree of turbidity and the double refraction 
as well as the viscosity. 

6. Tiikumodynamic IIel.vtions 

104. Surface Tension and Surface Energy.*- -If the surfarc of a liquid is 
inn eased l)y Ao, the work jierfonned against the surface tension is <rAo. But 
simultaneous with the increase of surface a thermal effeet \m11 appear which 
is likewise proportional to tlie increase of surface. As a result of the First 
Law, the mechanical work aSo and the heat effect involve tlic change 

of internal cnergv Ao = WqAo (q^ and Uo signify tlic heat effeet and the 
energy change involved in increasing the surface by 1 cmr), 
orAo + MoAo = ^oAo, 

Likewise, the Second Law in the form of Kri (52) ran be directly applied 
since <rAo represents a work and, thoiefon', in the limiting case where the 
process is performed rcvcrsihly, eorrespoiifls to a inaxiiiium work, hcncc 

<rAo + «,io = Sf’^Ao. ( 1125 ) 

^ * For detailed discussions of this subject see the chapter bv Harkins in 
Bouue, “Colloalal Behavior,*' 1, p. 142 H svq , Mcdraw-Jlill B»)ok Com- 
panv, Inc. (10241, Willows and IFatscmiek, “ Surface Tension and Surface 
Energy,** Bhikiston’s Son and Company (1023), and particularly, Freund- 
LioH, “Kapillarchcmic,** Leipzig (1924). 
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If IS put 111 iiliice of Ao, then, instead of and the values 

Riven by Eotvos’ rule (Kci (112.)) can be introduced and, if Vm is consid- 
ered as approximately constant, the result is 

ly'To - k'^T + = k"T 

and finally 

= -k"To (\V2c) 

lOotvos* ruh? iiiav, therefore, be formulated as follows’ The surface energy 
per mole of substance considered as being in the form of a cube is independ- 
ent of the temperature and is approMinately proportional to the critical 
temperature of the substance involved. 

c. Kinktic Theouy 

106. Cohesion Pressure. — ^The cohesion pressure which be- 
came effective even in the case of compressed ^ases becomes 
an even more prominent factor in the case of litiuids. It is the 
real reason the molecules of luiuids hang together to a 
certain degree ami arc not able to fill an optionally large volume 
with uniform density as are gas molecules. The cohesion pres- 
sure is therefore to be considered as one of the characteristic 
properties of liquids. 

As .1 Meyei* had shown in connection with the older observations, the 
cohesion iircNSUie mav be directly shown experimentally m tlio following 
maniutr: A luiuid is jilaced in a strong-walled glass vessel to which a spiral 
glass manometer is seale<l It ls now' warmed until the liquid fills tlie entire 
voluino and all gases arc carefully driven out. If the flask w now sealed off 
and allowed to cool, the iKpiid contracts, but, due to the delay m boiling 
(i.r , the iKpiul IS teiiipoiai ily superheated), no vapor is formed at first. The 
manometer now' show’s a ‘‘negative*’ prcs.sure, i.c , a tension directed 
inwardlv, which under the propiT comlitions may increase up to 100 atw. 
before the Inpiid begins to boil. Of course, a quantitative ineasui'cnient of 
the coh(‘sion pi(»ssure cannot be carrnnl out by means of this simple method, 
since, even with the most careful manipulation, the fonnation of vapor alwa vs 
occurs long b(»fore the ma.xiimiin value of the pressure is reached. In lupiids, 
the magnitude of the cohesion pressure is n»ckoned in thousands of atmos- 
pheres, if, foi example, the presMiicTrin the Taminann Kq fllO) is cmiMth'red 
siniplv as coliCMon pn*sMire, it w'ouhl amount to about 2800 atw in the ease 
of ethyl ether. 

106. Internal Pressure. — However, it is to be observed that, 
besides the attractive forces which cause the cohesion pressure, 

1 “Zur Kcimtnis des negativcn Druckes in inussigkoitcn,” Abhandlungeii 
dcrdcutschcn Bunscngcsollschaft, No. 6, llallc (1911). 
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there must also be a repulsive force. Only if it is assumed, as 
van der Waals did, that the repulsive force is limited to the 
immediate neighborhood of the ‘'surface'* of tlio molecule, can 
the term be ascribed merelj' to the effect of the attractive force. 
As lias already been emphasized many times in the above, van 
der Waals' assumption is certainly not exactly correct, and it 
must be assumed that the range of action of the repulsive force 
is finite, even though smaller than that of the attractive force. 
It is thus expedient to combine the effects of the attractive and 
repulsive forces in such a way that we can speak of an internal 
pressure which re prase nts the difference between the cohesion 
pressure t and the rcpulsire pressure tt'. 

The behavior of a substance is thus determined by a total 
of four pressures: thermal pressure (48), repulsive pressure, 
cxtiM'iial pressure, and cohesion pressure, of which the first two 
tend to separate the molecules and the two latter to hold them 
together. In general, a definite eciiulibrium is produced between 
these pressures and the following relation results; 

Thermal pressure + repulsion pressure 
dispersive forces 

cohesion pressure + external pressure 

= (113) 

cohesive forces 

In ideal gases merely the thermal and external pressures are 
(effective; in slightly compressed actual gases the cohesion pres- 
sure becomes barely perceptible, since in both cases the effective 
range of the attractive forces is relatively much greater than that 
of the repulsive forces. Even though the cohesion x)ressurcs of 
gases have appreciable values, this i^ressure is not sufficient to 
keep the gas molecules together, and, therefore, external pressure 
is always necessary in order to keep equilibrium with the thermal 
jiressure, ^.e., the tendency of molecules to increase the volume in 
which they are contained by means of their heat motion.^ Jly 

M)f course, gravitation sets a limit to tlic distance which molecules can 
separate. In very large masses of gases, such as the fi\e(l stars, gravitation 
even becomes the determining mllueiice. (For further information see the 
book by Emdex, “Gaskugeln,” I^eipzig (1907) ) 
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decreasing the luolocular distance, the cohesion pressure increases 
(rather more rapidly than the thermal pressure*); at distances 
such as exist in liepiids, it is of the same order of magnitude as 
the thermal pressure and is, therefore able, to a certain degree, 
t(j hold the moltjcules together, even without the assistance of 
an external pn^ssure. But since, upon further decreasing the 
intermolecular distance (compression of the li(iuid), the cohesion 
pressure must increase more and more, the substance would 
completely collapse if another opposing force, tlie repulsive' force, 
did not become predominant at about this point. In the total 
internal im'ssure (coliesion pre'ssure minus n^pulsive* pressure) 
of li([uids acted upon by only slight external pressure, the attrac- 
tive forces by far exceed the repulsive. 

The next (lucstion is whether aiul how far the internal pressure 
may be detennined by experimental moans. The simplest 
method, while not altogether exact, j"ct gives results which can 

be used, starts with Kep (57). The expression which 

represents the change of internal energy with change of volume, 
can be considered as related in a very simple way to the work 
lx?rformed by the intf'rnal energy over the volume d/’, i,e., the 
int('rnal pressure is defined as 


hiluation (57) 



( 114 ) 


(115) 


may then be brought into agreement with Eq. (113); n» is the 
difference: cohesion pressure — repulsive pressure;^ p is the 
external pressure. There remains only to compare the term 

^ thermal pressure pr. The latter is obviously 

defined as the pressure which a substance exercises when it is 


1 * IIiLDEBitANi) (./. Am Chvm Soc ^ 43, 500 (1921); dcfiuos internal 
pressure simply as 7’^ See, however, Rich auds (ihuL, 46, 1 119 (1924), 

especially footnote 0), who anab'ses the forces in a way siinilur to that given 
in Eq. (113). 
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heated at constant volume from the absolute zero to the tempera- 
ture T] therefore, the thermal pressure is 




If is constant within the entire temperature interval, then 

it is actuallj’’ found that pr = assumption 

that is constant even at low temiwratures is certainly not 

rigorously correct, although it agrees with "ranimann's equation 
{VjC{. (110)), but without doubt it tends (like Cv) towards the 
limiting value zero at very low temperatures, t.c., on an average 

(dvO smaller at low temix»ratures than at room temperature. 
Therefore, if the value for measunul at ordinary tempera- 
tures is used, then the quantity will be somewhat greater 


than the real thermal pressure. After all, it is probable that no 
great error is committed when the two quantities arc simply set 
c(iual to each other, and therefore from E(i. (115) an at least 
approximately correct idea of the magnitude of II, can be obtained. 

Some results for the internal pressure II, calculated from experi- 
mental data ])y means of hki. (115) are given in Table 17, which 
includes values for two gases as well as several liquids. 


TmJLE 17 ■ - JnTKUNAL 1’KKHSI UK 11, (in AtMOSPIIRKKS) \T Ai’I'HOXIM \tbly 

ao"!.’. 


K\lt*in;il 

prcshuie 

Ktlivl 

ether 

(\*nhon 

(hsulJific 

ideoliol 

Nitrogf‘11 

Hydrogen 

100 

27:x) 


2000 

20 

1.6 

200 

2700 


2000 

00 

9 

400 

2.S()0 

.*1750 

2tH)0 

2t)0 

16 

800 

2K10 

:Xi70 

2S50 

450 

- 8 

1500 

2<)70 

:}150 

2780 

409 

-143 

2000 

25:10 

8100 

2075 

883 

-284 

2S00 

2280 


2400 

al)t 100 

-578 
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This table shows that the value of n* for actual liquids is 
essentially constant over a wide range of pressures and it is 
therefore necessary to assume that within this range the attrac- 
tive and repulsive forces change in about the same way with 
respect to the change of volume; thus, the resulting force remains 
constant. This conception offem nothing new, since, if the 
change of condition under consideration at this point is taken 
over a wide range of pn'ssures, the volume, and even morcj so the 
mean distance between the molecules, changes very little. For 
example, the distance between ether mol(»cules changes only 
about 3 per cent, while the external pressure is raised from 1006 
to 3000 atm. At still higher pressures a decrease of TT, is to be 
expected in all cases, since the repulsive pressure th(?n becomes 
more effective. This decrease of II» is especially noticeable in 
the highly compressed gases N 2 an<l H 2 . In these cases the 
internal pressure is first positive, then passes through a pro- 
nounced maximum, and finally (in H 2 ) even assumes negative 
values. (Thus, in this case the repulsive pressure already far 
exceeds the cohesion pressure.)^ 

107. Cohesion Pressure and Surface Tension. — The cohesion 
pressure is dircjctly related to the surface tension because the 
molecules are drawn inwardly by the force of cohesion, or, in 
other words, the surface tends to reduce itself as much as possible. 
C'onversely, by increasing the surface of a li(iiiid, more molecules 
must be brought from the interior to the surface and thus work 
must be performed against the cohesion pressure. 

'fho relation between internal pressure and surface tension results from 
the following consnleration: It may be assumed that the molecular forces 
have a dofimtu lange, whi<rh means that they vanish at some finite distance, 
further, it may lx; assumed that the density of a liciuid is constant up to the 
surface. For a molecule in the inteiior of the liquid, the elToetive (resultant) 
force IS zero (this has alieady been assumed in the above), since here the 
foices complotelv count erbalaiicc each other (Fig. 25n).“ If the molecule 
is brought nearer to the surface (Fig. 25h), then only the effect of the lightly 
shaded aiea is annulled, while an attractive force corresponding to the 

1 * J. I[ IIinonBiiAND (/. Arn Uhrm. Sftc , 41, 1072 (1919)) gives a critical 
discussion of the various methods of deteimining the internal pressure, 
together A\ith consideial)l(* <lata See also 148. 

* * The dot at the center reiirescnls the molecule itself. The circle is the 
range of its attractive forces. 
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darkly shaded area remains The elosor tlio molecule is brought to Die 
surface the less arc its forces couiitcrhalaiiocd and the greater becomes 
the effective force of attraction , the force begins to dcci<?aso only when the 
molecule gets out into the gas spa<‘e. As Figs h and d show, the forces are 
tlic same fur the same distance 6 from the suifaco on nihn side. The 
attractive forces are thus at a niaxiinum for a nioletaile at tlio surface and 
decrease svni metrically on both sidcss. As a result of this Byinmetry, the 
energy is also symmetnenl, i c., the same amount of work must be performed 
in carrying the molecule of a licpiid to tlie surface as to carry it from the 



surface into the gas space above The work A' recpiired to carry one mole 
from tlie interior to the surface is thus one-half the amount A necessary to 
RUiiove It. entii’cly out into the (dilute) gas space. Theiefuie (Sttfan's law) 

A' = 'J- (116) 

Now if one mole at ordinary ieiiijieraturcs is brought from tlie interior 
to the surface or out into the gas space (evaporated), then a thermal elTect 
^\lll occur at the same tunc In the sense of the argnmonts in 104, this 
means that the (piantity -T corresponds to an energy change »/o, it is, there- 
fore, not to he diiertly considorctl as being the same as the \\ork of the 
surface tension <rAo, hut it involves, in addition, latent energy to the amount 

of T Ao Fur one mole it is nocessaiv, therofuio, to imt 

ti / 

-I' = Nyfiv (lUkO 

In this, o\r is the surface ov<t which one mole must ho spread m order 
to bring all (N) the molecules to the suiface Since the mean distance 
hotween the molecules' is 



'In a cube with the volume /•„ them are N molecules To each molecule 
there belongs a tiny ciihe with the volume the edge of which corresponds 
to the mean distance between the molecules. 
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then 

= r/* -^'n (118) 

The amount of energy wliioh is required to bring one mole from the interior 
of the liquid into tlic gas space, i c , to evaporate it, and whicJi corresjionds 
to A in Kep (IKi), IS nothing but tlic internal molecular heat of cva))oration 
A, (123). Therefore, from Kcis (116), fll7\ and (IbS) the following relation 
must be satisfied: 

A, “ 2mo (119) 

In columns 3 and 4 of Table IS, experimental values of Aj for several sub- 
stances are compared with the term Uo being determiiKMl 

according to E(i (112/0 fiom the suiface tension and its tcmperatuie 
eocfiieicnt 

Taiilk is 


Substance 

a a 

/•l “ 1*2 

\x obs. 

m 

IlK 

? 

14000 

n 

c,n. . . 

4S00 

6600 

■BSH 

Aniline. ... 

7000 

9100 


Oj. . 

1330 

ItKSO 

■I 


The table indicates that the relation expressed in Kip (119; is faiily good in 
some cases, such as llg, ami in others at least gives the correct onlc»r of 
magnitude for At. Possibly, the main mison for the deviations is that the 
density in the surface laytT is not c*onstant, as it was assumed to be. It is 
clear that this clTect W'ould be more pronounced in the easily compressible 
liquids than in diflicultly compressible ones, such as mercury 

The energy required to transfer one mole of a substance from* the iKpiid 
to the gaseous state must, obviouslv, be equal to the difference* m the internal 
energy possessed by the substance contained in volume (gas) and the 
volume I'l (liquid). Therefore, according to Kq. (114), the relation must be 

Ui.t =J'' II. rfi> = (120) 

This equation is, of course, only approximately Inie, but it represents 
the general relation between the cohesion pressure and the surface energy 
or surface tension 

The integial in Kq (120) can be evaluated if the relation between (aihesion 
pressure and volume is known If the van der Waals' eipiation is applied, 
the result from (106a) is 

A. = “ - " = 2Hrf'„^4NW. 

Vi t»i 



(120a) 
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This equation can give onlv tlio orrlcr of magiiitiiclc of tlic actual value, since 
van der Wanls' ctiuation is ccrtainlv not correct for IkiukIs at low teinpera- 
tiirea, but it proves to give rather better results ^compare columns 2 ami II, 
Tabic l.S) than might bo expected The agreement between tlie second .and 
fourth columns is still belter, but this is obviously so because in the calcula- 
tion of ^ ^ and the same factors wore neglecte<l each time. 

I’l V2 

108. The Heat Motion of Molecules in the Liquid State.- -On 

the basis of 100, the following statements with regard to tin; mode 
of molecular motion in the liiiuid state may be made: 

Although the molecules are movable and not Ixiund in fixed 
positions, the fact that the atomic heat at high temperatures is 
approximately 0 caL indicates that the molecular viliration in a 
liquid is similar to that in solid substances. Accordingly, it must 
be imagined that the Ihiuid molecules d(‘serib(' irn^gular zigzag 
paths in which the angles at the piiints of ri'versal of path are 
very pointed, so that two complete vibrations following immedi- 
aUdy upon each other piiss over practically the same path, and 
that within a sufficiently short time interval the motion is not to 
be distinguished from an ordinary vibration. This sort of 
vibrating motion is called quant pvnodtv, and its properties, 
disregarding the gradual shift of the center of vibration, are the 
same as those of ordinarj^ vibration (pure periodic motion). 

Even though the constant in the l^ulong and Petit law for Cv 
appears upon closer examination to be somewhat smaller in the 
case of liquids than solids, jvt with regard to heat motion, moiif)- 
atomie luiuids in all cases arc more similar to solid substances 
than to monoatomic gixses with an atomic heat Cv = This 

point indicates quite clearly that van d('r AVaals’ equation is not 
applicable to licpiids, because, according to 92, Cv for liciuids 
must be the same as for gases. 


The iiicro.asc of Iho ntoniic heat of lupiicls with teniporature is slower than 
that of solids. In the light of quaiituin theory, tlie explanation of this may 
possibly be that in IkiuuIs the quantity O or the frcipiency (77 cl srq.) 

increases relatively f.ast w ith increasing temperature. Since the atomic heat 
T 

depends on the ratio the cdTect of an increase of 7’, w'heii accompanied 

by an increase of 0, must in all cases be lessened Moreover, up to the 
present neither 0 nor has been determined with any certainty for liciuids, 
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as it has been for soluls, so that an exact test of the existing relationships is 
still lacking. 

Whatever the (lecrcasc of atomic heat (with mcreabing temperatiire} 
just above the im^lting point may moan, it obviously involves the same sort 
of phctiomcnon as m actual gas(»s for which tlie atomic heat, according to 
Table 12, likewise decreases with increasing temperature. • 'J'lic negative 
temperature cooilicient in these cases is most probably duo 1o a sort of 
“flocking tog(‘tliei,” tliat is, a soit of irregular agglomeration of molecules, 
whicli in Inpiids would probably even be able to take on the character of a 
polyineiization or association. These ngglomeraiions w'ould be destroyed 
by inci casing the temperature, but their destniction reipiiros a certain 
expendituie of cnergv, so that at low temperatures, ns long as the agglomera- 
tions arc present, the heat content and the atomic heat arc greater than 
nonnal 

109. Crystalline Liquids. — Since it has been customary to 
consider the niolotmlar state in normal lutulds to be completely 
disordered like that of gtises, it was somewhat difficult at first 
to understand the properti(*s of crystalline litpiids (103). xVt 
present, it may b(' said with assurance' that the molecules in a 
crystalline li(iui<l are not completely disordered.^ However, in 
comparison with real crystals, the orderly arrangement appears to 
take place only in one direction. It must thus be supposed that 
the elongated molecules which are typical of crystalline liquids 
place themselves with respc.'ct to each other in much the same way 
as sticks in a bundle, whereby they arc, of course, not grown 
together (as in real crystals) but may be very easily shifted in 
the direction of their long axis. Indeed, in a biiiullo of sticks 
it is much easier to remove one stick in the directioij of its long 
axis than perpendicular to it. In a largo volume of iKpiid under 
no special external forec's, a large number of liciuid crystal bundles 
of microscopic dimc'iisions are formed. The irregular positions 
of these with resp(?ct to each other cause the cloudiness in the 
licfuid. By relatively weak influences (magnetic field, attraction 
of the walls of the vessel, etc.) it is possible to orientate the 
bundles so that their axes are parallel and the liquid Ijccomes 
transparent at least in the direction of the axis. 

The other characteristic properties of crystalline li(iuids 
mentioned in 103 may also be explained, at least qualitatively and 

1 Tins slalcinont is ossoniially that given by Bose (1900) in the theory of 
the formation of groujis or “sw'arms” in crNstalliiic IkiukIh 
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without involving too groat a stretch of the imagination, on the 
assumption that bundles of molecules are present in such liciuids. 
Concerning the internal friction, it may be easily seen that, when 
these liquids flow slowly through a tube, the liundles have the 
opi)ortunity of orienting themselves so that their long axis is 
parallel to the tube axis. This is the position in which least 
resistance is offered to the motion of the bundles. If the flow 
is rapid, so that the motion liecomes turbulent, the bundles are 
whirled about so strongly that they are not able to orient them- 
selves in the direction of the tulie axis and, therefore, the 
frictional resistance becomes as in transparent, inolecularly 
disordered liquids ^ 

Strange to saj", there oliviously exist different kinds of molecule 
bundles in many cases, as the occurrence of several crystalline 
states shows. 

6. THE TRANSITION OF CHEMICALLY HOMOGENEOUS SUB- 
STANCES FROM ONE STATE OF AGGREGATION INTO 
ANOTHER 

a. Empirical Foundations 

110. State of Aggregation and “Phase.” — A state of aggre- 
gation which is stable within a definite range of temperature and 
pressure will be called a phase. I^^ach substance has only one 
gas phase; as a rule, only one liquid phase (in crystalline liciuids 
several); and in most cases several crystalline solid phases. 
On the other hand, the amorphous state does not represent a 
distinct phase in this sense. 

111. Vapor Pressure.- -The transition from one phase to 
another takes place under certain condithms of temperature and 
pressure which will be considered in greater detail in the following. 

As long as a single substance exists in only one of the three 
states, gaseous, liquid, or solid, it occupies a definite volume 
at a given temperature and pressure. If the temperature 
changes, and the pressure is kept constant, then another volume 

^ F. Kruger has shown that the behavior of crystalline IkiuuIs with respect 
to thoir internal friction is also m agreement with other theories besides that 
of the formation of bundles. 
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IS obtainod, / r , tli(‘ voliimo is a sin^Io valued funetioii of pres- 
sure and tenip(»rature 

If, however, the total volume of a substance which is partly 
gaseous and partly li(iuid (or solid) is changed, the pressure 
remains constant lus long as both states arc present. This 
pressure which is constant for any given temperature and under 
which Ii<iu(*fac(.ion (by decreasing the volume) or evaporation 
(by incn'asing the volume) takes place is called the vapor pressure. 
When tlu* voluiiu' is decreased to tlu‘ ])oint wlu're no more gas is 
present, tin* j)r('ssur(‘ lu^gins to increase upon further reduction of 
volume, but incr(»as(»s V(»ry much more raiiidly than in gases. 



The voluine-pressun' diagram (isotherm = at constant pressure) 
of a substance in the range of liquefaction is given in Fig. 2(5. 

112. The Coexistence of Liquid and Vapor According to van 
der Waals’ Equation. — As mentioned in 99, van der Waals’ 
e(iuation may be applied not only to the gaseous state Init also 
to luiuids, i)articularly at higher teniiK'ratures, although di^h^nMit 
constants must be usc»d in the two cases in order to repn^siuit the 
experimental results accurately. Therefore, this eeiuation may 
be examined at once as to its al)ility to represent the transition 
gas-li(iuid. 

A van dcr 'Waals* curve for CO 2 at 13.1®r., extending from 
the gaseous state (low pressures) to the liquid state (high pres- 
sures), is illustrated in Fig. 27. The c(iuation gives an S-shaped 
curve in place of the observed horizontal straight line FG which 
corresponds to the vapor pressure and which joins the two 
branches of the curve, BTG representing the gas and FA the 
liquid. The branches GN and FM have occasionally been attained 
experimentally, although they represent labile or mctastable 
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states corresponding to a supersaturated vapor or a superheated 
liquid. The portion NCM is not physically attainable, since it 
involves a substance with a negative compressibility (the volume 
decreases with decreasing pressure). Such a substance has not 
yet been ol)served. If it is now supposed that a sul)stance under 


A+m 



slight pressure (large volume) could l)c compressed b}’ gradually 
increasing the pressure until the point A" is reached, then the 
volume would suddenly jump (the pressure remaining constant) 
to a point above F and again continue its change from this point. 
The portion AIN cannot be passed over from the low-volunie side 
either; in the extreme case the point AI could be reached, but 
from here (if the pressure is kept constant) the volume jumps to a 
point to the right of G. 
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Thus, in the region of the transition, gas-liquid, van der Waals^ 
equation represents a labile state, of which only a part is experi- 
mentally attainable and the liquefaction or evaporation at 
constant pressure is not accounted for. With the assistance of a 
thermod^maniic consideration this gap may be filled: 

If it be required, on the basis of the Second Law, that the 
work of expansion during the actual evaporation at constant 
pressure must ])e just as great as the la])ile van dor Waals 
transformation along the S-shaped portion of the curve, the area 
of the surface FMC must Ixi equal to that of CNG (Fig. 27). Hy 
this means the i)osition of the horizontal vapor-pressure line 
within the van der Waals curve is fixed.^ 

113. Critical Phenomena According to van der Waals’ Equation, 
("onsidored algol)raieally, the van der Waals efiuation is an 
eciuation of the third degree with respect to and may be written 
in the form 

- "J' = 0. (I03c) 


Therefore, at a given temiK'raturo ainl pressure there are three 
roots of the eciuation, «.<?., throe values for If the factor 


b + 


liT\ 


I is sufficiently small (therefore, at low temperatures), 
^ P ' 

all three roots are real. According to the reasoning in 112, 
one of these roots corresponds to the gas, the second to the labile 
S-shaped porti<.)n of the curve, and the third to the liquid. If 
the temperature is grailually increased, the S-shaped portion 
and the vapor-pressure line become smaller and smaller until 
finally a temperature is reached at which they no longet exist. 
A number of van der Waals’ curves are illustrated in Fig. 28. 
The valiK's of a and 6 for carbon dioxide given in Table 19 were 
used in making tlie calculations. With the exception of the 
labile portions, the curves are qualitatively in good agreement 
with experiment. 

That point in which the three roots of t»„ coincide is called the 
critical point, and therefore we speak of a critical volume 
at critical pressure ttu and a critical temperature i9o- Above 


* * This was iirst pointed out by Maxwell. The details of the rc^asoniiif; 
l)y whicli this coiiehisiOTi is reached are given by \V. McC. Lewis, /oc, ci/., 
2, p. 72. 
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llio critical point only ono root is real; the others arc imaginary 
ami, th(*reh)n‘, witlaait physical significanco. Abov(> the critical 
point the Ihiuid cannot exist and the substance is thus in a- region 
in which only Ihe gaseinis state is possible. The curvi^ at 1^1.4° 
(the critical isotherm) can be considerc^d as the boundary between 
the regi(»ns wlu^re liiiuids and gases exist. 

Howeviu’, it would be erroneous to speak of a really sharp 
boundaiy between the gas and luiuid states. It has already been 
emphasized that a compressed gas lias almost exactly the same 
properti(\s as a (eompmssed) liciuid. The only difference between 
the two IS that by releasing ihe pressure sufficient!}' the liiiuid 
evaporates, i.r., changes its state, while the gas remains in its 
original state of aggregation. 

There is thus the possibility of changing a liquid into a gas 
by a continuous process, without reall}' evaporating it. This 
may be done ly first compressing it to a pressure which is greater 
than the critical pressure, lieating it above the critical temiiera- 
turc, then expamling and allowing it to cool. In this way the 
passage through the zone of condensation F(f (Fig. 27) is avoided. 

114. Calculation of a and b from the Critical Data. — The 
posit ion of the critical point may be calculated without difficulty 
fr«»m the constants a, fc, and R. Since at the critical point the 
three roots of Vm must ciancide and be eiiual to the critical 
volume, the following e(iuation results: 

(/’in — ^n)'’ = /’»/ “ “■ <Pv!^ = tl. 

By applying lOq. (ItWr) (p. 101) at the critical point and, there- 
fore, substituting ttu for ami 0 for the result is « 



Equating the coefficicuits of ecpial powers of w'e get 



From these it follows that 

Vo = 36; ""o = ’^“"276/2’ 
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or, if R, a, and b arc to lie culciilal^'d from the critical constants, 


. , _ S TTn^ii 

„ _ _ 27/e=.?,.® 

n — ojrii^o" — 4 . , 

()47r ij 


__ /i 1^0 

.‘i 8 TTo 


( 122 ) 


Since the critical data may l)c quite accurately determined 
experimentally by investigating the critical isotherm, 10(i. (122) 
offers a convenient way of determining a and b. However, since 
^0 can generall}'' be measured with considerably less accuracy 
than TTo and t?o, it is best to use those relations in which tpo docs 
not appear for calculating a and b. Some numerical values are 
given in Table 19, which are intended to be used in Eq. (103) 
when this ref(‘rs to one mole, the pressure being expressed in 
atmospheres and the volume in cubic centimeters. ‘ If the 
values are to be applied to n moles, then a must be multiplied 
by /i- and b by /?. Thus, starting with a gas volume of 1 cc\ at 
()°C\ and 1 atw. pressure, so that n = } 224 15 mole, then a must 
be multiplied by 1.99 10“® and b by 4.40 • 10' ^ 


T\hlk 19 — Thk VxLrTKS ok a a.vd h ix v\x ufiu Waals’ Equatiox 


Formula 

Suhstaiiro 


TTO 

5 

m rr. 

a 

m rr.- X u//w 


Afctouc 

rm s 

52 2 

99 4 

13 92 

10 « 

Ar 

Arj^oii 

loo 0 

.W 0 

30 2 

1 303 

10 ® 

Ch 

(Miloiine 

119 0 

93 5 

40 0 

5 34 • 

10 ® 

CVI 5 F 

inuorbeiizciie 

.559 0 

44 02 

12 s 5 

19 9S 

10 ® 

He 

Jleliuiii 

5 19 

2 20 

23 42 

0 032.53 

10 ® 

CO 

Carhoii diOMih' 

304 1 

73 (K) 

42 75 

3 009 • 

10 ® 

Os 

< Kygeii . 

154 2 

50 8 

31 IS 

1 332 • 

10 ® 

Ns 

Nitrogen . 

120 0 

33 5 

39 0 

1 3*15 • 

10 ® 

IbO 

Water 

t»47 

217 5 

30 55 

5 47 ■ 

10 ® 

H,.. .. 

Ilvilrogeii 

.33 IS 

12 SO 

20 70 

0 241 • 

10 ® 


^ * Note that, snico the lorni is siihtracled fiuin 7 ), it must liavethe 

Vm“ 

(limeiisioiis of a pn^ssure. Heiico a must have the diiiiciisioiis pressure X 
(volume)*. 
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116. The Reduced Equation of State. — If the viihios from lOi}. 
(122) are suhstitutcid in the original van dor Waals e(iiiation, 
we first olitain 


(/> g J , 

VtTo I'm' / \ ipo / T7o 


or if th(* relations 


V « T 

TT = } ^ = > f/ = » 

TTy ^0 I'D 


are introduced, wo got 


(tt + OV - 1) = 


The quantities, t, v^, and are called the reduced pressure, 
reduced volume, and reduced temperature. 

The significance of Im]. (123) may be expressed as follows: 
By introducing the reducc'd quantities, all constants specific for 
individual substances vanish from the equation of state, and as an 
equation of state a xinivcrml function is obtained which claims 
to be valid for all substances. For given values of tt and i? all 
substances have the same values of <p. If two substances are 
considered at such pressures and temperatures that their values 
of TT and t? arc the same, then these substances are said to be 
in corresponding states. The general considerations required 
to bring the eciuatioii of state into the form of a universal function 
arc grouped together in the theorem of corresponding states. 
This is independent of the si>ecial form of the van dor Waals 
eciuation. It merely states that in the equation of state of a 
substance only three constants are necessary. These co)^stants 
can, as in the above, be n^placod by the ciitical data in such a 
way that only the reduced quantities are present. 

A general proof of the theorem of corresponding states can be 
performed in various ways independently of a special eiiuation 
of state. A convenient graphic method consists in obsc^rving 
whether the ?;r-curves of different substanc(‘s can l)c made to 
coincide by suitably changing the measuring unit used in plotting. 
(This corresponds to the variation of reduced quantities.) The 
total result of a large number of tests of the theorem is essentially 
a negative one. It is approximately confirmcil only for chemi- 
cally related substances with critical temperatures which arc 
not very different. As soon as substances which do not satisfy 
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these two conditions are compared, the theorem fails. It thus 
seems as if an equation of state which really agrees with the facts 
would require at least one more constant than the van der Waals 
c<iuation, that is, a total of four constants.^ 

116. Vapor Pressure and Temperature. — The vapor pressure 
of a liquid usually increases raphll}' with the temperature, and 
as a first approximation the logarithm of the vapor pressure is a 

linear function of the reciprocal temperature )’ if 

logarithm of the pressun? is plottod as a function of (y 

approximately straight line is obtained. In the exact vapor- 
pressure formula, which is based on the Second Law, this loga- 
rithmic relation plays an important part (compare 128). At 
r(‘latively high teniix?ratures, z.c.. in the neighborhood of the 
critical point, the following empirical relation holds, according 
to van der Waals: 



According to the theorem of corresi)onding states, the vapor- 
pressure curvT as well as the eciuation of state must be a universal 
function of the reduced (luantities, and the constant a should, 
therefore, be the same for all substances. Actually, for sub- 
stances investigated up to the i)res(‘nt, it varies between 1.25 
(h(.»lium) and 1.00 (ethyl alcohol). Tor a number of Ihiuids 
which boil between 0 and 100®C., a' varies around the value 3.32. 

*Anoth(>r important rule which depends upon this theorem is 
that of Itamsay and Young ('ISSo). If two closely related 
Ihpiiils are compared at the same pressures, the following rehi- 
tion holds true: 


T’.t 

Tn 


( onxl., 

J- li 


when) Ta and Th are the boiling points (absolute scale) at one 
pressure and Ta' and ?«' at a dilTerent pressure. A more exact 
relation is 

+ c{Ta' - 1\), 

i H J H 

1 A B\k (Ann Physik , 66, 101 (1021), 69, 157 (1922)) supposes that this 
fourth constant is Planck's constant h. 
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The constant c approaches zero when the two liquids are very 
closely related and is negligible in many cases. It thus may 
servo as a test of the “normality’^ or “abnormality’’ of the 
liquid.^ 

* Recent investigations have shown that liquids which have 
been made oxtreniel}’^ dry by keeping them in the presence of 
phosphorus peiitoxide for long poriod*s of time have boiling 
points which are appreciably higher than those of the usual 
pure li<iuids.- The boiling points for various lujuids increased 
from 14 to G2° and it is jxiculiar that, while the tempera- 
ture of the liquid reached these high values, the vajx)!- e.on- 
d('nsed at the usual temperature. Although the full significance 
of these results has not jTt bcim determined, they are of utmost 
importance in the interpretation of the constitution of the 
Ihiuid state.® 

The vapor prcssino attaniod at the critical point is the critical pressure; 
hiiicc the liquid la no longer capable of existing above the critical toinpcra- 
turc, tlic vapor-presaure curve ends at this point. 

According to a rule found by Ouldberg, the vapor proshuro of inanv 
substances reaches atinoaiihenc pressure at about Iwo-thirds of tlic critical 

Thp 2 

temperature. Thus, ^ which moans that the boiling point Tup under 

atmospheric temperature can, m general, be considered as a "coi respond- 
ing teinpcratuie.’* However, (hildberg's nile has not vet boon tested for 
high boiling substances finotals, salts, otc so it appears doubtful wlaqlicr 
Its application to these substances is poinussible (c.p., the determination of 
the critical temperature from the boiling point). 

117. The Rule of Caiiletet and Mathias.- -As a result of the 
rapid increase of the vapor pressure, the density of the saturaksl 
vapor also increases with the tcmi)cratiirc. The density of the 
Ii(iuid in equilibrium with the vapor, however, decreases as the 
temperature rises, for at the critical point the ilensity must be 
the same for ])oth states. When both densities arc plotted as a 
function of the tcmperatuie, a parabolic curve similar to the one 

' * For a further discussion of this ami other relationships see Washhitrx, 
“Pnnciplos of J^hvsical (Miemistry,** p. 07, Mc(!raw-JIill Hook Company, 
Inc. (11)21), and W Mc(* Lkwis, htc cit , 1, p 02 

* *Kakeu, H B , ./ fV/cm. Soc. London, 121, oliS (1022). 

® *Lewis, (i N., J, Am Chtm. Soc., 46, 2S30 (102:i). Smith, A , “Theory 
of Allotropy,’’ p. Longmans, Cirecn & Co. (1922). Williams and 
Daniels, J. Am, Chem. Soc., 47, 1490 (1925). 
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for ethyl ether, illustrated in Fig. 29, i.s obtained. If the arith- 

-j- 

inctic mean ■ - ^ - - is taken and likewise plott(jd, those points 


lie on a straight lino. The use of this nile discovered by Cailletet 
and Mathias, that the average density of the liquid and gaseous 
phases in equilil)rium is a straight-line function of the tempera- 
ture, gives a more accurate method of det(*rinining the critical 
volume than the direct determination from the critical isotherm. 
'J'his is often called the law of rectilinear diameters. 



Tin 


118. Sublimation Pressure. — Below the melting point, solid 
substances are able to pass directly into tlie gaseous state i.e., 
tliey sublime. The process of sublimation is, theoretically, the 
same as evaporation,^ but, wdiilc the vapor pressure (of liquids) 
near the critical point can assume very high values, the maximum 
sublimation pressure, which is reached at the melting point, is 
frequently of the order of 1 wm. of Ilg (ice, 4,579 tnm.) and very 
often is much less (Ilg, 2 • 1()“® mm.). Only for a few substances 
like carbon dioxide, phosphorus, and arsenic docs it exceed 
atmospheric pressure. 

119. The Dependence of the Melting Point on Pressure. — 

^''hc process of melting, ?.c., the transition from the solid to the 
Ikluid state, takes place at a definite temperature under a definite 
pressure. If the pressure acting on the solid is changed, the 
melting point changes. In this respect the melting point is 
1 * For this n*asun the term vapor pre^ssure of 8o1l<1.s’' ls soinetiines used. 
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similar to the boiling point.. However, while the boiling point of 
a liquid is always increased when the pressure is increased, the 
melting point increases in some cases and deci’oases in ot.hei*s. 
As a rule, onl}' small changes of melting point accompany large 
changes of pressure. For example, l>enzcno melts at 
under atmospheric pressure, and at + 31 ° r . at 1()00 atm. 
Ice melts uniler its own vapor pressure at exactly 0°C., but at 
— 0.7G° under 100 aim. 

While the vapor-pressure curve ceases at the critical point, the moltiiiK- 
point curve may be followed up to very high pressures without showing 
signs of ending. 1 fowever, liquids and solids become more and more similar 
ns the pressure increases. The dilTercnce in the densities of solid and iKpiid 
benzene is only Jialf at great at 3000 as at 1 atm. From the mode of pnipa- 
gation of earthquake waves through the interior of the earth, it also follows 
that the liquid magma under the enormous pressures of that region possesses 
throughout the elastic proiierties of solid substances. Whether the. bound- 
ar}’ betw'con solid and liquid is graduallj' cffaeotl at high pressures, or w liether 
it ceases suddenly at some definite point corresponding to the critical point 
in the evaporation process, cannot be finallv decidiHl as yet According 
to Tammann’s investigations, the tiist assunqition a))pfviis to be the more 
probable one ‘ 

The transition l^twoon dilTorent modifications of the solid 
state also depends on pressure and temperature, ?.c., tlit'n* is a 
transition pressure which, like the melting pressure^ is a function of 
the teinixjrature. 

120. The Triple Point. — The transition curves (vapor-pressure 
curve, melting-point curve, etc.) discussed aliovc} give the condi- 
tioiLs of pressure and temperature under which two phascjj are in 
equilibrium. 

Under certain conditions, three phases may also l^e in equilib- 
rium, but this, of course, is possible only at a point representing 
a definite pressure and temperature, and not along a curve. 
For example, icc, water, and water vapor can coexist only at 0°(.'. 
and under tlie vapor pressure common to both ice and water at 

^ • This is a difficult question to decide. From purely molcculnr-kinetic 
considerations it is not impossible that the transition from liquid to solid 
should have the same continuity as from gas to liquid On the other hand, 
such a transition has never been observed, although Bridgeman has reached 
pressures of 20.000 atm, in his investigations. A discussion of both sides of 
this question is given by K. Jelunek, “Lehrbuch der physikalischen 
Chemie,” 2, p. 040 d seq,, Stuttgart (1915). 
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this temperature. Thus, at this triple point common to all three 
phases, three transition curves intersect (melting curve, sublima- 
tion curve, and vapor-pressure curve). 

If a substance has several solid modifications, then there are 
also several triple points. Typical diagrams illustrating the 
transition curves and triple points of water and sulfur are given 
in Figs. 30 and 31, in which the ordinate is the logarithm of the 
equilibrium pressure. From Fig. 30 it may be concluded that 
there are modifications of ice which are stable only at very high 


pressures. 



Temperature 
Vui 30 



121. Heat of Evaporation. — When a transition occurs from 
one phase to another, a heat effect is always observed, which is 
called the heat of vaporization, of fusion, or of sublimation, 
according to the phenomenon involvc<l. The transition from 
the pha.se which is stable at the lower temperature to the one 
stable at the higlicr temijeraturc is always accompanied by an 
al)8orption of heat. 

In general, the heat of vaporization A varies with temperature 
(sec 126), but the variation at low and medium vapor pressures is, 
at most, rather small. Near the critical point, A decrcJises 
rapidly and at the critical point is zero. If the heats of vaporiza- 
tion for different liquids am compare<l, it will be seen (Table 
20a) that, as a rule, the higher the boiling point the greater is 
the heat of vaporization. Trouton assumed that as a first 
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approximation the molecular heat of vaporization Aip at the nor- 
mal boiling point d atm.) is proportional to the boiling point on 
the absolute scale Tip, and put 

i''" ^ 22. (12r,) 

hp 


TaHLK ‘JOri -IlKAT OF VaPOUIZATIOX AND DoiLINO PoiNT 


Sahstjiiico 

Vttlm 

B 


1^11 

Kq Cl 255) 

llo 

iil)l 22 

•1 20 

5 1 

(> 0 

0 15 

IL 

220 

20 t 

10 S 

11 7 

11 S 

N. 

1:?70 

77 5 

17 i\ 

10 0 

17 5 

<b 

1(120 

<)() 1 

IS 0 

10 5 

IS ;i 

c\s, 

()1!I0 

MU 

20 1 

20 5 

20 t 

(’oil,-. 

7100 


21 0 

20 S 

■n 

Ibo 

!Hi.')0 

Mli 1 

25 U 

21 0 


Aiulnu* 

0700 

157 

21 2 

21 7 

23 3 

Hk 

14200 

(>30 

22 () 

22 7 


Nil 

2 :j:ioo 

1155 

20 2 

24 5 


Zn 

27720 

IISO 

1 

2:i 5 

2t 0 



Ah Table? shows, the rati(» is l>y no means constant. 

J- hp 

Later, von Wartenborg represented the dependence of ‘Ij'* on 

i bp 

Tbp by the equfition 

7.4 log Tip + 1.98r,, '(la'w/) 

J bp 

but other similarly constructed formulas have also been sug- 
gested (Nernst, doForcrand).* 

In order to obtain an exact expression for other specific 

i bp 

constants besides Tbp must l>e taken into consideration. As 
the last column of Table 20a shows, the equation 

Afti, _ 4 571 Zof/TTo /- __ 1 

Thp [ _ ^ 

i?n 

^ * See Lewis, W. MeC , loc, ett , 2, p. 75 et svq. 


( 1256 ) 
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derived by Cederl)erg is iipparcntly rather good. The ratio 



according to this ccpiatioii; depends very much on the 


critical pressure tto. Since this quantity is closol}'- related to the 
constant h (sec lip (121)), which is a measure of space occupied 
by the atoms, it is clear that substances with large atomic 

volume (see 261) should show abnormallv small values of 

I bp 


(Na, 20.2; K, alxmt 19; lib, about 17.5), while substances with 
r(»latively small b (small atomic or molecular volumes) should 
have large values for the ratio. Relatively high values of 
Abpj and, tlierefore, also for the ratio, are to be expected if the 
substance polymerizes into larg<‘r molecules in the luiuid state, 
since in such a case the heat of cvap<jration includes a heat of 
depolymerization. Whether the high value of the ratio for 1120 
is due mostly to the influence of polyna^rization, which is certainly 
present, or to the relatively small value of h is still in doubt. 

*IIil<lel)ran(l^ gives an important rule involving the entropy 
of evaporathm, ?.c., iho heat of vaporization divided by the 
tem]KTature at which the vaporization takes place. In order 
to repr(\s(*nt the entropy graphically, lOq. (see 129) is put 

into th<‘ form 


(I loff p __ A 
d log T “ W 


(i:u/0 


A 

Now jT is the entropy, so that, if log p bo plotted against log T, 

the tangent to the curve at any i)oint is eciual to the entropy 
divided ])y R. Ry plotting a number of such curves, it was 
found that the points where their tangents had the same slope 
w<'re on a straight lino which could l)c n^prescnted by log p = 
log T + Ky wh('re K is a constant. If the vapor obeys the gas 
laws, then p = vRT and log p = log T + log Rc, therefore K = 
log Rc, and along such a line the concentrations must be constant. 
Hildebrand therefore state's that: “t/ic entropy of vaporization 
for normal liquuh m the mme when evapm'died to the same co/icca- 
trntion, i,e,, when the final mean distance between the molecules of 
vapor IS the same.'* It must lie ('mphasized that Trouton’s rule 
makes the comparison at constant pressure (1 atm.) and not at 


» * J. Am. Chem. Sor , 37, 070 (lOlfi), 40 , 45 (1018). 
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constant concentration, and under constant-pressure conditions 
the entropies are not the same. In order to compare the results 
by the two different rules, the following table shows the values of 

RT constant concentration, and at constant pressure 

with the corresponding temperatures Trone- and Tpr.^ 


TaHLE 20/> — COMPAIUSON OF HlLDEUllA\I>*8 AND TkOUTOn’s RttlES 


Substance 

A 

RT.on. 

A 

f riiiif 

7 pr 

N, 

13 8 

n 

55 

03 

(>2.. 

13 8 

HBH 

75 

SI 

Cl,. . 

13 0 


104 


Pentane 

13 5 


250 

200 

CGI 4 . 

13 5 


204 

205 

Cell. . 

13 7 

13 7 

208 

290 

ITg... 

13 1 

13 5 

500 

533 

Cd. 

13 2 

14 S 

OSS 

008 

Zn. 

13 2 

15 1 

1130 

1030 

Nil, 

10 2 


200 


HaO . 

10 0 


325 


CiUiOn 

10 7 


307 



*This table shows that for normal substances is con- 

H 1 , ^n, 

siderably more constant than 1*77 “ and, further, that it does not 

III pr. 

vary systematically with temperature. The effect of ass<’ciation 
on the constant is indicated by the last three values. 

122. Heat of Fusion and Melting Point. — The heat of fusion is consider- 
ably (about ton tunes) smaller than the heat of vaporization at the boiling 
point, at least for substances which, iii the sense of 61 and 76, inny be con- 
sidered as simple moiioatoinic solids. A relation analogous to Trouton’s 
rule between the atomic heat of fusion A/ and the melting point T*mp is thus 
found to be 

A/ = approx. 2 2 T'mp. (126) 

^ * The value of log Rc in column 2 is —05 corresponding to a concentra- 
tion of .00507 moles of vapor per 1. In column 3, log p =» 2.0, p being 
expressed in 7nm. Hg. 
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As Table 21 shows, a marked change of the ratio with tcinpcrature 

i mp 

IS not discernible in this case, ns in Trouton’s constant Relatively small 
diifcreiiees in the value of this ratio are found when tlic elements arc chemi- 
cally related (c (/., K, Na, Cu, Ag). 


''J''ahle 21 — Heat of Fusion and Meltino Point 


Siihstaiicc 

A/ 


A/ 

r*; 

Ar... . 

:U)8 

88 8 

3 2 

Hk 

51)4 

284 

2 35 

K 

1)2.') 

335 

1 87 

Na 

7:m 

370 

1 97 

PI) . . 

1150 

600 

1 92 

Zn . . 

1S30 

601 

2 65 

CM 

1570 

504 

2 65 

A1 


080 

2 28 

Ag 

2:f70 

1288 

1 92 

<M 

2780 

1856 

2 02 

1 


123. Transition Velocity (Velocity of Crystallization). — The 
vehjcity witli which one phase transforms into anotlicr depends 
entirely upon the rate at w’hich heat is added or removed, pro- 
vided the two phases wore in e(iuilibriuiu initially. For instance, 
a li(iuid at constant t-emperature can be evaporated only as fast 
as the heat necessarj^ for its evaporation is added. The velocity 
of gnjwth of a single crystal, in its melt, along a definite direction 
(the so-called linear velocity of crystalhzaton) depends alto- 
gether on the speed with which the heat set free in the process 
is conducted away from the crj'stal. I'his is true at least in the 
vicinity of the melting point. 

If the addition or the removal of heat is sufficiently rapid, the 
transition from one phase to another usually takes place without 
delay, provided a certain amount of the phase to be formed is 
present. An exception lo this rule is the crystallization of liquids 
(glasses) which are cooled far below their solidification point 
they are “supercooled*’;. Such liquids in all cases crys- 
tallize with extreme slowness. The transition from one crystal 
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phase to another in the solid state is also an exceedingly slow 
process and in many cases great patience is required in order to 
determine even the direction in which the transformation is 
taking place. In other cases, however, these transitions among 
allotropic modifications take place rapidlj" and, strange to say, 
even at very low temperatures. For example, in the transition 
between the solid forms of oxygen at 28.5 and 42.5® abs. only 
slight delay has been obs(»rved. 

The transition may Ix' considerably delayed, if only one of 
the idiases is present in the beginning, ? e., tlu‘ transition ])oint 
(boiling point or eiystiillization point) may be considerably 
exceeded without the formation of the new phase. In the liciuid- 
gas transformation it is thus possible to follow along the branches 
FM and f/.V of tlic curve in Fig. 27. In these cas(‘S the substance 
is said to be a suporsatiiratcxl vapor or a supc^rheated luiuid. 
On the other hand, an overheated solid has never been observed 
with certainty. 

The <lelay in the transition, which under the proper condi- 
tions, may continue for a long time, can often be rapidly removed 
by various external intluonces. One of the best ways is to intro- 
duce a small amount of the desired phase. For example, crystal- 
lization can often be started by ‘‘inoculating*’ the melt with a 
tiny crystal of the new phase. Sui^erheating a laiuid can usually 
Ix) avoided or removed by any sort of small gas luibbles. In 
other casi*s the presence of foreign substances is suflicient to pre- 
vent the (U‘lay. For supersaturated water vapor (also other 
vapors) the presence of dust particles or even gas ions which will 
serve as condensation nuclei caus(.'s water drops to* form 
immediately. 

Kspc'cially intori'sting arc those cases in which the new phase 
suddenly api)ears after a time, without any visible external assist- 
ance. Since it is relatively (*asy to cool a numlier of molted solids 
very much below the crystallization point (the phenomenon is, of 
course, limited to substances of rather high molecular complexity), 
the circumstances under which the transition luiuiil-to-solid 
(crystallization) takes place spontaneously could be investi- 
gated with some degree of accunicy. The result was as follows: 
Upon cooling below the crystallization point, er^^stal “nuclei,*' 
or centers from which crystallization spreads out, are first 
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formed in the uiid(‘reool(Ml luiiiid. In many eases the veloeity 
with wliieh thes(» nuelei form is very small just ImjIow the melting 
])oint, inor(*ases as the t(»m|M‘rature drops, passes through a 
maximum, and by still furtlu^r umhwooling decreases to zero. 
The presence of the nucha does not necessarily lead directlj" to 
the formation of eiystals. At sulficiently low temperatures the 
nucha nanain latent — in general, this is the case wlum the liquid 
is very viscous — and only when th<‘temp<‘rature is again increased, 
perhaps up close to the melting point, do the nuelei begin to 
grow into visil)lc crystals. If the velocity of formation of these 
nueh'i is suflichaitlj' large just beneath the melting point, then 
the nucha do not remain labait but grow immediat-(‘ly into visible 
crystals. The vehxaty of this nuclei formation depends, to a 
high (h'gree, upon secondary influences. It is always reduced 
by the presence of slight amounts of impuriti(?s. 

On the whole, the velocity with wliich a crystal of a solid 
substance forms from its melt is largely determined by two 
factors: (1) the velocity with which the cent(a*s of crystalliza- 
tion form spontaneously; (2) the linear vehxaty of crystalliza- 
tion. The ratio of these two factors det(a‘min(\s whether the 
crystals of th(^ solidifie<l substance w-ill be large or small. 

Interesting investigations on the velocity of formation of 
crystals from vapors (in extnanely low' conciaitrathui) have been 
j)erform(»d by AT. \'ollin(»r,^ which secaii to give fi very much 
b(d.ter insight into the real mechanism of crystal growth than the 
investigations upon soluti<ins and melts. 

6. Tiii:rmoi)V.vamio Kklatujns 

124. Equilibrium between Several Phases.- The empirical 
fact that a solid or a luiuid substance at any given temjKjrature 
has a definite vapor pressure inaj*’ be considered as a necessary 
conseiiuenco of the Second Law. Assuming that a licpiid could be 
in e(iuilibrium with its vapor at various pressures (at the same 
temperature), it could tlujii be evaporated at a higher pressure, 
next jHTform work by expanding, and, finally, be condensed at a 
low'(»r pressure into liquid. Since this proc(\ss could l)e repeated 
as oftem as desired, any amount of work could be performed at 

» Z. Physik , 6, ;u, ISS, 7, 1, 13 (1921). 
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tlic (‘xpcnsc of tho hojit of llio surrouiulings, or, in other words, 
a perpetual motion of the second class would be realized. 

In a similar way, thermodynamics requires that three phases 
can be in equilibrium only at a definite point, the triple point, 
or, what amounts to the same thing, that the three transitiem 
curves must always intersect at one point. If the sublimation 
pressure at the melting point were higher than the vapor pressure 
of the liquid, then the solid would sublime continuously and 
condense as a liquid. A transition from the solid to the liquid 
state would take place through the gas phase, a process whi(?h 
could be used to ix^rform work. The liquid thus formed can 
again be converted directly into the solid state without th(» p<‘r- 
forinance of work (since the melting point is defineil as the e(iui- 
libriuin point between the solid and iKpiid phases), so that the 
system would riivcrt completely to its original state and y<»t have 
performed work. In order to remove the possibility c)f a per- 
petual motion of the second class, it is necessary that t he vapor 
pressure of the li(iui<I and the solid bo ecpial at the melting point. 
Three transition curves must, therefore, intersect in one point, 
which is in agreeiiKjnt with experimental results. 

It will be seen at once that the sublimation curve must have 


a steeper slope tlian the* vapor-pn'ssure curve, i c., 



> 


(dp\ 

\dTJ„„p 


In every case, that phase is stable which has the lower 


vapor pressure. This results from the following consideration: 
If two phases which have dilTerent vapor pressure's exist toj^ether, 
then in the course of time the phase with the lower vapor pres- 
sure will increase at the expense of the other,^ i.e., the phase with 
the higher vapor pressure is unstable. Since the liepiid is 
unstable below the freezing point, it has a higher vapor pressure 
than the solid. It follow's that the prolongation of the. vapor- 
pressure curve for the lujuid below its freezing point must lie 
above tlie sublimation curve and therefore have a less steep slope 
than the latter (see Fig. 30). 

126. Heat of Vaporization and External Work. — Since a 
transition usually involves the performance of a certain amount 


^ * This IS simply a distillation from higher to lower pressure at constant 
temperature. 
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of work against external pressure, it is frequently convenient to 
divide the total thermal effect Q into external work performed, 
and change of internal energy: 

Q = U + A. 

In the above case Q corresponds to the total heat of vaporization 
A; U to the internal heat of vaporization A,; and -1 is the external 
work pc»rformed. 

Since this change of state is a process taking place under 
constant pressure, then from (44a) : 

*4 = “ i’2) = 

in which «.’i is the volume of the new phase, that of the disa|)- 
pearing phase, and Ar the difference between the two. In the 
special case of vaporization at low pressures, ro is very small in 
comparison with vi and may, therefore, be neglected. At the 
same time, as long as the vapor approximately obeys the gas 
law, we have, for low pressures, 

A = pifm = RT, 

so that, finally, 

A = A. + 7?r. fl27) 

At room temperature the work RT amounts to about 000 caL; 
the heat of vaporization according to Trou ton’s rule (121) is 
about OGOO cal. The difference between A and A* is thus about 
10 per cent. 

126. The Relation between Heat of Vaporization and Tem- 
perature. — A simple relation between the deiKjiidencc of heat 
of vaporization upon temperature and the specific heat may l>e 
obtained by the following consideration: The system licpiid- 
vapor is first at the temperature T and is then heated at constant 
volume to r + dT. In the heating process not only the heat 
required to warm the gas (as determined by the specific heat) 
must be added, but also a certain amount necessarj^^ to evaporate 
a portion of the liquid, since the vapor pressure has increased. 
Let the volume ratio be so chosen that just one mole is evapo- 
rated. The heating and the evaporation may lie imagined to 
take place in steps: First heat the liquid to the temperature 
T + dT without evaporating any of it; it is thus in a superheated 
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state. For this purpose the heat CpjlT is necessary. (This 
statement is not (luito (M)rrect, sinec the pressure in the gas space 
is not constant, hut slightly increase's due to the teni])crature 
incn'ase.) The superheated licpiid is then evaporated at the 
temperature T + (IT xnthnit performing work, i.c., the internal 
heat of vaporization At + is consumed. The sj'stem is now 
cooled again hy first undercooling the vapor, thus setting free 
the heat dT, neglecting the trifling contraction in the volume 
of the li<|uid. Finally, the gas is condensc'd at the temperature 
T hy which the (luantity of heat A, is liherat(‘d and the system is 
hack in its original state. 

From the First I^aw it is obvious that the sum of all the 
ahsorlM'd and liherah'd eiKTgU's in the procc'ss must ho z('ro, since 
otherwise the construction of a perpetual motion of the first 
kind would h(' conec'ivahlc. Thus (by disregarding some trifling 
quantities') th(^ n'lation 


or 


+ A. + r/A. - (\^flT - A. - 0 


(IXt 

(IT 




(12S) 


If it is assumed that the hleal gas law holds for vapors, then 
('j,^ — a may he substituted h)r (l'’q. (,77)) and A — /fTfor 


Ai ( I^q. (127)), so that for the total heat of evaporation we finally 
get 


ilX 

(IT 


= C 


^*1 




(/2Sa) 


However, it must oiiee iiioie he emphasized that this relation is not 
rigorous hut contains scveial simphfviiifc assumptions, namely, that tho 
speeihe volume and the eompiessihihl y of the licpiid arc small in eompaii- 
son with that of the ^as, and that the ideal law is appheahle to vapois. 
If it is not permissihle to make these assumptions, a eorrcetion term must 
he added to the ri^ht side of E(i. (\2Sf(), amounting to 


\oT or)] 

i^iiT increase of vaimr pressuie with lempcratuie^ 

Asa test of K< I (l2Su\ some experimental values for and — ^p 2 
are compared in 'i'ablc 22, columns 4 and 7. 'Fliis shows that the simplified 
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K(l. (12S/i) is satLsfied by the experimental results for water vapor only at a 
pressure of about ^ fo atm , where the acciiracy is appro\iinately 2 pcT cent. 
At atmosphene pressure tlie deviation is already more than 20 per cent. 
Taulk 22. — AiM'Ln vTio>r ok Mq (12Sfi) to Wvtkii V\i»ok 


T 

p atm 

A (vtiL) 

i/A 

tir 



C — c 

* 1»J * J», 

[m 

0 072 

lai'io 

-ns 

S 20 

IS (X) 

-n so 


■ V n 

lOHU) 

-10 

S 21 

IK 0.') 

81 




-10 S 

S 2S 

IS 10 

-0 S2 

:i7:j 

1 0 

072() 

-11 .■) 

S 22 

IS ir, 

-0 S2 


127. Heats of Sublimation, Fusion, and Vaporization. — On 
the basis of the ('iiorgy prineiplo, wo must litivo at the melting 
point: 


[Ai,tJ,4,i (lu'Jit of sublimation) [Ai, «]»»/. vaporiza- 
tion + [Ao.a] (heat of fusion), (129) 

because the energy involved in the conversion of a solid sub- 
stance into a gas must bo the same whether the conversion takes 
place directly, or indirectly through the liquid state 
l^kpiation (1 28a), which, obviously, is just as aiiplicablc to the 
sublimation as to the evaporation i)rocess, upon integration up to 
the melting point gives 

[A,.,]™„ = Ao + (130) 

and, further, 

Ai.* = IA,.,U„ + XT - rjr/r, 

if Ao is the heat of sublimation at the absolute zero and the index 
mp refers to tluj melting point. Therefore, with respect to 
lOip (129) we get 

A,,* = Ao +X'"'C^ V. - - \t + Xr - C,),n\ (ISOtt) 

Accordingly, it is possible to calculate the heat of vaporization 
or sublimation of a substance accuratel}'- at any temperature as 
long as the pressures arc small (/.c., Hrp (128^) is valid) and 
provided the heat of sublimation at the absolute zero, the heat 
of fusion, and the change of specific heat of the solid, liquid, and 
gas with temperature are known. 
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128. The Clapeyron-Clausius Equation.- -For the relation 
between the equilibrium pressure of two phases and the tem- 
perature, and, in particular, the relation ])etween the vapor pres- 
sure of solid or licjuid substances and temperature, the First and 
Second laws ftive a formula which is of fundamental importance. 
This was first derive<l by ( 'lapeynwi (1834) on tlic l^asisof Carnot’s 
“inatiMial” h('at theory,' and later by (’lausius on the basis of 
the modc'vn (mechanical) theory. The formula thus bears the 
name of both men. 

'Jlic Clapeyron-( lausiiis ecpiation, like many thermodynamic 
formulas, refers l)ack to the fundamental l^q. ( 19), from which it 
may be derived directly ])y considering a cyclic process in which 
heat is rev(‘rsil)ly transferred by evaporating a licpiid in a warmer 
h(»at rcs(»rvoir at the vapor prc»ssuro p, and condensing the vapor 
into a colder reservoir at the vapor pressure p — dp. 

For th(^ performance of such a cyclic process a fusion or transi- 
tion between two allotropic states can be used quite as well as a 
vaporization process. If the process is limited to a very small 
temperature ditlerence dT between the two hc'at containers, th(*n, 
similar to the deriv’^ation of I^<i. (51), the heat transported directly 
due to the heat capacity of the substance can be negl«‘cled. The 
heat Qr them corresponds directly to the heat of evai)orati(»n A 
(see 126). 

As the total amount of work oldainable from this proec'ss wo 
have = dp(v\ — ro), in which dp is the increase in pressure 
corresponding to th(^ temperature increas(^ dT, and {vi — 1 * 2 ) 
is the dilTerence between the molecular volumes of the vii|)or and 
the condcuisato. If this value is put in Eq. (49), the Clapeyron- 
Clausius eciuation results.- 


A 



dp _ A 
dT ” T{ri - VoS 


(131) 


Th(^ consideration of a special cyclic process is unnecessary 
if Eq (51) is applied, since this equation is obtained from a 
general cyclic process. 'Ilie maximum work At performed in an 

1 Soo fooliioto. to 19. 

-• For more dotuils llio rcador slioiild consult Lewis, G. N. and K andall, 
M jloc f?/ ,p. l.Sl.MAf'DoufjAT.L./rir 12S,8ACMTn,“Thciinochoiiii.stry 

and Thcrniodynnniics," p 209, Macmillan Company, translated by Gibson. 



PHYSICAL THEnMODYXAMirS 


185 


isotheriiuil evaporiitioii fsiiico the pressure is also constant) 
is given by 

At = p iri - r2). 

It follows, tlicrcfore, that 

/dAr\ dp . V 
( dT ). (ir 

since p is independent of the volume, and the partial dilYerential 
(dr) replaced by the total. 

This again leads directly" to Eq. (131). 

129. The Behavior of the Vapor-pressure Curve. — If the 
CUapeyron-Clausius equation is applio<l to the evaporation (or 
sublimation) process, it will be found ixissible to calculate the 
heat of vaporization from the change of vapor pressure with 
temix^rature. 

As an example, the heat of vaporization of water, for which 
the vapor pressure has been measured very acreuratt'ly, may b(? 
calculated. The vapor pressure at 99.9°C\ is 757.29, at 100 1®C., 
7(i2.72 mm, Ilg. The differential coofBcient is thus very nearly 
dp 702.72 - 757.29 5.43 

dT “ 


= 27.15 mm. Ilg = 0 03575 atm. 


0.2 0.2 
per degree. The volume of a mole of water vapor at 373.2® ahs. 
is IS.Ol X 1.0505 L] that of a mole of the liciuid is 18.01 X 
0.001043. Then from Eq. (131) we get A = 373.2 X 0.03575 X 
18.01 X 1.049 = 390.2 l.-atm. = 9590 cal., while the directly 
detcn’inined calorimetric value is 9050 ral. 

However, what is more important than the calculation of the 
heat of vaporization is the circumstance that this formula, <.‘ven 
though it has a differential form, repnjsents an exact etiuaiion for 
the vapor-pressure curve. In order to integrate it, the tem- 
perature function of both Vi — r 2 and A must, of course, bo 
known and, in general, cannot be presupposed. For small 
pressures, however, some simplifications are permissible. In the 
first place r » (li(iuid) can be neglected in comparison with vi 

KT 

(gas) and Vi can be replaced by 


P 


Thus, Eq. (131) transforms into 

1 dp _ d In p ^ 


A 


p dr " dT RT^ 


(131a) 
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from which, on intcgrntinK> 

ill P = J" liT^ Const., 
or, integratinp; over the temperature interval Ti to T 2 , 

ft 

If A is in(l(*pon(lcnt. of the teniporaturo, it follows that 

h, i‘' = V 

1)2 HT.Ti 


(131b) 

(131c) 

(131<0 


liven when A varies with temperature, Eq. (131a) mny still he 
fnniuently used, provided the temperature interval is wlatively 
small. If it is attempted to apply this c(]uati()u directly to largo 
temperature intervals, a value of A is obtained which does not 


agree with that of the mean value 


T1 + T2 
2 


but that of some low'er 


temperature. If, for example, the values for \vater vapor 
are substituted as follows: pi = 1 atm., p 2 = 0.00603 atm., 
Ti = 373.2°, T 2 = 273.2°, the value obtained for A is 10320 cal., 
which is the correct value for T = 313° and not for that of the 
mean temperature 323.2°. 

In order to evaluate the integral Eq. (131b) over a largo tem- 
perature inten'al, we must turn back to Eq. (128«) or I’ki. (130) 
and be limiled to the vaporization of solid substances. 

By introducing Erp (128«) or Eip (130.) into Eip (131b) the fol- 
lowing formula is obtained : 

V ' 

ill 1' = -yJr + / . (131c0 


which, in general, holds good only for small pressures (where the 
ideal gas liuv is applicable to vapors). 

The indefinite integral in Eq. (131b) must again be replaced by 
a definite integral so that the integration constant also acquires 
a definite numerical value. To do this, C,,i is resolved into one 
constant part {Cp^ and one part {€, ') which is deiiendcnt on the 
temperature and is due to the energy of molecular vibration and 
perhaps also rotation. The part of the integral in liq. (131c) 

/I 

which corresponds to Cp, is then simply equal to ■ In T. 
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Now, since at very low temperatures Cp^ is proportional to T®, 
and C't (assuming the validity of the Einstein function 15q. 
(98a) or a similar relation) in any case decreases more rapidly 
than not only the integral JT^ (('/ — but also the expres- 



Cp)(lT vanishes for T = 0. It is an advan- 


tage to choose the value T = 0 as the lower limit of the previ- 
ously indefinite integral (the upper limit n^tains the variable 
value T), In place of the undetermined constant {('omt.), 
a fixed numerical value, which is designated by the symbol z, will 
be used in the following. 

Eiiially, if ordinary logarithms an? substituted for the natural 
ones an<l li = 1.985 ca/., the vapor-pressure formula takes the 
form 


login V 


A() 

i.57ir 


+ 


r 


/'ti 


1.9S() 


log\\\ T + 



- + z, 


( 131 /) 


in which it will be used later in the exact thermodynamic calcu- 
lation of the chemical equilibrium (see 226). 


130. The Vapor-pressure Curve of Liquids.- -In onlor to obtain the vapor- 
])ross\irc cun'c for ii IkiuuI, Kq (liiOr/) is to bo .substituted in Imj (J31c) 
and tlio iiitOKration porfonncMl botweon the melting point 7 m,, and any other 
temperature T. It tlien follows that 


log p — log p„,j, = 



Ao + 



— CpiUlT — p, 

4 57ir^ 




(f*p, Ci^AdT 


dT. 


Sinre the vapor prossurc.s of the lifpiid and solid pha.sp.s must be the same 
at the melting point, log pmp m this equation may be leplaeed by the value 
given for it bv Erj f 131/), while T is put equal to 7’m,, overyw here ewept in 
the internal integral. In this way the following efpialion is finally obtained 


log p 


Ao 

4 5717 


’ + i:986 


■*■4571 



T 

Cr^dT 
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For the case where it is pcrinisbihle to put C't = 0 and Cp 2 = Const., 
which occurs quite often, the following is ohlnincd after several trans- 
formations: 


w here 

J Ao , #*0 ' 1 ni , /,/ 

log l> - ^ - logl + ( , 

(1.32.t) 


Ao' = Ao — As. 1 — + / I'l’t'l’l’ 

(i:m) 

la the extrapolated heat of vaporization of tho liquid at the ahsolutc zero and 
all the terms indopondont of tcinpcr.atun» aro suininod up in tho constant . 


r — c 

\ ;i- ' J*. '• P 

- -1.980 '‘’<'^’-+4 571 +' 

(laiv) 


131. The Chemical Constant. — It is obvious that the absolute 
value of the vapor pressure can be stated only if the integration 
constant i is known, llccause of its importance in the calcula- 
tion of the eciuilibrium of the chemical gas reactions, this constant 
is generally known as the chemical constant. In order to deter- 
mine this ihvordiailhj, it is necessary to turn to kinetic considera- 
tions, since the thermodynamic laws are not abl(‘ to say anything 
al)out it. In spite of the completely different methods with 
which the various investigators* have attacked the problem, they 
all agree in giving the following formula for monoatomic sub- 
stances: 


i = /c(7]o -■ 


C2ir)'^k^^ . 3 




+ Q -1 , 


fl33) 


in which, except for the atomic weight -^1, all the quantities are 
universal constants and, what is even more noteworthy, the 
Planck <iuantuiii of action, which is so important for many 
atomic process(»s, also appears. If the numerical values of the 
constants arc introduced and p in hkj. (131/) is expressed in 
atmospheres, then 

i = — 1.587 + 1.5 logioA, (133a) 

1 SACKint, 0., Ncmstfestschnft, p. 405 (1912), Pht/aik. 40, 67 

(I9i:i). Tetuodk, H, Ami Phi/sik\ 38 , m; 39 , 255 (1912), Amst. Pme,, 
17, 1 167 (1915). Stkkn, < ) , Phymk Znt , 14, 629 (1913). Ehuenfest, P., 
jwid 'I'kkai., V, Ann Physik. 66, 609 (1921). Sec tlic artidc in “Krgeb- 
msse dor exakten Naturwisscnschaftcii," 1, 145 ct seq , Berlin (1922) and also 
footnote to 222. 
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It is possible to derive an analogous forniiila for polyatomic 
molecules, but this involves the main moment of inertia of the 
molecule as well as the atomic weight. Since in many cases 
this moment of inertia is not accurately known, the formula has 
but little practical value at present.^ 

In order to determine i empirically according to Eq. (181/) and 
thus test the theoretical Eq. (133), it is necessary to have a 
knowledge of the vapor pressure and heat of vaporization at one 
temperature 2’, and the change of the molecular heat of the 
vapor and condensate with temperature between 0 and T®. The 
heat of sublimation at 2’ = 0, which appears in Kq. (131/), is 
obtained from Eq. (130). If the molecular heat of the gas is not 
accurately known in the vicinity of absolute zero, an extrapola- 
tion of the values determined at higher temperatures must 
suffice. In any ease it must be remembered that neither Ao 
nor i represent true values but have only the significance of 
extrapolated values. In an actual calculation, the nec<\ssity of 
using a value of Ao found by extrapolation instead of a directly 
determined value never makes an important difference in the 
final result. For i, even when it is to be applied at high tempera- 
tures, such as to the calculation of chemical equilibria, the use 
of an extrapolated value is of minor importance, provided that the 
same value of Cp^ (for the gas) upon which the determination 
of i was based, is used at the same time 

For a number of substances the integration constants i can be 
determined by the methods just described. The values found 
are given in Tables 23 and 21, in which the limiting value of 
(■,.0 used in the calculation of i from Iki. (131/) is also given. 
The value for //2 in Table 24 canlKJUsed only at liigh temperatures. 

If the vapor-pressure curve of the li<iuid is follow(»d below the 
freezing point down to the absolute zero by ilelaying the crystal- 
lization, then Kq. (131/) can, obviously, be retained unchanged in 
form for the luiuid. In this case Au becomes the heat of vaporiza- 
tion of the liquid at absolute zero and f is to be replaced b}'' C',„. 

On the basis of the Neriist Heat Theorem (see 224) it may be 
shown that, according to this method of treatment, the chemical 

^ * See, liowevcr, the article hy H C I'hey, J Am. Cht m Sar , 46, 1446 
(1923). References to the works of Tolinan, Ljitiiiier, Eastiniin, and others 
are also to be found there. 
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constant of the liquid has the same value as that of the solid. 
Kven if the substance exists in several solid forms, its chemical 
constant retains the same vtilue throughout. Therefore, the 
general statement may 1x5 made that the chemical constant of 
every substance has a definite value which is independent of the 
nature of the condensate. 

TaULK 23. — lNTK<atVTU)N (’OXSTANTS ((^IIEMIC'AL C'oVSTA.NTh') F<»U MoNO- 
A'roMK’ SUHSTAN’CES^ 


Sulihtaiicc 

1 ohs. 

/ (•••ill*. 

Ar. 

Zn 

Cd 

Hk ... 

-1 11 ±0 10 
+0 79 +0 0l> 

+ l 15 ±0 05 

+ 1 52 ±0 05 

+1 S3 +0 03 

-1 14 

H-0 SI 
+ l IS 
+ 1 49 
+ l SO 

‘ Si'«* also Simon, F Z jihytuL ('hem , 110, .">72 (lUJ-1) 

* AtMonliiiR to it^ thcriiial behavior at low teniia^ratures (see 02) the iiioleeiiIi> Ha may be 

considered as iminoatoiiiie. 

T\hle 24. — Intk<jiiatio.v Constants (Chemical Const v.nts) for Poly- 

Ai’oMif’ Suiistances' 


Sul)s|jiiici» 

i oils 

(rMli- ) 

NO 

+1 r, 

0 90 

ih 

-i-o 7 

ti 9(> 

N.. 

0 

0 90 ) 

a) . 

0 

() 90 

CO 5 

+0 9 

(i 9(i 

NH, 

__2 2 

S 01 

IbC) .... 

-2 1 

7 95 

H 2 .. 

-3 7 

() 90 


> Sfc ulflu Kuikln, a , Z Phy'tik , 29, 1 


* However, in the more recent work of Simon, ^ and of Gibson 
and CJianquf® on the specific h<*at «»f Klycerinc, it htxs l)een found 
that the spccihc-hcat curve of this substance shows a sudden 

» • .1/01. Physik , 68, 241 (1922). 

» * J. Am. Chan. Site., 46, 93 (1923). 
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incrcam at about 180® abn., the point of softening of the super- 
cooled liquid. 

■"The latter authors interpret their results as indicating that 
at the absolute zero the entropy of a supercooled lujuid is greater 
than that of the crj'stalline solid, since the specific-heat curv'e of 
the crystals dt»s not show the same phenomenon at 180® ahs. 
Inasmuch as the entropies in the two states arc not the same, 
it would appear that their chemical constants must Ihj slightly 
different. This supports the earlier statements of Lewis and 
(lil)son,* who claim tliat the Heat Theorem cjin hold rigidly 
only for jx*rfcct crystals and not for solutions and luiuids. 

132. Application of the Clapeyron-Clausius Equation to the 
Fusion Process. — 'Hie Claix'j'ron-Clausius etpiation can lie 
applie<l to the fusion of substances as well as to the cvaiM)ration 
and sul)limation, but in this case no simplifications are possible. 
Several examples of this application of the formula arc given in 
Table 25, in which the change of melting iwint under a pressure 
of 100 aim, was calculated according to tlie following equation: 

.^2, I 


AT = 




Since the volume of the li()uid is sometimes smaller than that 
of the solid (1120, Hi), the term ('j ’2 — r.t) becomes negative and 
in such cases a decmisc of the melting point is observed as the 
jircssurc increasi's. In gwieral, however, an increase is found. 


'Pable 25 


Sul»si:mrr 

T 

Ilrat of 
fuMon, 
raloiios jH*i 

— 


prani^ 

Sn 

TiOl 

11 25 1 

(M . . 

rm 

15 70 i 

l*h .... 

m) 

5 57 ‘ 

Hi.. 

514 

12 « j 

ir,() 

•J7:i 2 

79 07 ! 

CMIfi 

27S 4 

:io <’) ! 

1 


fr. - Vs) uy 
fiiliir (MMili- 

for 100 atm. 

JUT 

irrain 1 

(\-»lc. 

01>s. 

5 SOI 1 

1 0 5.M 1 

1 0 52S 

5 01 

0 591 

0 029 

5 071) 

0 S52 I 

1 0 so:i 

- 5 42 

; -0 557 

-0 556 

- 9 10 

-0 755 

I -0 70 

15 01 

2 SOO 

2 90 


1 Wlu>n iiMod in Kq (Kilf/), the licnt of fusion iiiiist be oxpiitued iii cc ofira (see Tabic 1 ) 
> • J. Am Chem. Stic., 42, 1529 (1920). 
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c. Kinetic Tiieoby 

133. The Equilibrium: Liquid-gas. — The transition between 
any two phases, as has Ixjen shown above, maj' bo treated 
uniformly by thermodynamic means, but from the kinetic view- 
point very considerable differences develop. 



Qualitatively, the equilibrium, liquid-gas (or solid-gas), may be 
explained kinetically as a balance set up between all the forces 
acting on the molecule similar to that discussed in 106. For 
this purpose it is only necessary to represent the various pres- 
sures (repulsive, attractive, thermal, and external pressures) 
which act upon the molecule as a function of the molecular 
distance or volume (Fig. 32). The resulting force, which is 
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represented by the solid line, generally intersects the zero axis 
three times, in three placc\s no force is acting upon the mole- 
cule. Of these three intersections, only the first and third cor- 
respond to positions of stable eciuilibriuin,' the first represents 
the luiuid, the third the gas. In order that both liquid and gas 
should exist together, it is o}>vious that both efiuilibrium posi- 
tions must be equally stable. Otherwise, due to accidental 
fluctuations in the forces, all the molecules would gradually 
migrate to the more stable position, just as a stable mechanical 
eciuilibriuni upon being shaken can finally be shifted into a still 
more stable c<iuilibrium. The two phases are to be called e<iually 
stable when, on the average, as many molecules go from the first 
phase to the second as in the opposite direction. This is by no 
means always the case, and, in fact, it liappens only when the 
four forces are c(iualized in a definite way. l^he zero line in 
rig. 32 must be so placed that, (m the average, just as many 
licpiid molecules can exc('cd the molecular attraction (the mini- 
mum of the total force) as gaseous mol(»cuk\s can exceed the 
small maximum. At a given tcmix'ratun' this is possible only 
at a definite external pressure. If this pressure is decreased, the 
maximum Ix'comes higher and thus the third position (gas state) 
becomes relativel}” more stable, i c., the sulistance evaporates. 
If the pressure is increased, the maximum decreases and the 
transition to the liquid state is favored. This explains why liquid 
and vapor can coexist only at a definite external pressure. 

134. The Vaporization Process. — The mechanism of the 
vaporization process itself may l)e imagined as follows: The 
majority of liquid molecules which approach the surface at a 
certain velocity from the interior arc checked by the attractive 
force of the other molecules and forced to turn back. Only those 
molecules which reach the surface with an abnormally high veloc- 
ity can pass through this zone of attraction with sufficient 
velocity to get out into the gas space. From the other side, all 
the gas molecules rushing towards the liquid surface come within 
the range of the attractive force and are drawn into the liquid. 
The condition of dynamic equilibrium demands that as many 
molecules evaporate as condense. 

* It will be rcincnibcrcd that tho secoiui root of van der Waala' equation 
likewise corresponds to an unstable state. 
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The number of molecules with velocities sufficiently great to 
pass the zone of attraction is given theoretically by the Maxwell 
distribution law, which can be claimed to hold for li<iuids as well 
as gases. Figure 13 shows that the number of molecul(\s with 
velocities above a certain limit, say, the line AB at 050 //?., 
increases very much with increasing temperature. This (ixplains 
the rapid increase of vapor pressure, for, if the number of mole- 
cules continuously flowing into the licpiid state increases, the 
density of the vapor, and thus its pressure, also increases until 
the number of condensing molecules, whiidi has also incnxisiMl diM5 
to the increase of density, is sufficiiMit again to establish the 
dynamic equilibrium. 


136. The Kinetic Calculation of the Vapor Pressure. — I'roin kiiiotu* 
considorations various authors (K Oiiiivs, Du'torin, .Jai*Kc*r, ami others) 
have calculated the vapor pressure hv methods which an* not eiitiri'lv 
similar but liavo the following general foini: 

A'l, 

From the liquid side Vx molecules strike a unit surface niea in unit 


time (see 48) when Vx is the average velwity component perpend n*uhir to 
the surface and Ni%q is the number of liquid molecules per cubic centimeter. 
The factor ' •* occurs because onl.\ one-half of all the molecules have a v«*loc- 
ity component directe<l towards the .surface. According to the si aternents 
in the prece«ling paragraidi, however, it is not perniLssible to use* the con- 
ception of an average velocity component in this case, but the distribution 
of velocities must be considered acconling to Maxwell’s law' in the form of 
J‘l(l The number of molecules in the velocity iiit(*ival betwei'ii 

Vx and Vx + dVx is thus 




Ni.J'M'"- 

2 \2irRT'' 


VV,-’ 

2/^7’ ,/v. 


i 


The number of molecules within this velocity interval which strike the sur- 
face in unit time is 


M 


.VVx* 




( 134 ) 


Now, all molecules having a velocity less than a certain limiting value V< 
will be com])olled to tuni back by the attractive foice of the other licpiid 
molecules. In determining the total number N' of molecules winch pass 
out from the surface, w'e are only concerned w'lth those molecules which have 
a velocity greater than Vi or, in other w'ords, Eq. (134) is to be integrated 
between Vx = Mi and Vx = Vqo and thus the result is 

^ * 2 Jy,, \2xRT v.tfv,. 
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Tlic integration can easily be performed by substituting 


obtaining 




MV,* _ 
2Rf ~ *'* 


if tlio terms independent of Vi are combined in the constant B. llie e\prcs- 

MVi* 

Moii “ 2 " represents the kinetic energy of one mole of molecules moving 

witli the limiting velocity Vi and which arc just able to get into the gas 
sphere Acconliiig to the iirmciple of ctmservation of energy, this amount 
of oiKTgv must he equal to the work performed against the attractive forces 
ill cliecking or “braking” the molecule, i c., it is eipial to the work of vapori- 
zation At low' temperatures the work of vaporization can be put equal to 
the lieat of vaporization Ao, which gives 

2 ='" 


aii<b Ihciefore, 


A"£.« = 


Ni 


lie 


Ao 

HT 


(135) 


'I'lic iiuinber of of molecules striking a unit surface urmi in unit time 
from tlie gas side is (‘alculated in an exactly analogous manner, onlv all the 
molecules, even the slowest, pass the iKpiid surface. The integration must 

thus extend from 0 f o the integral becomes equal to B since v~^dy = 1, 

and tlie constant terms are the same Therefore, 

^ B, (136) 


in which A'p.,, is the number of gas molecules p«»r cubic centimeter The 
condition of dynamic eipiilibnum demaii<is that A’ gai — A hq and hence 

- Ao 

A’,.. = A',.,c 


W hile A’/,, cliangch veiy little with temperature, the gas law must be applied 
to A’,;a,, giving A'„«, = so that for the vapor pressure follows: 


i, = XhtkTc (137) 

or, in another form. 

In p = ConsL^ (137a) 

an equation which at low temperatures is identical in principle with Eq. 
(131c). That Eip (137n) dwis not completely agree wuth Eq. (131c) is 
mainly because the heat of vaporization was put directly eipial to the work 
of evap*)rat.ioii and was assumed to be indei>endent of the temperature. O 
Stern » siu'cecded in finding a kinetic derivation of a vapor-pressure formula 
^ Z. Elvktrochem.f 26, 66 (1019); see also Schaefer, Cl., ThcorcL Physik., 
1, p. 530. 
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which may be connected with the theriiioilynaniic formula at higher tem- 
peratures also and thus leads to an absolute calculation of the chemical 
constant i. 

136. The Process of Fusion. — It has already been mentioned 
that the kinetic difference between the solid, crystalline phase 
and the liquid phase is due to the atoms or molecules of the solid 
substance being bound to definite positions of rest, while in the 
liquid they arc more or less freely movable. 

The transition from solid to liquid has been imagined as 
follows: Below the melting point the atoms vibrate about their 



I 

k 


Fi« 

positions of rest without strongly affecting each other; if the 
temperature is raised, the amplitude of vibration increases, liy 
this means individual atoms approach each other and influence 
each other so strongly that they no longer return to their original 
positions. This phenomenon also may be used to explain the 
diffusion phenomena in solid solutions which arc freciuently 
observed just below the melting point. If th<' temperature is 
still further increased, the numlier of molecules which have been 
deflected from their paths of vibration increases rapidly, until, 
finally, at a definite temperature so few atoms return to thoir 
original positions that the whole structure of the crystal breaks 
down, or, in the usual terms, the crystal melts. 
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K . A. Linilcinaiiu assumes that the atoms can deflect eacli other only 
wlien they touch diinni; their vibrations, and, further, tliat the ratio of the 
atomic radius <r to the mean atomic distance A is constant (Kig. •VA). ith 
ttiese assumptions it is possible to obtain a relatively simple and generally 
applicable relation between the characteristic frequenc}' of the atoms, the 
melting point, and the atomic volume, even though it is only approximately 
correct. 

< )bviously, the atoms can swing out to the limit -'Ll without being much 
disturbed, their amplitude thus ici>rcsents a definite fraction of whi(;h 

may lx* put equal to From Kq f02) the vibrational energy of the atoms 


at this amplitude is 



(92o) 


if it is also assumed that the simple law of linear forces (Kij (29;) is appli- 
cable. Tins amounts to stating that the atoms perform harmonic vibrations 
of the fre<iucncy (see also Eq. (31)) 


yo 


2r \n 


For higher temperatures tlie Ihilong ami Petit law fE(| (07a)) is suffi- 
ciently accurate and, therefore, 

f 'mp i mp 

and, finally, as the re.'sult of Eq (117), 

A*N = r„, 

if it is first assumed that (in all inonoatomic hubhlanc(\s) all the atoms are 
equal and arc* located in cubes ^ 

Hv combining the four previous ocpiations the following eipiation is 
obtained 

}~T 

1^0 = Comt v/- 038) 

^ M Vm ^ 

The term Const in which all the constants are gathered together, must 
be <letermined empirically, since it contains the unknown fraction p The 
** Const ” IS about 2 8 10^- if po is statc'd in reciprocal seconds. A number 
of H'sults obtained from this formula have alr(*ady been given in Table 9, 
from which its a])])licabihty and the approximate correctness of its funda- 
mental conceptions may be seen. 

K Clruneisen* has shown that these conceptions of the fusion process an* 
in good agreement with the empirical facts mentioned in 62, that simple 
solid substances expand a constant fraction (about 7 5 per cent) of their 
volume between absolute zero and their melting points. 

‘ In the considerations in 261, which involve Lindemann's conception of 
the melting point, this simplificntion is neglected. 

2 Ann. Phijsik , 39, 290 (1912). 
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From tlie forogoinK it follows tliiit in ninny respcctn the melting point 
hoars the same wlation to the solid phase as the critical point to the lupiid. 
Therefore, at the vieltinq imint the mrious solid substances arc in corresponding 
states. A iniiiilxT of pro])(Ttios, lint not all, of solid siihstancos can hettor 
be compared with each oilier at the same reduced teinperaturi's, i e., at the 
same fraction of the absolute melting point. The simplest example of tins 
is the case of volume expansion. 

137. Velocity of Crystallization. — From the kinetic conception 
of the fusion process it is quite clear that it is not possible to lu^at a 
solid beyond its melting point. On the other hand, the super- 
cooling of a liquid may be easily understood, since the formation 
of a crystal generally retiuires a certain iirrangement and, above 
all, a definite adjustment^ of the molecules with respect to each 
other, the lack of which is a characteristic of the lirpiid phase, and 
which cannot always be established at once. In general, a cer- 
tain time elapses before the essential number of mok^cules come 
together into the correct positions by purely accidental influences. 
Only after the formation of a small elementary crystal or crys- 
tallization nucleus, which then exercises a certain directing 
force on the neighboring licpiid molecules and forces them to join 
together, does the cystallizjition proceed smoothly. 

For such substances as most pure metals and a number of 
salts (Na(.'l, etc.), the crystals of which are built up directly 
of atoms and not of molecules, this consideration proves to be 
either not at all com'ct or at most correct within ver}” narrow 
limits. Crystallization in this case depends, at the most, only 
very slightly on the arrangement of the atoms, it being suflicient 
for them to join together in just the positions in which they 
happen to lie. Therefore, in no case up to the present could 
supercooling be observed in pure substances, which in the above 
sense can be called monatomic. 

d. Applications 

138. The Production of Constant Temperatures. -In the 
laboratory the most important practical applicat ion of the transi- 
tions from one phase to another is the production of constant 

^ * It IS obvious tliiit the more complex or irregularly shaped the inolinih^s 
of a given substance arc the more diflicult it is to effect tins adjustment. 
Hence, the enormous supercooling which is passible in some organic. iKpiids, 
complex silicates, etc. 
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temperatures. A mixture of the solid and Ik^uid phase may ])e 
used as a temperature bath; it is advantageous if the heat of 
fusion is lush, since tlu'ii tlio bath can absorb or give off largo 
amounts of heat without changing its temperature. In this 
respect water with its abnormally high specific heat of fusion 
(79.07 ml. per gram) is csi)ecially useful. (The heat of fusion of 
Tig is only 2.\\ ml. per gram and that of benzol 30 ml.) The proc- 
ess of vaporization may also be used to obtain constant teir- 
p('rature, l)ut in this ease care must be taken that the pressure 
undi^r which the substance is boiling is kept exactly constant. 
TY\g temperature of the lioiling Ikpiid maj' be varied within wide 
limits l)y controlling the pressure, \vhieh is not possible in baths of 
fus(Ml solids. The numerous technical applications of fusion 
and vaporization processes cannot Ijc considered further at this 
point. 


7. SOLUTIONS' 
a. IOmpiuk’al Foun'datioxs 

* 139. General and Definitions. — Having completed our study 
of pure substances in the gaswus, licpiid, and s«)lid states of 
n'gg^Tgatioii, wo now' proceed to a stiuly of the behavior of 
homogvnmua molccuhir mixtures of substances, or solutions, as 
they are more often called. An understanding of the laws 
governing solutions and the process of solution is of the utmost 
importance in chemistry, as intimate mixing is a prime prerecpii- 
sito for the initiation and control of chemical reactions. 

^*Parts n, h, and d of this section as well as some of the paragraphs of 
Section C liave been written by V, K. LaMer with the cooperation of K R. 
Jette, and replace the author s treatment for the? reason.s discussed in the 
'Franslators’ Preface. 

Many of the fundamcntid ideas upon ^\hlcll the theory of solution as 
presented in tlie following pages, are based, may be found m the early 
wntings of Van Laar (Z. physik. ("hrrn , 15, 4.'>7 (1S94); Proc. Acad Sci. 
Anisterdam 9, 55 (1900); “Sechs Vortrage ulier das therinodynamische 
Potentiale,” Braunschweig (1900), G. N. Lewis (J. Am. Chem. Sac. 30, 075 
(1908),' and W'ashbuni {ihid, 32, 053 (1910)). The translators wish to 
acknowledge their indebtedness to these wTiters and particularly to Wash- 
bum's “Principles of Physical Chemistry," wdiioh has had a considerable 
iiiflucma' upon the form in which some parts of the material of Chapter 7 
is presented. 
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*lt is well known that giisos will mix in any proportion and, 
theoretically, it should therefore be ])ossible to effect a mol<‘ciilar 
mixture of any ^iven number of substaiic(‘s by vaporizing* them 
at a sufficiently high temperature. Actually, this is rarely 
practicabl(‘, since a great many substances, like sugar, d(‘conipose 
before vaporizing, and it becomes necessary to resort to luiiiid or 
solid solvents to effect a solution at ordinary U^mperatures. 

*Li(luids, in contrast to gases, possess varied and six?cific 
properties of miscibility with other Iniuids or gas(*s, and solids. 
Thus, wat(*r dissolves an exceedingly' large (luantity of gaseous 
hydrog(‘n chloride, liquid alcohol, or solid potassium hydroxide, 
hut v('ry little or no nitrogen, In'iizene, or silver. lOvideiitly, 
miscibility is neither an exclusive property of the componi'iit m 
excess, which is often called the solvent in a mixture, nor of th(» 
other compoiK'nt, which is often called th<' solute. Instcxid, 
miscibility in the most general case* depc^nds upon th(‘ reciprocal 
effects of the properties of all the compom^nts upon one* anothiT 
as well as upon the specific individual prop(‘rti(‘s of (xich, i v , 
we must be prepared to deal with spi^cdic interactmns in ccTtain 
eases. The terms solvent and solute hav(», accordingly, no 
meaning except as a convenient means of distinguishing one 
component from tlu* other. 

*Thc composition of a solution may be expresseil in a variety 
of ways, V {/., in t(»rms of the weight, volume, or niinilx'r of moles 
of one component dissolved in either the weight, volunu', or 
number of moles of the other component or of tin? resulting 
solution. 

*For certain theoretical purposes, however, the composition of 
a solution is most aclvaiitagcously expressed in terms of the mole 
fraction, as this procedure l(‘a<ls <lirectly to the most gi^neral laws 
of solution and oftentimes permits of a mathematical treatment 
when other inodes of expression fail.' 

* 1 The concept of mole fraction was introduced by Willard Clibhs as early 
as 1876, but it has received wide usage only in rci*ont, years, due no doubt to 
the fact that physical chemists w'ere for a long tune imbued with the idea 
that a general theory of solutions eoiihl be accomplished by extending van't 
Hoff's laws of the infinitely dilute solution, in which concentration is stated 
in volume molar units, by the iLse of correction factors similar to thos<* in van 
der Waals* equation (see pp. 12*.), 141). 
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*The mole fraction N is the number of moles of the component 
considered divided by the total number of moles present; thus: 

"Nr — • \7 _ 4 

^ Wi + ?l 2 + . • . nn * * Wl + W 2 + . . Hr! ^ 

(139) 

where 7 ?i, 712 refers to the number of moles of the com- 

ponents in question. Since the sum of the individual mole 
fractions always totals unity, the remaining mole fraction *Vn 
may always be ascertained, when all but one are known, by the 
relation 

= 1 - OVi + A'2 + . A\_,). (139a) 

♦However, for dilute solutions, and, particularly, for binary 
aqueous solutions, where it is easy to distinguish t)etween the 
solvent and the solute, it has become customary to express the 
composition in terms of moles per liter of solution (the volume 
concentration or molarity) or in moles per 1000 </. (55.55 moles) 
of water (the molality). In highly dilute solutions, molalities 
and molarities become identical, but at lesser dilutions it is 
necessary to know the density of the solution to convert one to 
the other. 

♦ 140. Colligative Properties of Solutions — Osmotic Pressure. — 
If a solution, say, of cane sugar in water, is separated from the 
pure solvent, or a solution of lower concentration, by a semiperme- 
ablo membrane which permits the solvent (water) to pass through 
freely in either direction but selectively prohilnts the passage 
of solute molecules, it will be observed that pure solvent always 
flows from th(‘ less to the more concentrated solution, as indicated 
by the rise of liciuid in the capillary tube (Fig. S-ia). This flow 
of solvent is known as osmosis. It ceases when sufficient 
pressure is applied to the solution at the membrane interface 
either I)}'’ the development of a hydrostatic pressure, by the rising 
column of liquid or by the use of a piston (Fig. 346, page 21 1), 
due to the fact that the pressure increases the tendency of the 
solvent to escape and flow from the solution to the pure solvent. 
The excess pressure upon the solution, as compared to the pure 
solvent, which is necessary to produce a state of equilibrium so 
that solvent Hows equally in both directions defines the osmotic 
pressure of the solution experimentally. 
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*The magnitude of the osmotic pressure is a property of the 
solution which depends upon its concentration and not at all 
upon the nature of the membrane so long as the latte'r meets the 
requirement of scmipcrmeability, namely, by being completely 

I)ormcable to the solvent and imperme- 
able to the solute. 

*Thc phenomena of osmosis and the 
pressures developed from it play an 
exceedingly important part in many of 
the processes of life. It is found that 
the cell walls of many organisms (such 
as plant cells, ])lood corpuscles, bact(*rial 
cells, the intestinal wall, etc.) are almost 
completely impermeable to c('rtaiii sub- 
stances in a([U(‘ous solution which are 
toxic to them and more permeable to 
foodstulTs, like the sugars and amino 
acids. It is, of course, impossible to 
make* absolute measurements of osmotic 
pressure with such cells, yet und(*r the 
microscope the shrinkage or tin,' swelling 
of a given type of coll can be follow'ed, 
and by noting their behaviors in various 
solutions it is possible to determine at 
w'hat concentrations the soluti(ms poss- 
(.*ss the same osmotic pressure. Such 
solutions are call(*d isosmotic. Hy 
know'ing the (jsmotic pressure of biK? of 
the solutions in absolute units, it is 
possible to determine the othcM-s from 
the relative values obtained by the 
isosmotic method. 

Fiif a la * Hxperimcntally, it is very diffic.ult to 

produce an ideal seiniixjriiK'ablc mem- 
brane, but w'ith some of the sugars — sucrose, glucose, ami inan- 
nite — it has been possible to obtain direct, quantitative measure- 
ments by impregnating a cup of porous clay eloctrolytically with 
a membrane of copper ferrocyanido. The clay cup is necessary to 
aid the membrane to withstand the enormous pressures developed 
in concentrated solutions. 
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*In addition to osmotic pressure, it is well known that solutions 
show an elevation of the boilinp; point and a depression of the 
freezing point and vapor pressure over that of the pure solvent 
when a small amount of solute is used to produce the solution. 
All of these properties are related to one another thermodynami- 
cally, so that if the law governing one is known the others may be 
derived from it. Ostwald has called them the coUigative (bound 
t(jgether) properties of solutions. 

*140a. Direct Measurements of Osmotic Pressure. — Quanti- 
tative measurements of osmotic pressure were first performed by 
the botanist Pf offer (1877), but it has only been within recent years 
that Morse, the lOarl of Berkeley, aiul their collaborators w'ere 
able to surmount the great experimental difficulties and obtain 
a comprehensive series of measurements at various temperatures 
and concentrations for aqueous sugar solutions. Some of their 
more important results are contained in Table 2b. 

*rrom a consideration of Pfeffer’s data, van’t Hoff (1887) was 
able to enunciate the principle that the laws of osmotic pressure 
were analogous to the laws of perfect gases, since we get the same 
numerical magnitude for the osmotic pressure as though the 
solute itself existed as a gas in a space of the same" volume as the 
solution and the gas pressure r(‘ad directly, i.c., the laws of ideal 
gases hoM for the osmotic pressures (Q) or 

II = , = HT = cI{T analogous to Kq. (73). (140) 

I'm 


Tahlk 2(mi. — Osmotic Puesm-he ok AgcEors Owe Si oar Solctions 

fAlinosplicrt's) 


Voliiiiii* 

Wciglit 

j 

r - 273 

il 

1 T - 293 

1 

19 

r - 333* 

Conrontriilioii, iiinlfs 
per liter, fir 1000 q 
II 2 O 

1 

h 

r rule vol 
cone 

V cal weight 
cone 

0 

II 

"o 

c. u 

gi 

w cal weight 
cone 

c 

N 

0 

> 

t ® 

li 

s 

0 

n 

N 

0 OOS 


2 40- 

2 20 

2 21 

2 .59’ 

2 30 

2 41 

2 72 

2 OS 

2 73 

0 1M23 


4 72 

1 31 

t to 

.5 0l> 

4 03 

4 83 

3 41 

5 2.1 

.5 48 

0 3701 


0 44 

S 30 

S 97 

10 14 

S 90 

0 01 

10 K7 

10 11 

10 93 

0 ri33 


n 3.S 

12 00 

13 .>)U 

1.5 .39 

12 8 

14 .5 

10 51 

14 (i3 

10 18 

0 (isriii 


lU 4K 

13 4 

17 9 

20 91 

16 5 

19 3 

22 33 

IS 8 

21 85 

0 X273 

1 0 

24 .S3 

IS (i 

22 41 

20 04 

10 0 

24 1 

28 37 

22 7 

27 35 




















204 


FrNDAMEXTALS OF PIlYfUCAL CHEMISTRY 


*Thc data show that this is the case, within narrow limits (»f 
error, up to about O.l to 0.2 molar (volume concentration), but 
that at higher concentrations the observed pn\ssuro is grc'ater 
than that calculate<l from lOq. (140). Morse, however, pointed 
out that, ?/ the retfults (tre expresficd in tenna of moles per 1000 g, 
of // 2 O instead of liters of solution, better agreement was obtained at 
higher eonccntrations. Sonic^ consuler this empirical change in 
units to l)e equivalent to a correction for the volume of the solute, 
just as the term (/’ — b) in van der Waals’ eciuation corrects for 
the volume of the gas molecules (cf. 143). ~ 

*On the basis of the validity of lOq. (140) and by deriving the 
thermodynamic relations connecting the various eolligative 
properties, van’t Hoff was able to develop a (luantitative th(M)ry 
of solutions, but, unfortunately, it is restricted to the tloinain t»f 
dilute solutions'* where Eq. (140) is valid. 

*For this reason Va{. (140) will n<it l>e employed as the fiindii^ 
mental concentration law for the dissolv(‘d state in developing the 
laws of solutions, Init more general, ideal laws valid for any con- 
centration will first be developed, from which the van’t llolT laws 
may be derived as very important limiting caw^s. 

* 141. Effects of Environment. Perfect Solutions.- The dis- 
cussion of the solid or gaseous state has shown how advantageous 
it is to define and stialy the laws relating to an ideal solid or gas 
before attempting to discuss the propertu^s and laws r<4atiiig to 
the more complex non-ideal state, even though the; limit ing states 
arc not often met in practice. This procedure is all tin* more 
important in the study of solutions, for now there is a new 4 vari- 
able to contend with: the composition of tlu' solution. We shall, 
accordingly, be in a 1 letter position to aiiswi^r tla* question as to 
what extent the behavior of a solution depends upon (1) its 
composition, and (2) the siiecific physical and chemical proper- 
ties of its components, if we first study a group of solutions which 
are ‘‘ideal,” i.e., their properties follow some simple law of 
composition. 

* *iSackur, Z. pkysik Chvm , 70, 447 (1010); Pouter, Trnna. Farwlay S»c , 
13, 123 (1019). 

* *For the fusion of thc.se viewpoints .see Sen ay, Z phyaik, Chvm., 106, 
378 (1923). 

3 *Strictl 3 ' speaking, it is valid onb' for the infinitely dilute solution. 
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*The siniplost conceivable mixture would be that of two ideal 
gaiscs (sec 41). If the gases chosen are not strictly ideal, they 
can be made to approximate ideality as closely as is desired by 
reducing the pressure upon them; i.e., they are diluted with 
empty space until anj’^ mutual attractive or repulsive forces 
exerted upon the molecules by their neighliors are completely 
annulled. Tnder such conditions it is found that mixing is 
elTecteil without absorptvm or evolution of heat and that the gas 
laws, pii'i = Pal’s = liT, and Dalton’s laws of partial pressures 
are olioyeil by each gaseous component. These laws arc sufficient 
to define ronijdctch/ any ])crfect gaseous solution. (Cf. 61, 88.) 

‘ It is more difliciilt to picture such a simple state of affairs 
for li(|uid mixtures; hero the molecules of licpiids lie close to one 
another and are therefore able to affect the behavior of their 
iK'ighboi-s to a much gn*ater ext^mt than is true of gases. Thus, 
the two di.ssimilar lujuids, benzene and mcrcurj', will not mix to 
any iletectable (‘Xtemt, while all gases mix freely. This fact can 
only Imj explained on the as.sumption that forces are exerted 
between the molecules of mercurj' which pri'vent their separa- 
tion by the introduction of molecules of benezene, and nee 
rersa On the other hand, then* are many jiairs of luiuids, 
usually very similar to one another in their jiroperties, which 
mix in all proportions, e.g., the various hydrocarbons, w’ater 
and alcohol. 

* Since the proximity of the molecules of liquids precludes the 
ideal case of zero environmental effects such as exists in the per- 
fei’t gas, we must Ixj content to define the perfect liquid solution 
as one in which a finite but constant environmental effect prevails 
throughout the entire range of composition. This constancy of 
environment may be obtained in two ways; viz.: 

1. By diluting the solute with such a large (juantity of solvent 
that the solute molecules no longer exert any mutual attractive or 
ri'pulsive forces upon neighboring solute molecules, and thus the 
constant environment of the solvent prevails; this is the basis of 
van't TIoff’s theory of the infinitely dilute solution. 

2. By choosing component's iK)s.sessing the same environmental 
properties, so that a molecule of either component will experience 
no change in the fields of force surrounding it when the composi- 
tion Ls varied; this is the basis of the perfect or ideal concentrated 
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solution; to meet this requirement the components must mix in all 
proportions without thermal or volume changes. 

*The dilution necessary to produce a constant environment in a 
liquid solution under (1) may 1x5 ascertained experimentally by 
a procedure similar to that for a non-ideal gas, namely, by deter- 
mining that dilution or expansion beyond which further dilution 
or expansion fails to give a measurable thermal effect, i.c., the 
heat of dilution has bec<mie zero, ''riie total volume changes 
must also be zero on admixture. (C-f. 42, 61.) 

* Since (1) will not give a constant environment over the entire 
range of composition, it is evident that (2) is a more general 
procedure which will include (1) as a special case; further (2) 
does not rc(iuirc a <listinction between the solute and solvent, so 
that the relations thus obtained must ])c valid for cither com- 
ponent irrespective of whether one Ls in excess or not. 

*But in order to employ (2), it is first necessary to establish 
a concentration law holding throughout the entire composition 
range for one of the colligative proi^ertics. Osmotic pressure 
could very well be chosen for this purpose, but its direet measure- 
ment involves serious experimental difficulties which has 
prevented its extension to substances moisting our rocpiiroments 
of a conceiitratod ideal solution; further, the kinetic interpreta- 
tion of osmotic pressure is difficult for some persons to visualize 
and in concentrated solution is still a matter of dispute. On 
the other hand, many measurements have been made of the 
vapor pressure of concentrated solutions; this propcrt 3 ’^ is more 
amenable to a simple kinetic treatment, since the proc(‘ss is (»asy 
to conceive and the laws governing gascis arc better knowh and 
established than those of solids or liquids. 

* 142. The Molecular Lowering of the Vapor Pressure of a 
Solution. Raoult’s Law. — V. Babo (1848) and Wullner (1858) 
found empirically that the relative lowering of the vapor pressure 
of a solvent (po) by a non-volatile solute was independent of 
the temperature and proportional to the concentration of 
the solute. 

*Raoult, from an exhaustive series of measurements published 
from 1878 to 1888, showed empirically that Wullner’s law was 
most accurately represented when the concentration was cx])ressod 
as the ratio of the number of moles of the non-volatile component 
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(wi) to the total numl)or of niolos presont, /.r., proportional to the 
mole fraction or 


P® - P ^ Ap ^ ?/i _ 

p® p® ni + //2 

where 1 x 2 is the number of moles of the volatile solvent of 
pressure 


(141) 

vapor 


* 1 hat Kaoult^s law must result for a solution of constant 
environment may be shown as follows: given a mixture of two 
I)uro liquids A'l and -Y 2 and changing the mole fraction of the 
first from A^i to iVi + dN\ by the a<ldition of a small amount of 
Ai, the vapor pressure pi of A'l will change by an amount given 
by: 


^fpi “ /(A 1 , A 2 ) d\ 1 , 

where /(A'l, is some function depending upon the specific 
properties of ATi and A "2 and their interactions towards one 
another. If the assumption is made that the physical and 
chemical natures of A'l and A "2 are so nearly alike that the mole- 
cules of each are held under exactly similar constraints, it is 
apparent that the environmental forces acting upon a given 
molecule will not be alTecte<l by a change in composition, i.e., 
/(A'l, A' 2 ) is constant for any value which may be assigned to 
Xi or A’‘2, so that 


dpi = k dXi, 


(142«) 


whore k is a constant measuring the environmental forces in the 
solution. 

* Integrathjii of Kq. (142a) yields 

Pi = A'A"i + Const.y 

or the vapor pressure is a linear function of the composition. 
When = 0, we have no molecules of A'l, so that pi vanishes 
and the integration constant is zero. The moaning of k becomes 
clearer when we set A^i = 1, then k = pi«, which is the vapor pres- 
sure of the pure component A'l, so that we have for the vapor- 
liressure law of a perfect solution that: 


Pi = Pi"A"i (142) 

and, likewise, for the other component 

P2 = P2®AY (1426) 

‘ * Raoult. confirinod Ins law for fourtwn solutes in other He also pointed 
out that Ins law broke down in coneeut rated a(|ucuus solutions. 
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Equations (142) and (1426) are often written as: 

In p\ = In + In *Vi, or (142r) 

(I In Pi = d In X 1 , etc. ( 142d) 


* Kinetically, E(i. (142) means that at equilibrium the num- 
ber of molecules leaving a gas-liciuid interface equals the number 
entering; this number will be tlirectly proportional to the nuinb(‘r 
of molecules of each species in the surface layer, since each si)eeies 
has an eciual chance to escape into the vapor phase when the 
attractive and the repulsive forces between the different molecules 
are e<iuaL This e<iuality of forces also means that there will Im; 
no tendency to squeeze one species of liciuid moh^cules into the 
surface layer from the interior of the liquid, at the expense of 
the other, so that 15q. (142) holds for the entire solution as well 
as for the surface layer. We are thus led to a conception of an 
escaping tendency characteristic of each particular molecular 
species. If the vapor follows the gas laws, this escaping tend- 
ency is accurately measured by the vapor pn'ssure itself, but if 
the vapor does not follow th(‘ gas laws, the vapor pn^ssure must 
bo corrected for its deviations from the gas laws if it is to bo 
used as a measure of the escaping teiulency of -Vi in the solution. 
(t. N. Lewis has called this ‘‘corrected vajior pr(‘ssure** the 
fugacity. 

* Fugacity thus becomes an exact measure of the tendenej' of a 
substance to escape from its surroundings as a iwrfect gas where 
the environmental effects are zero. For most jiurposes the vapor 
pressure serves as a sufficiently exact measure ()f escapiag t(»nd- 
cncy and will be used as such hcnccf(.>rth in the discussion of 
ideal systems. 

* Equation (142) is often called Henry’s law from its dis- 
coverer, who found empirically that the solubility of a gas in 
a liquid— -within limits if the solution is not strictly idcab -is 
directly proportional to the partial pressure of the gas. When 
Pi refers to the jiartial pressure of gaseous A'l, then A'l is noth- 
ing more than the solubility of -Yi in terms of mole fraction in 
the liquid -Y 2 . 

Since 


A?)! = pi® 


Pi 


or 


Api ^ 1 7>i 

p^ 
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Eq. (142) may be transformed and 

_ 1 V _ » 


= AT* = 


«i + n* 


ot)tained, which is Raoult’s law when A'l is considered volatile 
and Xs non-volatile. The laws of RatniU and Henry are thus 
different forms of the same law, depending upon whether the volatile 
component is considered as solvent or as solute 



•Equations (141) to (142d) have been accurately confirmed 
for a number of pairs of li({uids, some of the more important 
examples are: (1) CsIl 4 Brs — (.■ 3 ll 6 Br 2 : (2) CeHe — CeHsBr; 
(3) C’jrsCH, - CellsCsH^; (4) C,IUCII, - CJI.; (5) COj - 
C'II,C’l; (0) CHaOH - CMIsOII; (7) CCU - 0.11.. The vapor- 
pressure curves of the pair ethylene bromide-propylene bromide 
taken fn)m Zawidski are given as an example in 35a. It 
will la: noted that the liquids of each pair are either homologous 
or else resemble one another closely in chemical structure. 
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* An important corollary of Eq. (141) is that the components 
of a perfect soluticjn must be miscible in all proportions. To 
prove this suppose either component saturates the solution 
forming two li(iui(l layers. But at equilibrium the partial 
vapor pressure of a given component must be the same in both 
phases; since the partial vapor pressures are e(iual, the mole 
fractions, and therefore the two phases, must be identical. 

* Equations (Ml) and (142) may also be stated in concentra- 
tion units. Thus, in dilute solution n\ may be neglected in the 

denominator of *Vi = ■ > and if we multiplv by the 

tii + nn Ni 

number of mol(\s in a liter of solution or 1000 g. of the solvent, 
1000 

i c., 1)3' , where M is the molecular weight of the solvcuit in 

the gaseous state, w(' have the desired result in tcTins of 
molarities or molalities respectivel3'. 

Thus E(i. (142) becomes 

Vi = 'Pi";- • - w * = />(H.nry)- Cl (iipprox ), (M2<>) 

which is the more usual form of IIonr3'’H law. Baoult’s law like- 
wise becomes: 

Apt = Pi” • ’’’ . = A'duouU) • Cl (approx ). (141o) 

712 AI 


6. Tukumodynamu’ Bklations 

a. Perfect or Ideal Solutions i 

*143. Osmotic Pressure. — The thermodynamic relation 
Iwtween osmotic pressure and the vapor pre^ssure ma}' l)e 
obtained b3' considering the enclosed S3'stem n'presented in Fig. 
346, where a solution A is separatcil from its pure solvent B by 
a membrane pi^rmeable to the solvent only. The pure solvent 
is under its own vapor pressure p and it is necessary to exert a 
total pressure P upon the solution in order to establish 
equilibrium and prevent the solvent from entering the solution. 
P is, obviousl3'', ecjual to the osmotic pressure 11 plus the vapor 
pressure, since II is defined as the difference in pressures upon the 
two liquids. When equilibrium is established by means of the 
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external pressure of the piston, p also becomes the vapor pres- 
sure of the solution. A' is the mole fraction of the solvent. 

*At eciuilibriuiu no work can be performed and, from 30 

(UAt,^ (solution) — (vapor) = 0. 

Also, 

d(.l 7 -.ji) = — ?v/;i from Kq. (67d), (p. ()2), 

where r refers to the volume occupied by one mole of substance 
and p to the pressure applie<l to that substance. If the molar 




• 

’JIAPOR 






B 


.SOLurioM 



A',- Z ' 


SEMI PERMEABLE UEmUHE 
I'ui :nh 


volume of the vapor is d(»iioted by v» and that oi the pure solvent 
l)y Tn, then: 

- + v^lp - t). (143) 


* Now an increase in P mduces tlu* osmotic pressure between 
the solvent and solution, i,e,, the pressure of the piston acts in 
a direction opposite to the pressure of the solvent attempting 
to enter the solution, so tliat we may substitute (fll = —dP, 


whence it follows that 




*If the gas laws are now assumed for the vapor. 


(144) 

HT 

may be 


substituted for vo and then: 


(HI = 


—RT dp 
To p 


- - dlnp, 

» 0 


(144a) 
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or, introducing tlio vaiwr-prcssure law (riq. (142d), this l)ecomes 

dn = (1146) 

y 0 

Integration of l'>i. (144«) Iwtwoon the limits p and />ii yields the 
expression 

n = n - n« = in ( i i ir) 

and, likewise, integration of Kq. (1*146) between the limits A' 
and No yields^ 

U=~!!'^lnN, (14.-)) 

• 0 


since InNo = 0 and Ho = 0, the mole fraction of the pure eom- 
IMnicnt being unity. 

* liquation (146) may bo simplified by noting that In \ 
= /»(! — Ni) (Rq. (139fl)) and expanding the latter m terms 
of a power series aceonhng to K(i (22«). Thus, in this ease 


n = -v- [- InN] = ' . [- In (1 - .V,)] 
1 0 • 0 


.Vi, however, refers to the solute and in dilute solution where «i is 
small A’l = (approx.), which on neglecting higher powers of 


-Vi yields 


n = 


liTni 
I'o n 


( 1466) 


But nVo = the volume of the solvent containing «i moles of 
solute, and thus Etp (1466) is none other than Morse's modifica- 
tion of van’t Hoff’s law (sec 140a). In the highly dilute solution 
7ti 1 

- • fT also becomes e(iiial to c the concentration of solute in 
n I’ 0 

moles per liter of solution, which yields the e(iuation obtained 
originally by van't Hoff: 

n = cRT. (140) 


^ ♦ Strictly speaking, account sliould be taken of the fact that the molar 
volume To varies, owing to the effect of the pressure P. This yields a 
correction term — m Kqs (14-k) and (145), but the compressibility k 
of iKiuids IS so small that no appreciable error is caused by its omission. 
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Since 

V.\ 

n 

and 

.Vi 

1 »T- ,*.4 , ... 

— j\ I 

Eq. (1456) also takes the form 

II = ^JuVi + iVi® + iVi» + . . . (approx.)]. (145c) 

*On this view it is not surprising that Morse's modification 
more often fits the facts better than van’t Hoff’s equation, as the 
former is a closer approximation to the ideal equation, with 
which it differs only in higher powers of N\, 

*Tliere are no direct measurements of the osmotic pressures of 
concentrated ideal solutions with which Ecj. (145) may be tested 
directly, but Eq. (144r) may be tested by comparing the osmotic 
pressures calculated from the vapor pressures of lierkeley' 
(Table 2()a, column 3) with the osmotic pressures observed by 
Frazer and Myrick- (column 2) which arc found to be in excel- 
lent agrccMiient. From its derivation F/i (145) must follow 
whenever Raoult’s law holds. 


Tmjlk 2 t)/» — OsMOTK’ Phe^si-ke ok C^wk Si:o\u at .WC 


('one. 

niolos 

1000 (j, 

11,0 

<)I)S 

F. & M. 

C'alc. fioiii 
vapor 
pressure, 
Eq (144r) 

('ale from 
E<i (145/0, 
Mor^o 

('ale from 
Eq (145), 
ideal 

(.'ale from 
K<l (140), 
van’t 
lloff 

0 1 

2 47 

2 17 

2 47 

2 44 

2 40 

1 0 

27 22 

27 0 

21 72 

24 40 

20 4 

2 0 

58 37 

58 5 

49 43 

48 32 

35 1 

3 0 

95 10 

9i> 2 

74 15 

71 85 

45 5 

4 

138 90 

13S 5 

98 86 

94 80 

55 7 

5 

187 3 

183 0 

123 58 

117 7 

04 5 

6 

232 3 

231 0 

148 3 

140 1 


r».5 (sat.) 

252 8 

! 


173 0 

151 2 



'♦Bekkeley, Hautley aiul Buhton, Phil, Trans Roy Sue, 218A, 295 
(1919). 

* *y. Am, Chem, Soc,, 38, 1920 (1916). 


_jn\ 

//i + n _ N\ 

n 1 — Ni 

ny + n 


= V. 4- V.2 J_ V.a 4- 
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♦It will be noted that Eq. (145) (eolumn 5) does not agree with 
the observed values in column 2, which can only be interpreted 
as indicating that concentrated sucrose solutions are not ideal, ^ 
as the theriiKMlynamic derivation is completely verified using 
the vapor-pressure, I’iCj. (144r) above Scatchard- has advanced 
several lines of evidence which indicate that the cause of this 
non-ideality may be due to the formation of a comparatively 
stable hexahydrate of sucrose in solution. Column 6 shows 
that an error of 200 per cent is introduced if the volume concen- 
tration law of van’t Iloff, which is valid only for infinitely dilute 
solutions, is used to calculate the osmotic pressure of a five-molar 
solution and that an error of 100 per cent would be introduced 


in using van’t Hoff’s law even if the solution were ideal! 

*144. Boiling-point Law.- Since the addition of solute always 
lowers the partial vapor pressure of the solvent, it is evident from 

Fig. 34c that the boiling point, 
which is represented by the inter- 
section of the solution vapor- 
pressure curve and the ordinate 
for atmospheric pressure, will 
always be raised by the addition 
of a non-volatile component. If 
the added component is volatile, 
this may or may not result in an 
elevation of the boiling point, as 
the boiling point is the temperature at which the combined 
vapor pressures equal 700 mm, Ilg. 

♦The thermodynamic expression for the elevation of the boiling 
point of a perfect solution formed by the addition of a non-vola- 
tile solute may be derived by setting the term —din p in the vapor- 
pressure law — dlnp = —dbiN (Eq. (142(Z)), representing the 
decrease in vapor pressure due to a decrease in mole fraction 
of solvent, equal to the right-hand side of the Clapeyron-Clausius 
equation 



Fi<} aic 


d In p = 


JtTu 


dT, 


By 


(146a) 


‘ *Thi8 IS also sliown by the vapor-pressure incasurenients and by free- 
zing-point inoasurenient.s, using Kq (l45/i), p 247. 

* *J. Am, Chem, Soc,, 43, 2387, 2406 (1921). 
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representing the increase in vapor pressure with temperature 
which is necessary to compensate the effect of the solute. Here 
Tb is the boiling point and A„ is the latent of vaporization of the 
pure solvent. 

♦This gives 

*The boiling point Tn = Tbo + ATi,, where Tbu is the boiling 
point of the pure component, so that = <I(^Tb), which, on 
substituting in hki. (14()/0 an<l integrating on the assumption 
that A„ is constant over this range of teniperature, yields: 

ST„ = l„X. (146) 

Ap 


♦This equation, w’hich may be called th(‘ general boiling-point 
law, was carefully tested by Washburn and Itead,^ who found it 
to hold very accurately over a wide range for naphthalene and 
for diphenyl when <lissolved in benzene 

*If we confine ourselves to reasonably dilute solutions, Kq. 
(140), may be simplified in a manner exactly similar to that used 
for the osmotic pressure eciuation; namely, by expanding the 
logarithm in terms of the solute concentration (1 — Nt), neglect- 
ing higher pow’crs of N i, noting that Tu ■ Tu^ ^ Tb* and 


n\ Hi 

ni + /i ' " /I ' 


with the n'sult that w'c get 


^rB 


+ I{T)r n, 

Ap n 


(14Gc) 


liOtting Cl eciiial the number of moles of Xi in 1000 g. of -Y, 
then : 

/h _ Ci M 
n “ 1(M)0 


or 


M RTb 
10(K) A 


(14(W) 


where the constant t(Tm 



Av 


is known as fnolal 


' *J Atn. r/iciw. Soc , 41, 731 (lUlO) ('nnsult for tlio amiraov of the 
approMinato equations for inolenilar-\\oiKht doteriumations, and for the 
applieatioTi of a very mriiplc and acrurato boiling-point apparatus devised by 
Cottrell, tbid , p. 721. 
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boiling-point constant and has the value +0.515® for water; an 
eciuation which is often used to determine the molecular weight 
of the solute A'l. (Cf. 158.) 

*145. The Freezing-point Law and the Solubility of Solids.— 

The expression for the solubility of a solid A ’’2 in a liquid A'l, with 
which it forms a perfect solution, may be derived first 
assuming that the solid has been melted and allowed to cool to T 

without solidification. This super- 
cooled liquid form of A ’’2 will now mix 
with A'l in all proportions, yi(*lding 
the vapor-pressure line p 2 (Fiff. 
as required by Eq. (MO). However, 
the solution will he supersaturated 
with respect to the solid form of A '2 
at higher concentrations, as the more 
stable form (solid A' 2 ) always has a 
lower vapor pressure than the un- 
stable form (supercooled A’’ 2 ), and 
the solid form will separate on seeding with a crystal of A'o until 
the partial vapor pressure of A '2 in the solution becomes equal 
to the vapor pressure of solid A '2 (/> 2 ’)- The mole fraction of A '2 
saturating the solution then becomes eciual to which is given 
by the ratio 

X/ = or In A'./ = In pi" — In p^^ 

P'i 

♦This ratio may be calculate<l by subtracting the simple form 
of the (Hapeyron-t Uausius expression (ICcj. (llUr/j) for the latent 
heat of sublimation from the similar expression for the? latent 
heat of vaporizati<m, yiehling 

(I In Pi" — fl In />2'* __ — At, _ A/ 



or 


dlnXo' ^ A/ 

iir RT^ 


( M7r/ ) 


where +A/ is, obviously, the latent heat of fusion of the solid 
A' 2 , which, it is seen, equals the latent heat of solution when RaoulVs 
law IS oheyetL 

*If we integrate Eep (M7a) between the limits Tm, the temper- 
ature of equilibrium between solid A '2 and the solution, and the 
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melting point of the; pure soli<l Ttt„, on tlic assumption that A/ 
remains constant over this interval, we obtain the general solu- 
bility equation for a solid, which takes the form of Kq. (lUld) 
when we introtlucc the value It = l.OSo cal. and convert to com- 
mon logarithms:' 


log Xt' = 


_ T'jfX _ -t-Ay/Tj/ — T3ta\ 

2.30:i/i \ J’.„„ “r.tf / 4 57 VT.„ • Tuo) 


(147) 


*Scvcral general rules of solubility follow immediately from 
Eq. (147) : 

1, The solubility of a solid in an ideal solution is always 
greater the higher the tomp<*rature. 

2. A solid having a higher melting point [Tuo) is less soluble 
at a given temperature than anothiT having a lower melting 
point (Tjavoisier, 1793), unless the latent hi'ats of fusion arc much 
different. In spite of the fact that some of the exainph's given 
in Table 2(»c depart appreciably from the laws of perfect solu- 
tions, yet it can be seen that rule 2 holds very well 


Took 2im' 


Solut c 


Sohihihty mol fraotmu at 25°C * 


j Idu.d 

Anthrac^iiiiionc 

BB 

0 OUl.i 

0 0023 

Anthracene 

217'’ 

0 (M)S1 

0 0107 

Pheiiaiithioiie 

Kxr 

0 207 

0 221 

7>-(iil)ronil)eiizeTio 

S7° 

i 0 217 

0 24S 

Naplithaloiie 

SO® 

0 200 

0 311 


> Taken from Hit.DEUtti\D, J .lin Chem Sor , S9, 2J'lS (l')17) 


3. The lower the heat of fusion the greater will bo the solu- 
bility of the solid, other factors such as Tmo and Tn being equal. 

*\Vhen A/ vanes with the temperature, and particularly when 
the interval Tmo — Tat is large, an equation of the type of Eq. 
(132a) should be used in deriving Eq. (147), such as 

~ A yo ((''j>(l>q ) ^p(«oUd))^> 

* ‘ Equation (147) was fust derived and tested by Kciiroedek. Z. physik. 
chem., 11, 449 (1893). 
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where A "/o is not the true heat of fusion at absolute zero but an 
e\trap<»late«l value })iise(l on the si)ecific-heat curves valid at 
higher temperatures* (<■/. 131), i.e., 

A'Vo = A'/o - iSulC'T, 
which yields on integrating similar to the above: 

.V 

Mo 

(I47b) 

*Aec()rding to Ihldebrand," we have the fulhnving data for 

Cill, 

naphthalene: A/ = 1140 ml.; = •'*'* ‘‘* ,/p,, « = 

Cfll, 

fil.S (o\trap()lat(Ml to iho inoltin^ point of 

napthalenc, from which we find A"/o to be 2745 cal ). 

♦Calculation acconling to Kep (147) gives A'o' = 0.1i23, while 
Eq. (147fc) gives = 0.311. The observed solubility in 
benzene is 0.290, which shows that a solution of naphthalene in 
benzene is almost ideal. 

♦By rearranging and substituting — A7’2 for Tm — Tmo in 
Vjq. (147), we get the general freezing-point law 

-A7’»= /„AV. (MR) 

A/ 

Here — ATo reprosonts the depression in the freezing point of the 
pure sul)stance on the addition of -Vi, since the temperature of 
saturation is none other than the freezing point of the solution 
separating -Yo as a pure solid. Inasmuch as Kq. (148) cjin also 
be written for "-ATi, the depression of the fre('zing point of A'l 
by the addition of A’’ 2 , it is evident that a binary system must 
have at least t vo freezing-point curves, as indicated by the 
graphs of Vai (148) in Fig. 34e. 

♦The curve marked A"i indicates that the solution is in ecpii- 
librium with solid A'l, and therefore may be designated either as 
the solubility curve of A'l in a solution of A'l and A" 2 , or as the 
curve representing the freezing-point depression of A"i by addi- 

^ *Of course, if the specific-licat curves arc known down to the absolute 
zero, then A'/o may be used instead. 

* * Monograph on “Solubility,** A C. S. SericSf p 37, Chemical Catalog 
Co. (1024), original data by Bogojawlenski, (-hem. Zetitr , (5), 9, 945 (1905). 


7 -yr / -hA^/u/Tv — T’v.A , 

= 4o7 (7’„. • rj + 


) (^p fsollti) 7 7^- 

1 AS") r 
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tion of -X’ 2 . Likewise, the curve ^"2 is the freezing-point or 
solubility curve of -Y 2 . From this it is seen that in a general 
treatment of solutions, the solubility 
of the solid phase of the so-called 
solvent, which need not necessarily f 
be in excess, is as much a colligative 
l)roperty of the solution as is its ^ 
l)(>iling point elevation or its vapor k®? 
pressure. In using likis. (147) and 
(148), care must be taken that A/ , 
refers to the latent heat of fusion 
of the component separating out. 

1’he intersection of the two curves is 

called the cutccUc^; it marks the separation of both components 
as a conglomerate. 

(fi) Non-ideal Solutions 

* 146 . General. — ''J'he development of the preceding sections 
was based upon the assumption that the eomponents of the 
solution were so nearly alike in the liquid state that the fields of 
force- surrounding each molecule \vero the same; as a result, no 
change in environment occurs when the composition is varied. 

*Now, if the fields of force surrounding the molecules of A^i 
and ^*2 are symmetrical, i.c., non-polar, l)ut one species -Y 2 has 
greater symmetrical fields of force, it would be expected that 
-Y 2 will associate itself more than A"i and, conseciuently, tend to 
squeeze the molecules of Xi out of solution. Raoult’s law can 
no longer hold for the escaping tendency of A'l and we find 
Pi > pi^Vi; i.e.j positive deviations from Kaoult's law occur. 

*Li(iuids which are non-polar are often called ‘‘normal,” since 
they conform for the most part to the Kotvos surface-tension 
rule (see 102), have low dielectric constants, and show normal 
entropies of vaporization (Kq. (131A)). Opposed to them are a 

^ • Pkof. John Johnston and his coworkers (personal coinmunieation) 
have recently shown that the various o-, in-, and p- nitroanilincs form itleal 
niixturi's and that bv the use of an ocpiation like lt7/> not only binary but 
ternary eutectics innv be calculated \\i1h considerable accuracy. 

* *Tho conception of a molecule or aioni as the ori^^in of an electrical field 
of force IS developed in 8ec. D and, for the present purpose particularly, 
in Part 4. 
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group of polar or ^'abnormal” liquids distinguished by their 
higher dielectric constants and entropies of vaporization, and 
lower surface energies. This group includes water, liquid 
ammonia, the alcohols, amines, acids, and fused salts. They arc 
much better solvents for electrolytes than the normal liquids 
and their solutions often show a considerable increase in conduc- 
tivity over that of the pure components. The high dielectric 
constant indicates that there is an unsymmetrical distribution 
of the electrical charges in the molecules and the dielectric 
constant may be taken as one of the best measures of such 
polarity. 

*Now this lack of sjmimetry in the distribution of the electric 
charges within the molecules leads to a specific or more directed 
attraction between the oppositely charged portions of these 
molecules and may be considered to be the reason for the much 
higher latent heats of vaporization, and internal pri'ssiires J)f 
polar substances, as well as their tendency to polymerize and 
form compounds with the other components in the solution. 

*Thus, if the forces surrounding -Vi and -Y 2 are not symmetri- 
cal, they may have specific attractions for each other which arc 
greater than those of the attractions of A'l and A'o for tlu»msclves. 
As a result, negative deviations from Raoult’s law are to lie 
expected, as each species will reduce th(j escaping tendency of 
the other species by combining with it to a greater or less extent, 
forming chemical compounds of varying stability, thus pi < 
or P 2 < 7 ^ 2 '^V 2 . 

*The further elucidation of the causes of these deviations and 
their correlation with other physical properties of the pure 
components constitutes the most important phase in the pn^sent- 
day study of solutions. A complete understanding would permit 
the prediction of the solubilities and related colligative properties 
of a non-ideal solution of a given coinixisition simply from a 
knowledge of the properties of the pure components. Needless 
to say, this has not yet been realized, for it must await a better 
understanding of the question of the gradation between electro- 
static complexes and true chemical compounds particularly 
as regards the forces of cohesion and repulsion between atoms 
and molecules, and of valence in polar and non-polar compounds, 
with which it goes hand in hand (c/. 349 and 362j. We are thus 
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restricted at the outset to simply pointing out certain general 
laws relating to these deviations and to the development of the 
effect of these deviations on the related properties. 

♦Figure 356 shows the vapor-pressure curves for a substance 
having either a positive deviation (curve B) or a negative devia- 
tion (curve C), from Raoult’s law (curve .^1). If the positive 
deviation is very marked, as in curve D, the vapor pressure may 
exe(‘ed that of the pure liquid po", which, of course, is thermo- 
dynamically impossible (dotted portion), with the result that a 



state of incomplete miscibility and a separation into two layers 
occur, as indicated by the flat portion of D lying between x and //. 
The figure also shows (c/. Fig. 31(0 that, if the component -Y 2 
IS a solid or gas and it exhibits a positive deviation, then the 
solubility of the solid or gas represented by iV 2 ' will be less than 
for the ideal case, while a negative deviation will correspond to a 
solubility of N 2 ' which is greater than the ideal solubility. 

♦147. Internal Pressure and Raoult’s Law. The Solubility 
Gases in Liquids. — Hildebrand has shown that the squeezing-out 
tendency referred to above is closely correlated with the differ- 
ence in internal pressures of -Yi and -Y 2 when both components are 
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non^polar. To test this hypothesis, he has calculated the 
internal pressures from the valutas of a and b in van der Waals’ 
equation, surface-tension data, heats of vaporization, and, finally, 
from the coefficients of expansion and compressi})ility from which 
the internal pressure is obtained by the thermodynamic relation 

II, = -T (cf. 106an<l 107). 

(dp)r 

* As the results thus obtained often var3Mn absolute magnitude, 
according to the method employed, he proposes the use of a 


T.MiLK 2i)f/ — UeL.VTOK InTKK.WIj PttESSiniKR Refekkei) to \ai*htiialenb 


iSubhtancc* 


Substance 


Ilcxano 

n r>(i ( 5<i) 

Tnnitrophenol 

1 U 

Ethyl ether. . 

0 (it) ( (i2) 

Dinitro[)henol 

1 15 

Acetic anhydride 

0 7(i 

l>-nitrophenol 

1 17 

Ethyl acetate 

0 s:i 

Anthraquinono 

1 22 

farhon tetrachloride 

0 S4 ( 81) 

Antimony trichloride 

1 28 

Broinobenzene . 

0 94 ( 90) 

Antimony tribiomide 

1 25 

Ileiizeiic 

0 94 ( 9i>) 

Acetophenone 

1 80 

'rohiene . 

0 9:» ( S4) 

Aluminum liromule 

1 80 

Ethylene diliroimde 

0 95 (1 1») 

Acetone 

1 82 

p-dihronioheiizeiie 

0 95 (1 09.) 

Xapthylamiiu's 

1 88 

C-liloroforin 

0 95 ( 90) 

'roluidme.s . 

1 85 

Chlorobenzene . . . 

0 08 ( 00) 

Benzoic acid . 

1 8S 

Naptiialene . . . 

1 00 

Napthuhs. . 

1 10 

Diplienylarnine 

1 00 

Trichloroacetic acnl 

1 42 

1 4G * 

Phenanthn*ne . 

1 02 

Aniline 

Fliiorcne 

1 04 

Sulfur . 

1 70 

Anthracene .... 

1 05 

Iodine 

1 S.-) (1 82) 

Diphenylinethaiie 

1 OG 

Acetic acud 

1 05 

Tnpheny linet hane 

1 07 

Acetanilide 

2 78 

Nitrobenzene .. 

1 07 

Ethyl alcohol 

2 90 

m-dinitrobenzene . 

1 OS 

Hydro(|Uinon(‘ 

8 27 

Other nitro compounds 

1 08 

Metliyl alcohol 

8 85 

Other nitro halides 

1 OS 

Urethane 

8 50 

Pyridine . . 

1 10 (1 17-) 

Resorcinol 

3 55 

Carbon disulfide 

1 i:} (1 18) 

Water 

4 GO (4 55) 


The unbracketed values are calculated from solubility data and uro taken from Uildc- 
bband'b, **Solubility,'* p. 110. The bracketed values are the results of calculations by 
the present writer (V. K. L ) using the other methods. 
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series of relative internal pressures based on solubility studies, 
all having been referred to naphthalene as unity (Table 2t)rf). 

*The results of his investigation may be summarized in the 
following general rules: 

1. The deviations from Itaoult’s law arc negligible wIkmi the 
difference in internal pressure is less than 10 per cent. 

2. When the difference is greater than 10 per cent the pofsitive 
deviation from Uaoult s law is no longer negligible and is propor- 
tional to this difference. 

3. When one component is polar and the other non-polar. the 
system beliavc's essentially the same as (2), though it is often 
more difficult to predict the result fiuantitatively. 

4. When both components are polar, th(*re is imposed upon 
the internal-pressure factor the tendency for S('l(‘ctiv(? attraction 
which is usually so much greater than the other factors that 
very marked ?iaj(itivc deviations, as a rule, iirevail instead. 


*T\TUiK 2r»r — S oltttulittes op ( I asks IN’ Mole Per Cent 
The solvents are in the order of ineroiLsniK relative internal pressure 


.Sol\ ont 

Dielec 

const 

II 2 

20"* 

Xi 

20® 

CO 

20® 

<»2 

10 - 
20® 

H 



Hn 

20® 

Ideal ( M 

1 0 


0 10 

0 11 

0 10 

0 32 

27 3 


0 92 

llfxnne 

1 0 





0 31 

ran 


7 9.5 

Ainylaeetate 

•1 8 

0 010 

0 0*»4 

0 l.i 






M-xyleiie 

2 3 

0 010 

0 Oiil 

0 <IVI 

0 O' M 

0 20 


.13 

.-1 HU 

Toluene 

2 3 

0 037 

0 0.'>3 

0 077 

0 OS2 

0 21 


53 

R 20 

Acetone (iMtl.ir) 

22 0 

0 021 

0 012 

0 OlM 

0 OliS 




1 M.‘> 

Heiizene 

2 3 

0 02«5 

0 on 

0 001 

0 00 'i 

0 IK 



4 31 

Kthyl alcohol 

2b 0 

0 021 

0 033 

0 01 ■) 


0 11 



1 44 

Methyl alcohol 

31 0 

0 01.j 

0 022 

0 030 


0 071 




('‘arbon dHiilfiile 

2 0 


0 013 

0 020 





'».r>o 

Water 

80 0 

0 oon 

0 0013 

0 OOP) 

0 0017 

0 024 

0 7.'i 


0 02 


Taken from Hilderkwd, "Solubililv,’* p 131 lunl tho artirlo by N W T\im>r and 
Hildebrand (J .4m Chrm Soc , 46 , 082 (1923)} where a detailed discussion is given 
> Heptane used as solvent. 


* In Table 26e the solubilities of the gases (IT 2 , N 2 , CO 2 , 02 , Rn) 
are given in a series of solvents arranged in the order of increas- 
ing internal pressure. The ideal gas solubility is calculated 
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V 

from the relation where p is 1 atm. and p" the extrapol- 

ated ‘ vapor pressure of the pure liquid at T = 20°C\ 

* It will bo seen that the roKular decrease in solubilit}" is broken 
only for polar substances, as indicated by the high dielectric 
constant. Ilevesy's data for the solubility of actinon (An) or 
actinium emanation fall in the same series of solubility as 
radon (Kn) or radium emanation, for which carbon disulfide is 
the only solvent behaving contrary to the rules given above. 
Since these two gases arc isotojM^s, it would be exjK'cted that 
their solubilities m terms of mole fraction should be the same. 

* 148. Internal Pressure and the Solubility of Solids in Liquids. 
For purposes of graphic representation, it is expedient to recast 
ciiiiations bas(‘d iqion the C'lapeyron-C’lausius equation into 

dilTen'iitial form by noting that Thus the 

solubility e<iuatiou for solids (M(i. ( 147)) takes the form 

so that by plotting —lotj Xf against W(‘ g(*t a straight line 

having its origin at the melting point of the pure component 
(log AV = b) and a shqx' which, when multiplied by 4.57, eiiuals 
the heat of fusion m calories if the substanccj is ideal. 1^'igure 
IIGa shows the solubility of naphthalene dissolved in various 
non-polar solvents and j)lotte<l in that manner. If the solution 
is non-ideal, th(» slope at any point multiplied by 4.57 ^ives the 
differential or partial molal heat of solution at that (roncentra- 
tion. This is the heat dc'veloped when one mole of solute is 
dissolved in an extremely large mass of solution so that the com- 
position of the solution is not affected, it is 

( ^A MoliitionX 

dUz / JV’i = Const 

*In the present case, differences in internal pressure arc the 
only important disturbing factors and it is found that the differ- 
ential heat of solid ion is practically constant for almost all 

1 *\Vlicii T iH above the enlieal toiiiperaluic this is, of course, a ficlitiou.*- 
value. 
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valuoH of iV2, as indicated by the linear character of the curves; 
thus the differential heat of solution becomes o<iual to the 
integral heat of solution, A(Boiution), at any point, where the 
latter is simply the heat developed on mixing the pure 
components. 

* Space does not permit a development of the important rela- 
tions involving the partial niolal heat of solution or the analogous 

relations involving the partial molal volume f f ^ ^ and 

the partial molal affinities irhcmical putcniials) (--* ^ 

\ aHi /X2 .= Cuntt 



Fi(i .'{(la 


representing the expansion or the work n^spectively which is 
obtained when a mole of solute A’’2 is dissolved in an unlimited 
quantity of solution of the concentratK^n iV-*. These relations 
show that it is a necessarj% but not always a sufficient, nniuire- 
ment for a perfect solution that the componenls mix in all 
proportions without change in either volume or temperature 
alone. 

* Although a complete and exact thermodynamic treatment of 
solutions always necessitates the use of partial molal rather than 
integral properties, it is often possible to gain valuable informa- 
tion regarding the direction and the extent of the non-ideality 
of a solution directly from the thermal and volume changes 
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which occur on mixing the pure Ihiuid components. ''Hms, a 
positive deviation from Haoult’s law is (jenerally associatcMl with 
an alisorption of heat and an expansion in volume, while the 
converse is wuullij true for negative ileviations. Details n^gard- 
ing the determination and use of the partial molal fpiantities in 
the treatment of solutions are to l3e found in the papers of 
Bronsted,^ Lewis and Bandall,- and in ITildi'brand’s monograph.® 

* It will be noted from the relative position of the curves in 
Fig. 30a that the solubilitj' of naphthalene decnaises in tin? order: 
ideal solution, chlorbenzene, benzene, toluene, carbon tetra- 
chloride, ethyl acetate, ether, and hexane, which is also the ordcT 
of decreasing internal pressures (r/. Table 2(W). Procei^ding to 
solvents of intiu-nal pressure greater than naphthalene, the solu- 
bility again d(»creases in the order ethylene chloride, carbon 
disulfide, and aniline, as expectecl from rule 2. 'Ilie a].)normal 
solvent power of chloroform, which should be about that of 
benzene, is due no doubt to its slight [xilarity and tlie solvation 
resulting from this ief, 191a). 

•Mortimer^ has shown that the eciuation 


log Xz' 


fa A/ VTm — Tm„"\ 

4.57 L Tm . Tuo J 


(149) 


holds not only for non-polar substances as above, but oft.(»n holds 
with conshlerable accuracy when one component is polar; 
/, • A/ is obviously ecpial to the partial molal h(»at of solution of 
a saturated solution and is a factor which dc'peiids only upon 
the dilT(‘r(uices in ri'lativo internal pressun* ** , Ki and Kz, Jis given 
in Table 2(W. 


•When 

Kx > K,> I 

K, > Kx< i 
/fi > 1 > Kj 


/, = A', - K, +1 

f L' ' ^ 


A', 

/, = A' + 


A> 

1 

A. 


- 1 . 


*Somo of Alortinior's results shown in Table 2b/ boar this out. 


* *Z. phystk. Chem , 64, 1511 (lOOS), 68, I50.‘l flOlO). 

* *J Am. Chem. Hoc , 43, aS.! (IS»21) 

* *IjOc. cit , chap. 6. 

**J. Am. Chem. Hoe., 44, 141U (1922), 46, 033 (1923). 
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Table 26/. — Soutbilities in Mole Fraction at 20®(\ 
Calculated by Eq. (149) 


Solute 


Solvent 

iwlihronibcnzene 

Fluorene 

Obs 

Cylllc 

Ob', 

( 'ale 

Idoul . 


0 207 


0 137 

C«Hr. 

0 202 

0 202 

0 105 

0 109 

CAhClU 

0 lit? 

0 200 



ecu 

0 159 

0 KW 

0 078 

0 084 

CAhSO, . . 

0 lU 

0 16S 

0 118 

0 126 

CVIfiNMI, 

0 0S5 1 

0 OS.") 

0 056 

0 058 

(MUOII 

0 017' 

0 1.51 



CalbOH 

0 02S» 

0 OOS 

0 005 

0 003 


* Polar bolvcnts 


* In fluorcno it will bo noticed that the closest approach to ideal 
solubility occurs with benzene and nitrobenzene, which also 
approach fluorene most closely in internal pressure. 

* In Table 2()(7the latent heat of fusion has been calculated from 
the solubility in a substance of known relative internal pressure 
and the result compared with the value determined calori- 
metrically. With the exception of benzophenone, the agree- 
ment is excellent and confirms the theory, since the relative 
internal pressures used in the calculation were based on the 
solubility' relations of naphthalene alone. The variations in 
the last column show how greatly these sulnstances deviate from 
the simple relation (Eq. (12())), w'here, according to Walden,' 
the constant should equal approximately 13.5. 

» *Z. EliUio(hcm , 14, 7i;5 (190S) 
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'Fable 2Qg . — ^Latent Heats of Fusion op Organic Substances Calcu- 

L-VTEl) from iSoLUBlLITV CURVES AND DIFFERENCES IN THE HpJLATIVE 

Internal Pressures of Solute and Solvent (Ey. (149)) 


Substance 

Tma 

llydroc 

] 

A calc.. 

arbons 

1 

A obs 

H 

13en/ene 

27S 5 

2330 


.S 30 

l)-\ylene 

L>S7 4 

:isto 


13 4 

Diphenyl 

2 

43tH) 


12 S 

Anthracene 

48!l «•> 

0870 

Gsyo 

11 0 


Halides 



Ethylene dibiomale 

2S7 S 

2510 

2510 

9 0 

p-dibrombcnzene 

:m 0 

4S50 

4.sr4) 

13 5 


Nitrocompounds 



m-dimtiobcnzene 

:m u 1 

1 4tK)() 

IS70 

13 5 


Amino compounds 



Aniline 

2ti7 5 

1910 

1910 

7 20 

Diphcnylaminc 

325 7 

4020 

4050 

12 3 


Oxygen compounds 



Phenol 

313 0 

2200 

2310 

7 2 

TJiymol 

322 2 

LMt70 

29S0 

{) 2 

Henzophenoiie 

3S.S 0 

3S00 

1310 

IL S 

rrethane 

31S 2 

;<(>»() 

3030 

S 03 


*149. Solutions of Polar Components.^ —A Ithou^li in many 
cases it is possi))lo to explain the behavior of a system in which 
one component is polar and the other component is Aon-polar 


Jiiiisiiifr tliotenn coiiipoiiiid format ion ns nn explanation fortbidx^liavior 
of polar eoin])onen1s, it should be kejit clearly in mind that the weak unions 
refcrnMl to in this paragraph as compounds may often be of a ipiite ditTeient 
character from such ty|)ical chemical compounds as (’() 2 , If^O, etc There 
is a (riowiuK body of evidence resultnif; from recent studies of the phvsicists 
Debye, Itoni, Fajans and their collaborators that nt solution solvates may 
bo nothing other than a closer packing of the solvent molecules in the 
nei^hborliood of ions and even neutral molc>cules when the latter arc polar, 
ow'iii); to the ])()laiization which their electrical fields produce ui)on the 
surrounding soheiit molecules Anv orientation of solvent molecules thus 
set up is bein^ disturbed continually by the heat, motion of the vaiious 
particles and therefore the complex as a whole is of indefinite composition. 
Although these electrostatic coin])le\cs of iiidciimtc composition are of prune 
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)n the basis of the diflferencos in internal pressures alone, this 
3 xplanatioii is not always successful in highly polar mixtures 
mil breaks down completely when both components an? polar. 
In this case the factor of selective attraction leading to compound 
formation between the components overshadows and obscures 
any cft’ect which the differoiiecs in internal pressure may exert. 
Unfortunately, at the present time it is veiy difficult to 
predict in advance how great the tendenc}" toward compound 
formation will be for a given set of components, as the latter 
depends not alone upon the relative polariti(‘s of tin? components, 
but also upon the specific eharactcT of the polarity. However, 
it is known in general that a substance which exhibits basic 
properties tends to comlnnc with substances exhibiting acidic 
proixjrties, and since acidity ainl basicity are only relative 
manifestations of a given tyiM' of polarity it is reasonable to 
expect that two acids may combine* to f<»rm compounds when 
one is a weak and the other a much stronger acid. ThuSt the 
weak acid phenol (Ka = 10"*“) gives little evidence of forming a 
compound with chloracctic acid = l.oo X 10"®), but does 
form a definite e(iuimolecular compouml with the much stronger 
trichloracetic acid (Ka = 2 o7 X 10"*).* 

*Thc net effect of compound formatnm is to produce negative 
deviations from Kaoult's law, which is manifested in weakly 
polar components by vajior-pressure curves which sag like curve 
r in Fig. .'156. A mixture of acetone and chloroform gives a 
vapor-pres.surc curve of this nature, even though a definite 
compound cannot be isolated at ordinary temp(»ratures. As the 
polarity increases, the sagging increas(*s and, finally, in the limit- 
ing case where liquid A'l and liquid A '2 have such a selective 
attraction for one another that th(\v have unit(»d almost com- 
pletely to form a stable compound, say, of the e<|uimolecular 
type represente<l by the composition A" = 0 .5, we should find 
that the vapor pressures of A"i and A '2 at this composition will 


iinportnncp in solution, nevertheless definite coiiqinunds may exist; for 
example, in eases where an cquilihiiuin exists helween the solution and a 
definite solid solwate. Consult. Fa-ian.s, “Die Xaturwissensehaften,'' 9, 721) 
(1021), 11, 105 (1923) and 191a lor a discussion of some of these points and 
for references to earlier work 

Kendall, J. A?n. Ckvm. Soc , 38, 1300 (1016). 
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approach zero; the vapor-pressure curve of either component will 
be composed of two halv(\s concave to the abscissa and which 
touch this axis at N = 0.5. Compounds are undoubtedly 
formed in solution in systems lying between this limiting c£ise 
and that of the ideal solution, but they are usually so highly 
dissociat(.'d or difficult to isolate that they escape detection. 

Thus, solvates of the general 
type (Il 20 )» • (llC'l)y exist in 
a dilute aiiucous solution of 
IKU just as the compound 
NII3 ■ HCl exists when IICl is 
dissolved in liiiuid ammonia. 

* Systematic vape ir-pr(»ssurc 
measurements on sj^stems show- 
ing graded polarities, and there- 
fore graded tendencies toward 
compound formation, have not 
been carried out, owing, no 
doubt, to the difficulties invol- 
ved in iiK^'isuring the very 
minute partial vapor pressures 
of components in compounds. 
The effect of such deviations 
from Raoult’s law may bo 
studied more easily by means 
of the other colligative proper- 
ties and it is found in su^h cases 
that the tendency to compouiul 
formation inen^ases the solu- 
bility of -Vi if A ’'2 is considered 
the solvent, and also increases the freezing-point depression, 
boiling-point elevation, and osmotic pressure above the ideal. 

*The effect of the increasing stability of a compound upon the 
freezing point and solubility is shown in Fig. 3G6, summarized 
from the work of KendalF and his co-workers. 

' * Kendall, Davidson, and Adlkh, J Am. Chevi Soc , 43 , 14S5 (1921), 
from whom \v(? (luote extonsivolv Experimental data for tliose dilTerent 
typos of o.iir\’os are to be found 111 Kendall's earlier work, 36 , 1722 
(1914), 39 , 2303 (1917). 
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*T() facilitate comparison of the curv(‘s, it is nocossar}" to note 
that A r(»pr(is(»iits the same teiiipcM’ature throughout the 
melting point of the pure substance -1. Bi to By are different 
components possessing the same melting points, but exhibiting 
incre.asing tendencies toward compound formation. Curve I 
indicates the ideal system *4. — /i/, where compound formation 
is entirely absent. The solubility curve of A in Bj is that of 
lOq. (147). In curve II a comix^und is formed (line FGII)^ but 
is so highly dissociated that it never enti^rs the stable region (c/. 
162 (2,);; in curve III compound formation is more extensive and 
the solubility curve of the compound .1/^//^ poss(‘Sses a limited 
stable interval KL\ in curve IV the compound is stable at its 
melting point, /.<*., it possesses a maximum at G\ finally, in curve 
\ the compound ABy is not dissociated at all into its components 
in solution, the system consisting of two simple systems of the 
type shown in curve I compressed into one composition range. 

*The essential point to be noted in these systems is the rfepres- 
sion of the curve AC from its ideal position. If only part of the 
total -I exists uneombined in solution, then, since the solution 
will not become saturated with respect to A until the mole 
fraction of uneombined A reaches the ideal value, the total 
mole fraction of ..1 in the saturated solution must exceed this 
idi'al value by an amount depending upon the stability of AB in 
th(» Iniuid state. The solubility of A at any fixed temperature T 
conseipumtly increases regularly as we pass from curve I to V, 
as is shown by the points Xj, Xn Xy, representing the 

composition of the saturated solutions at the temperature T. 
Although but one compound AB is considered in the above, in 
practice, numerous compounds may actually form in various 
stag(‘s of dissociation [cf. the FeC'ls — II 2 O system (Fig. 41)), 
which, of course, makes the problem very complicated. In 
addition to compound formation, the association of the pure 
components as well as the internal-pressure factor must be 
accounted for also, so that at present it is very difficult to 
predict (luantitatively the colligative properties of concentrated 
polar mixtures, and particularly those of aqueous solutions. 
I lowever, the following table {2i}h) shows, in general, that the solu- 
bility increases with an increa.se in polar character measured 
by the strength of the acid solvent. 
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'Faulk 20A 


Soluliilitv of p\ioii(‘ at 

M p - i:W r 

Solid iilily of benzoic acid at oU^C. 
M p. = 121° 


Mole i)er cent. 


Mole per cent 

SolviMit 

solute m satu- 
lated solution 

Solvent 

solute in satu- 
rated solution 

Acetic acid 

40 2 

Heiizene . 


Formic acid 

4(> 8 

Acetic acul 


('hIora(‘e(ic acid 

.'30 t> 

(Miloracetic acid 


l)ichlorac(‘tic acid 

.'3:1 .*3 

Dichloracctic acid 


Tiichloracctic acid 

.'31 :i 

Trichloracetic 


Ideal (calc ) 

41 .5 

atud 

40 


1 It will 1><> ntitoli in Tjiblo 2(iA that tin* solubility of biMizoic iiiMil in tin* nuict nt rated 
acids IS counter to that predicteii on the basis of the solubility product luiiv (Kii 20(1), 
which is valid only for dilute solutions 


* A ssiinihir though loss inarkocl effect is noted for the soliihility 

of ICO Jit — (m.p. 0°) in which the mole per cent of solute 

is 95.01 per cent for acetic Jicid, increasing in the order: a oxypro- 
prioiiic acid (95.19 i)or cent), d-tartaric acid (95.78 per cent), 
hydrochloric acid (90.19 p(?r cent). The ideal solubility is 
95.20 per cent. 

* It cjin he shown (Kendall) that electrical conductivity also 
manifests itself parallel with the tendency of the solute to form 
compounds (solvates) with the solvent. Hlectrical conductiv- 
ity, which is explained by the theory of electrolytic disi^jociation, 
must be ri'scrved for a later section (182 to 193). 

*It is sufficient at this point to state that the appearance of 
conductivity in mixtures whose pure components do not conduct 
the current appreciably, such as H(.’l and iiulicates very 

marked deviation from ideiility and, up to the present time at 
least, these deviations from the laws of perfect solutions have 
only been treated rigorously (see 191a) in solutions which are so 
dilute that it makes v(*iy little difference wlKjtlu^r the concentra- 
tion is expressed in terms either of mole fraction, molality, or 
molarity. In other words, it makes little difference in such dilute 
solutions whether the ideal law is considered to be the general 
logarithmic form (Eq. 145) or the more simple linear form (Eq. 
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140) UHcd originally by van’t Hoff, which closely approximates to 
the former up to about 0.1 molal, as shown in 143 and 144. On 
the other hand, in considering concentrated solutions, appreciable 
errors will be introduced, m fact, quite erroneous deductions^ 
have been drawn in the past regarding the nature of solutions 
by using the approximate e(iuation instead of the general eejua- 
tion of a perfect solution involving the mole fraction as the norm 
of ideal behavior. 

* rnfortunately, tlu* mole fraction scale does not yield a simple 
theoretical relation between the concentration and the devia- 
tions from ideality, since these dc^viations depend upon the 
forces exi'rted between the individual molecules which in turn 
depend upon the distances iKjtweeii the inolecuk'S. It appears 
that the whole problem of concentrated solutions can be treated 
most simply by di'termining the deviations from ideality in 
terms of the mob' fraction and then considering the functional 
relation of the dc'viations in terms of molarities,” because the 
distanec.'s between individual molc‘Cules have a more direct 
relation to the volume concimtration. 

* We may conclude our survey of the th(‘rmodynamic properties 
of solutions with the statement that the laws of perfect solutions 
hold with an accuracy of about 1 or 2 jx^r C(»nt for: 

1. Non-polar substances of like internal pressures at any 
composition and to a less degree depending upon the internal 
pressure as described in 147 and 148. 

2. Weakly polar mixtures where the solute resembles the 
solvent in chemical nature, such as solutions of the sugars and 
alcohols in water up to a concentration of about .V = 0.05, or 
2 molar. 

3. A(iueous solutions of most non-electrolytes to about N = 
0.01, or 0.5 molar. 

4. Aipieous solutions of strong uni-univalent electrolytes to 
less than 0.0001 molar owing to the marked effect of the polar 
electric charges. With higher-valence electrolytes the dilution 

1 * A striking OMunpIo is givcMi by Wasiihurn in bis article ''Hydrates in 
Aqueous Solution,” Mass. Inst Tveh. Qumt ^ 21 , 307 (190.S), 

* •The cfTect. of the choice of the concont ration scale on the form of certain 
of tho therinodvnanne deviation C(|uations is discussed by Bjekkum (Z. 
Vhysik. Chcni,, 104 , 400 (1923)). 
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must be even higher than this if we are to expect the gas laws 
to hold within the limits set above. However, if other salts are 
present in constant amount and in (piantities so large (2.0 M) 
that a variation in concentration of the salt pres('iit in small 
amount docs not appreciably affect the total ionic concentration, 
it has been found^ that the gas laws hold remarkably well oven 
up to 0.2 molar. The presence of excess of foreign salts simply 
maintains a constant electrical environment (ionic strength), 
with the result that llaoult’s law holds. 

<\ Kinktic Tiikory 

160. Osmotic Pressure as a Result of the Energy-distribution 
Law. — It has been shown empirically that tin* gas laws (Kep 
(73)) hold for dilute aolutions as well as for gases. Tin* most 
important problem in the consideration of solutions from the? 
kinetic viewpoint is to prove that this empirical result follows 
from the common origin of the phenomena in the two state's. 

If we consider the kinetic derivation of the gas law (s('(» 48), 
we must be convinced that it follows merely from a consistc'iit 
application of the laws of classical mechanics which, espe'cially 
for the molecular mechanics, culminate in the energy-distribiif ion 
law. Furthermore, it was assumed that the gas mok'cules w('rc 
freely movabk?, small in dimensions, and exerciscnl no forces upon 
each other except during collision, but at no time was it nc'cessary 
to estimate the length of the free path of the niolecuk's, the' form 
of path described by the gas particle, etc. Then'fore, according 
to Dalton’s law (sec 41), even the partial pressure of an Aulividual 
gas in a gas mixture was not alfecU'il by iucri'asing the numlx'r 
of collisions. 

Altogether, four of the assumptions made for gases are dirc'ctly 
applicable to dissolved particles; the applicability of the laws 
of mechanics (validity of the energy-distribution law), free 
mobility, small dimensions, and the absence of forces betwi'en 
the atoms. It ?s, therefore, possible to apply the kinetie proof, 
given for the gas laws in 48, directly to osmotic pressure. As a 

^ •IIkonstp:i), ** Applicability of the C5as Laws to StroiiR Klcctrolvtcs,’* 
Kgl. Danske Videnakah. Srlakah , Math -fi/a Mtdd (in KiikIisIi), 3, 0 (li)2()j; 
see also Mvdd. Nobelinat. (in English), 6 , No 25 (lOli)) and Z. physik. Chem., 
103, 307 (1922). 
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itiatt<‘r of fact, the only real diffprcnce between gas molecule's 
aiul dissolved molecules is the form of their paths of motion, 
(ias molecules describe a zigzag path with relatively long dis- 
tances between the changes of direction, since they can collide 
only with similar particles. The di.s.<w)lved particle, on the other 
hand, strikes the liquid (solvent) particle exceedingly often 
therefore it changes direction much oftener, and thus descrilies 
a zigzag path with verj' much shorter disiilaci'mc'nts. The 
iorni of the jiatli of the individual molecule, of eoursi*, exerts a 
coiLsiderabh; influi'iico on many plKuiomena, such as diffusion, 
but not on the oiigin of the thermal pr(‘s.sure. Therefore, 
neglecting the seeontlary conditions mentioned above, if the 
energy-distribution law is applicable to dissolved particles, it 
must necessarily follow that the gas law mu.st be applicable. 
Conversely, the validity of the gas law for solutions signifies that 
the eiiergy-dLstribution law prevails in this case as well as in gases. 

In spite of the numerous earlier attempts, the kinetic signifi- 
cance of osmotic pi-essure with full emphasis on the simple and 
convincing relation between osmotic pressure and the energj'- 
ilistribution law was first demonstrated by lOinstein (1905). 

161. The Flow of the Solvent into the Osmotic Cell. The 
Lowering of the Vapor Pressure. — ^'I'lie origin of the pressure 
exercised by dissolveil particles upon a membrane which they 
cannot penetrat<> is iiof. diflicult to understand after what has 
already been saiil, although it does perhaps appear paradoxical 
at first that the solvent particles should flow through a fixed 
semipermeable partition info the cell against the osmotic jires- 
sure. In spite of this, the pheiioiiicnon is a simple mechanical 
result of osmotic pressure. 

A dissolved particle, conceived iis being in a state of very lively 
motion, strikes against the semipermeable wall, is thrown back 
from it, strikes one or more solvent particles in the next instant, 
and is thrown back towards the wall by them. The solvent 
molecules thus receive an impulse directed away from the wall 
which, on the whole, is just as great as the impulse towards 
the wall received by the dissolved particle. The process is 
illustrated diagrammutically in Fig. 37, in which the left half 
repre.scnts a dissolved particle (large circle) just striking the 
scmipcriucable wall and receiving an impulse back into the solu- 
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tion. The right half represents the same particle very shortly 
afterwards, when it has collided with solvent particles (small 
circles) and has been forced to turn back, the latter recei\dng 
impulse towards the interior of the solution. The solvent 
particles which have been struck transfer their impulse to their 
neighlxiring particles, so that finally the solvent flows slowly 
inwardly through the membrane which is permeable to it. Only 
when there is a force, such as hydrostatic pressure, which opposes 
this motion, is the inflow made slower and finally ceases entirely.^ 

SotvenV I Solution | Solvent’ ^ Soluf'ion 



Via :i7. 

The surface between a solution and its vapor also acts as a 
semipermeable membrane. The solvent particles are able to 
pass through the surface, even though with considerable change 
of velocity, but the dissolved particles are bound to the licjuiil 
phase, provided, as has been assumed, the dissolved particles 
are non-volatile. 

Just as at the semipermeable wall, tluj solvent molecules rec^eive 
from the dissolved molecules an impulse towanls the interior of 

* * For a donvatiOTi of Eq. (145) for tlic osmotic pressure of n perfect 
solution whicli Ls based upon the earlier kinetic eunsiderntioiis of van Jiaar, 
see Wasiibuun (./. A//i. Chnn. *Soc., 32, 657, 1610). By picturing the origin 
of the asniotic pressure of non-electrolytes as duo to a difference in soIih jU 
pressure, Schay (Z. j)hyeik. Chem., 106, 37S (1623)) has sliown that it is valid 
to consider tlic osmotic pressure to be nuiiiencally equal to the pressure of 
the solute jiarticles only at infinite dilution. Ills analysis shows that, 
although at finite concentrations the partial pressure of tlie aolutv molecules 
is not equal to the osmotic pressure, the effective partial pressure of the 
solvent molecules is ecpial to the osmotic pressure, and his work may be taken 
as a confirmation of the views set forth m 161. Recently, Debyis (Rec. 
trav. chim. dvs Pays Bus, 42, 597 (1923), sec also 188c) has developed a kinetic 
theory of the osmotic pressure of strong electrolytes which is in accord with 
the results of tliermodynamic reasoning as well as experimental data for con- 
centrations up to about 0.1 molar. 
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the solution which acts in the same direction as the cohesion 
pressure. As a result of this increase in the cohesion pressure 
the solvent molecules arc more firmly held in the liquid state 
than before, and therefore the vajwr pressure of the solution is 
smaller than that of the pure solvent. 

162. The Osmotic Pressure of Visible Particles. — While 
the applicability of the en('rf?y-distribution law, according to the 
behavior of solid substances, l)ecomes increasingly doubtful as 
the mass of the particle liecomes smaller and, therefore, as its 
vibration frequency increases, there is at present no basis for 
limiting the sphere of its application as far as ndativcly large 
and heavy particles arc concerned, llelatively heavy particles 
must, therefore, also exercise an osmotic pressure which follows 
the gas laws, but, of course, the particles must move freely, 
their diameters must be small in comparison with the distances 
lietween them, and the^' must not mutually attract each other. 
These conditions ar(‘ approximately fulfilled ly very small liquid 
or solid bodies suspended in lifiuids (emulsions suspensions) 
and a certain class of colloidal sols (suspension colloids); there- 
fore, the laws of osmotic pressure must also hold, (»ven though 
the individual particles can be followed by means of the micro- 
scope or ultramicroscope. 

Since the particles are quite large in comparison with mole- 
cules, only relatively few of them may l>e contained in a unit 
volume, i.e., the molar concentration is always very small. For 
this reason the osmotic pressure is so small that the customary 
methods give at best very uncertain results. Other methods can 
be used, however, which, in turn, arc not applicable to ordinary 
solutions. 

An accurate knowdedge of the osmotic pressure of colloidal 
sols with visible particles is of interest not only because the 
molecular weight M of the particles can then be calculated, 
according to the gas laws, but the size and mass m of the actual 
particles can also be determined to some degree of accuracy by 
several diflfcjrent methods. From tht‘sc it is possible to determine 
the Avogadro number N by means of the relation M = ?//N. 

163. Sedimentation Equilibrium. — One of the most eh'gaiit methods for 
dc'tmnmiiig the AvoRndro luimlxT, althoii^di it avoids an cxidioit calculation 
of the osmotic pressure itself, is bascii upon the measurement of the decrease 
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in tlio roncontration of the particles with incroasini; hoight, which is fine to 
tlic action of gravity on the partieles, and which is coniplotolv analogous to the 
docreaho in tlic density of tlic atnios])here with increasing height aliovo 
tlic earth (the so-called “seiliineiitalion eipiilihininr*). Roth cases involve 
an efimhhnuin hotween the dispersive effect of the thermal pressure and tlie 
downward-pulliiiK action of gravity The well-known formula for haro- 
inetric IicikIiI can l^e direct Iv applied to colloidal sols with hut slight modi- 
fication. For the sake of clearness, the derivation of the formula will he 
briefly descnheil. 

In an upright column (area of the base = I cm - ) of gaseous or (IissoIvimI 
particles the increase of Indrostat ic pressure dPi is determined meielv hv the 
weigh! of the i)arti<*l(*s contained in a c\linder of the height dh. If the weight 
of a single paiticlo is G* and the number per ciiluc centimeter is A", then 
dPi IS given by 

r//»i = N^(rdh 


For tlie theimal CosiiKtlic or gasi piessuie wi' lia\i 


c N 


<//*. = y '/A' 


At ecpiilihiium, d1*\ and dP^ must he e(pial, hent'e 


//A" 

A' 



from w'hich results 



;^N 


fn) 


(150) 


or 


.V ' "" 

- > 2 

The “effective** weight (7' of a gas molecule is siinplv (/ m (q = the accelera- 
tion due to gravitv), hut for jiarticles dissolve*! or suspeinled ii| a Inpiid 
the huovancy of the iKpinl affects the “elTe«*tive" weight of the jiarticlo, 
so that G' becomes 

1 - ^) = (161) 

where dj is the, density of the solid and <i\ that of the lapial, and c' is the 
volume of the indi\idual particle 

Equation (150) was used first by Perrin, later by Svedheig, Westgren, 
and others to determine. N. 

Perrin used gamboge particles suspende«l in water for manv of hia 
researches. One of the greatest difficulties was to iihtain a suflicientlv 
homogeneous suspension with particles of apiiroximately the sam*' size* ' 
^ * SiiWHY (see Table 2; avowled this difficulty hv using certain hacteiia 
as the suspended particles, although he did not work with the sedimentation 
method. 
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INthii fiiinlly oblaiiiHl such Mis{)Oii8ions liv careful, fractional ccntrifufi;a- 
tion B\ suitahlc choice of the \elo(‘ity and tune of ccntiifuKinK, the sus- 
jHMiKiou would contain only particles helow' a ceitain size, wliilc all tlic rest 
w'cie precipitated , after ccntrifu|i;in^ a nunihor of tinies the dimensions of the 
jiartieles would be brought within sufficiently nairow’ limits. The weight 
G* was calculated either by deterinining the mass tn by counting a wingh- 
able number of particles, or by means of Eq (151 ) by determining the vol- 
ume r\ 'I'he latter could be found by several methods, 
of which measuring the diameter of the particle under 
the microscope was the most direct. The picture of a 
sutlicieiitly homogeneous susjiension, observed from 
the side, is show'ii in Eig 118. When the number of 
partich»s A'l' and A' 2' has been couiifetl at two layers 
differing m height bv (hi — h>), siitlicient data have 
been obtained to calculate N. The mass m of the 
paiti(‘les ummI by Perrin was between 2.0 and 2 5 It)”^^ 

<7, which, although it seems to be very small, is still 
verv huge m comparison to ordinary chemical iiiole- 
cuh‘s, foi these jiarticles coi respond to a molecular 
weight of about = 32). The remarkable ibiTer- 

ence b<*twecii tlie size of an ordinary gas mol(*cule and 
a visible colloidal particle is iimst distinctlv shown in 
the sedimentation equilibrium bv the tliiTerence of 

A'’/ 

h(*ight, which for a definite ratio y , is inversely pro- 
portional to thcmulecularweight or to the quantity f/'N. 

Eor example, IVrnn found that / = 2 thedifler- 

enco in height hi — hz = 30/x = 0.003 nn , while the 
corre.s])onding dilTerence for air mohruh^s is about 5 5 
km. For N, Perrin obtained a mean value of 0.S2 10"\ 

More recent mea.surements by Westgien on colloidal 
gold and selenium ])articles gave a mean value of 
(i 05 10‘®. Tlie c\<*ellent agriKMiient between these values and those 
obtained bj' other methods may be seen in Table 2, page 00. 

* Acommon impression isthat Perriirs foi inula (Etp (1.50)) holds through- 
out the ent ire deiith of a solution. This would 1 >e tme if all t he assumptions 
involved in Perrin’s derivations are valni for suspensions. Actually, this is 
not the case, for Perrin’s gamboge particles the concentration at a depth of 
3 C7n. would be 2*”"“ tunes that near the top of the suspension and even a 
casual observation show s that this is not Inio. Peiuun (“ Atoms," translated 
by IIammk'k, D. Van Nostrand C’o. (11)23) ]> 1)*.)) slates that heights of less 
than 0 I 7/17/1. onlv are suitable for useful observations with the emulsions 
employ ed. Wkstokk.n ( Z. phyaik < 'hvm , 89, tiil (11) 14 ); has extended this to 
1 1 7/1//1. and approai'hed the sedimentation eipiihbrium from both sides 
PouTEuand IIedoes (Phil .V 1117 , 44, G41 (1922)) bv taking into account the 
deviations from the gas laws due to the volumes of the ])articles, deduce 
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a formula which holds vciy well fora further distuiico of about 15 mm , the 
distribution of the particles throut^hout the iiuun body of the suspension 
beiufr seiisildy const ant. 

* Perrin’s derivation dcfinitolj' assumes the applicability of the laws of 
perfect gases and t-liese in turn rcquiio that there are no mutual force effects 
between the paiiicles. Since this is by no means assured, it is clear that 
Perrin’s law must fail at a depth where the concentration of particles has 
become so great that these forces arc no longer negligible. 

• It is also quite likely that no investigator has completely eliminated 
convection effects due to temperature fluctuations nor allow'cd a sufficient 
time for a tnie sedimentation equilibnum to be established throughout 
the entire body of tlie suspension. In fact the siinph* form of Stoker’ law' 
indicates that it w'oiild take one year for a gold particle (tl = lOg/il to settle 

ct/i. and this only m the complete absence of the complication of the 
Jirow'Tuan movement and convection currents, and on the assumption that 
the particle docs not combine with the solvent medium, which is doul)tful.‘ 

164. The Brownian Movement.^ — As long as the particles of 
a solution, whether thej*' be visible or not, are able to exert an 
osmotic pressure, they cannot be at rest, for, according to our 
fundamental conceptions, the osmotic pressure is due directly 
to molecular motion. The fact is that the motion of suspended 
particles was oliservcd by the botanist I3rowii in 1827, long 
before any measurements of osmotic pn'ssure were made. This 
trembling, irregular, translatory motion of suspended particles, 
which is usually called the ‘‘Brownian movement,” remained 
unexplained until Einstein (190o), and at the same time Smolu- 
chowski, discovered its relation to osm«.)tic pressure and demon- 
strated that it was really a heat motion of the particles. The 
irregular motion observed under the microscope by n® means 
corresponds to the true moan velocity of the particles, as the 
energy-distribution law demands, for according to this law (Eq. 
(83),) a particle with a molecular weight of 1 X 10'” must have a 

^ * We arc indebted to our colleague. Prof A. W Thomas, for calling our 
attention to some of these points. See Svbdberg, “Colloid (’heniistry,” 
p 101; Burton, Phil Mag, 47, 721 (1924), Mahon and Weaveh, 
Phys Rev, 23, 412 (1924). 

®SvKDBEKO, T “C’olloid Clieiuihtry,” pait II, (.'hcrnieal Catalog Co. 
(1924); Jahib Radwakl Elektiomk , 10, 470 (19111). 

Furth, R., ibid., 16, 319 (1920). 

Burton, E. F., “Physical Properties of Colloidal Solutions," chap. IV, 
London (1921). 
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velocity " "7x lo". »'x>«t2.»c»../.rr., 

while the path actually described in 1 sec, is only some thou- 
sandths of a millimeter. The difference means simply that the 
true path of the particle cannot be followed in an absolute 
sense. It consists of exceedingly rapid and small vibrations 
and the eye can recognize only the total displacement of the 
particle within a time of, at the very least, } [o see, (the time of 


3 X 8.31 X 10^ X 273 



Knj :<U 


the eye’s accommodation), ami this is merely th^^ resultant of a 
number of actual displacements. 

'J'he reason for the peculiar displacements actually observ(‘d 
in the Ikownian movement, as Fig. 39 illustrates, can be explained 
as follows: A particle is subjected at all times to an enormous 
numb(?r of collisions with the' rapidly moving molecules by which 
it is surrounded. The effc'ct of these collisions is very largely 
annulled, since to a certain degree they take place equally on all 
sides. If the collisions arc completely compensated, the particle 
merely vibrates at one point, but actually the compensation is 
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not complete, so that the particle receives an excess inii)ulse in 
one direction or another and therefore moves. The loiij*er a 
particle is obsen-ed the gre^ater is the probability that not all the 
collisions will be compimsatetl. The observed displacement of 
a particle from its ori{*inal jiosition is thus th(' ^i^eater the lonj»,('r 
it is watched, but, of course, it is not proportional to the time of 
observation t, but to y/~t fs(‘e lOq. (153)). The f 2 ;radual profin's- 
sion of particles taking place in this manner is usually called diiTu- 
sioii in ordinary solutions. Since, in the si'iise of the kiiu'tic 
theory, theie is no theoretical distinction between real (cluMuical) 
molecules and suspended i)articles or colloidal particle's, the law 
of diffusion must be directly apjdieable to the latter also. 

The pioKrcss of difTiisioii from a layer AB in both diroolioiis has nln^ady 
l>oen di.scusscd in 17 and is represented bv Fik 12. The lesidt obtaineil 
there has the follow mg Mgnilicance for the pn'sent ease If a largis nunibei of 
particles are observed siinultaiieoiislv, all of th(‘m at the tunc ^ ~ 0 being 
located on a straight line AH, then after a certain time t fsav, I bcc ') a large 
mimber will still be found near AB^ for their colliMons with the liquid 
iiioleculea have been largely conqiensated Another poitnni of them w-ill 
have moved fartlier aw ay from the zeiu line, but onlv a very small number 
will have traveled a relativi'ly long distance. 'I'lie avmage distances winch 
the indivulual particles have moveil foiward, aiul which are called the 
uveraqv thsplacnncnts, are lepresentetl by n, xu etc In order to take the 
progress in both positive an<l negative directions into account, it is con- 
venient to use the sipiaie of the mean ilisplacement, .i- ^I'hc calculation 

1 

of tins value consists in forming the expression I r-iln, in winch Kq 
IS to be substiluteil for lin 'I'Iiin leads to the simple result ^ 


= 2D t 

(152) 

l> = 

2t 

(ir>3) 


i r , the flifTiision coeflicient /> of the paiindes can be calculate<l fiom obser- 
vations of the scpiare of the average distance passed over m a definite time t 

166. Osmotic Pressure and Diffusion. — Sinct' in the last 
analysis the osmotic pressure and the ]b*ownian movement arc 
nothing otlu'r than the two extremes of the same form of j)hc- 
nomenoii, namely, the heat motion of particles, it must also be 
possible to find a relation between the diffusion coefficient D and 
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the osmotic pressure. For the ealcuhition ji relatively rough, 
schematic tn'atmeiit will suffice.’ 

a first approxumitumj the imrtiel(?s may be supposed to be 
driven forward by the pr(\ssiire force, and, ind('(?d, in a h(piid 
column of unit cross-section along which the osmotic pressure 
cW 

gradient is the osmotic pressure dP on the whole acts as a 

driving force on a particle in a layer dx in thickness, because on 
till' one side is the pressure P^ while' on the other the j)ressure 
P + dP acts in tlie oi)posite direction. Ibit due to the friction 
to which the particles are subjected in the liipiid, their velocities 
can increase only up to a certain limit, if this retarding fric- 
tional fierce is considered to be i)roi)ortional to the vi'locity V of 
the particle, as in 14, tlie total friction on X'dx jiarticles (present 
in a volume element 1 X dx) amounts to fyX'dx. 

At c'liuililirium when the motion of the jiarticle becomes um- 
form, i V , its acci'leration has become zero, it follows that 

(/x = -X'yjdx + dP = 0, 


or 

£ - w.. (iM) 

In unit time .V'Vo particles are movi'd through the unit criiss- 

(IX' 

section; this product is, therefore, identical with the term of 

Fick’s law' (see 17) if this refers to imlividiial molcTules and not 
to a gram molecular wi'ight. Thus 


dX' 

dt 


= .V'Vo = D 


dr 

dx 


I) dX\ 
V dx 


(ir,r>) 


Now' according to Fip (140): 

dP = dX' 


HT 

Nc' 


and if therefore follow's from Kijs (IW) and ( 100 ) that 

= T>- 

The frictional force /acting on a partii'le may be calculated from 
its radius a and the coefKcient of internal friction or viscosity f 
*'Thu.s, for the present case I* is identical with x in Eq MO. • 
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of the liquid by means of a formula given by Stokes for spherical 
particles: 

/ = 


An exact tost has shown that this formula holds quite accurately 
for friction in water down to particles which have radii of about 
those of sugar molecules, but correction factors are reciuired for 
smaller radii. Since tiio din^ct measurement of the dilTusion 
constant for visible jiarticles is not very accurate, it may con- 
veniently 1)C replaced by the determination of the scpiare of the 
mean displacement (lOcp (lo3)J which the particles experience 
during a time L Finally, from Eq. (loO) the following relation 
for N is obtained: 


N = 


RT 


nr>7) 


in which the right-hand side contains only experimentally 
measurable ([uantities. A number of investigators have 
determined N according to this method. FiSpecially careful work 
was done by Nordlun(F on mercury droplets, w’hich gave a mean 
value of n‘= 5 9 X 

The Brownian movement may also be observed in gases, for 
example, with oil droplets. In this case it is jiarticularly rapid, 
since the internal friction of gases is considerably less than for 
licpiids, but it is less suitable for the estimation of N because 
Stokes* law reaches its limit of accuracy at particles of consider- 
a])ly larger size than in lif|uids; this is due to the very much 
greater free path of the molecules in gases. 

i 

166. Density Fluctuations. — If the niiniber of particles contaiiio<l in a 
unit voliinio of a suspension or colloidal sol is deterinincd from lime to time, 
it IS found that the number fluctuates, but a moan value iVm mav be oblained 
if the observations are continued over a long period, the number A' found at 
any instant nearlv always deviates from this. From theoretical, probability 
considerations, it is possible to calculate the average percentage deviation 

c = “ of from the mean value iVm. 

M 

Assuming that the partndes do not exercLse any force effects upon each 
other, the following formula, which is in good agreement with experiments 
on colloidal sols, is obtained * 



^ * C’lted by Svedbero, T., “Colloid Chemistry,” loc cit , p. 118. 


( 158 ) 
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On the basis of this formula, density fluctuations must also occur in gases, 
but these would be perceptible only if a very small volume could be obser\’cd. 
For example, in order to obtain a mean density fluctuation of 1 per cent 
the actual number of molecules Nm must be less than 10,000, the correspond- 
ing volume Vo for a gas under atmosphcnc pressure is only 


22410 X 10« 
N 


= 4 X 10"^* cm *, 


(169) 


which is a cube with an edge of 7 • 10"® ctn. = 70mm* ‘^till these density 
fluctuations have an ciTect so that gases arc not entirely hoinogoneous but 
somewhat turbid." To bo able to demonstrate this turbidity optically, 
it LS, of course, necessary to have considerably thicker gas layers or very 
strong light intensity. The eartirs atmaspherc illuminated by the sun 
satisfies these conditions We observe the effect of this turbidity as the 
blue color of tlie sky, disregarding the cloud particles and similar suspended 
matter, without this effect the sky must appear black. From the intensity 
of the blue color in comparison to the dirt»ct sun ravs, it is possible to draw 
some coiiclusioiiH as to density fluctuations m the air, on the basis of a 
theory dovcloi)c<l by Lord Rayleigh. It is thus theorcticallv possible to 
determine the volume vo m which a definite density variation occurs by 
optical means, and then by means of Kq (150) to calculate the Avogadro 
number N. This method, however, is extremely sensitive towards the 
turbidity of the air caused bv water droplets, dust, etc., and thus gives a 
value for N Inch is somewhat too small. 


167. Formation of Hydrates (Solvation). — The fact that 
substances go into solution spontaneously (neglecting exceptional 
cases) indicates that work can lie ])erformed by this process (30) 
and that, therefore, an affinity exists between solute and solvent. 
From the standpoint of molecular theory this can be ex])laincd 
only by assuming that some sort of forces act between the 
molecules of the solvent and the molecules of the substance dis- 
solved. On the whole, the nature of these forces is certainly 
not known very exactly at present. In numerous cases, however, 
electrical forces are involved (see 191a, 244). Now since these 
forces, like all molecular forces, probably have only a relatively 
short range of action (c g , see 172), it might be expected that 
around the individual dissolved particles a number of solvent 
molecules would be fixed more or less firmly This process is 
usually called hgdmtion when aqueous solutions are involved, 
solvation being the general term. 

A number of experimentally establishc'd facts can be explained 
qualitatively quite well on the assumption that hydration takes 
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place, but quantitatively the results of the various methods for 
determining the degree of hydration, the number of solvent imde- 
eules assoeiatc'd with each solute molecule, agree only imper- 
fectly up to the present. This may be due mainly to the 
solvent moh'cules being held with diiT(‘rent orders of strength, 
those iK'arc'st the solvent moh'cules being more firmly lu'ld than 
those farther away, and therefore a sharp distinction bet\\e(*n 
bound and unbound solvent molecules may not be ])ossiblo. 

In the formation of colloidal sols not only the combination of 
the colIoi<lal particle with solvent molecules, but also its coni- 
bination with dissolved molecules or ions plays an important 
part, so that it seems appropriate to dc'signate the group — 
colloid particle + attached sedvent molc'cules + attached dis- 
solved molecules — by a siiecial term ‘‘micelle,” as suggested by 
Zsigmondy. 

The kinetic calculation of the osmotic ])ressuro is mit affeeled 
by hydration, however, since the osmotic pressure is depc'ndiMit 
only upon the number and mean kinetic energy of the freedy mov- 
ing particles, and not their masses. Hydration changes the mass 
but not the other two fpiantities, as follows from the energy- 
distribution law. 


d . Applications 

*168. Molecular-weight Determinations of Dissolved Sub- 
stances. — Since the molecular weight of a solute always enters 
into the derivation of the formulas for the colligativo jn-operties 
of a solution, and since it can be shown on kinetic grouhds that 
these properties depend upon the number of dissolved partich^s, 
at least for dilute solutions, it follows that any one of the colli- 
gative properties will serve for the determination of the molecular 
weight of a substance in solution. In fact, van’t IlofT\s demon- 
stration that the gas laws could be applied to the determination 
of the molecular weight of dissolved non-volatile substances, 
just as though they were gases, forms the basis for a large part 
of the development of present-day physical chemistry. 

* As a rule, the freezing-i)oint method is the most simple experi- 
mentally and yields the most accurate results,^ though in siw^cial 

^ *Soe Adams, Am. ('hnn Sor , 37, ISl (101.*)); IFall and Hakkins, 
ibid., 38, 2658 (1916), for description of apparatus and technique. 
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c.'isps the oloviition of the boiling point^ or (loi)rossion of iln? vai)or 
pressure® may b(‘ noc(‘ssary or preferalJe. 

By a procedure exactlj- anulogous to that given uiid(?r the 
boiling-point law, ICcp (H8) may bo simidified to 


_ AT - r 

1000 A/ 


fl4Sa) 


AI RT ® 

where the term j which is the molal freezing- 


point constant, has the value l.SoS^ for aqueous solutif)ns. 

* A known weight of solute is dissolved in a solvent and the 
d('pressioii of the freezing point of the solvent bj'^ this addition 
noted with a Beckmann thermometer or by the use of a thermo- 

couple. The ratio ' gives the molality of the solution, from 

Kp 

which it is easy to calculate the molar weight, knowing the weight 
of X 2 dissolvcMl in 1000 g. of solvent. It should be rememlicrcd 
that Ki\. (1 18u) is approximate even when components which are 
sufficiently alike to conform to the re«iuireinents of ( 141 ) arc 
employed, and should therefore be used only in dilute solution. 
A more exact form, retaining the composition in terms of mole 
fraction, can be derived from Ecp (1 17/y) by expansion in series 
and, aft(*r introducing the proper values for the constants of an 
aciucous solution, becomes 

As = 0 ()0<)r)9(A7V “ f) 00425 (147d) 


or, by n'arrangcment, 

- ATv = 103.20(^2 + 0 42S A' 2 ®). (147c;) 


Ikpiatlons (147(/) and (147(0 are accurate to 0 001° up to ATm = 
7°, when the solute forms an ideal mixture wdth water {i.c , to 
about 3.5 molar) and should be used in preference to Eq. (148a) 
for concentrated solutions 

*lf dc'sired, the osmotic, pn^ssure may be directly calculated 
from the freezing point by an eciuation corresponding in form to 
Eq. (147d); namely, 

n = 12.0()(Ar,i - 0 00178 A2\u=) (145c/) 

1 * Co'iTUKLL, ./. Am, (livm. Nor, 41, 721 (191 *.0 

® * So(' Mkn/.iks, 7j phffRik ("hnn , 76, 231 (1912), FuvzKKiind Lovei.we, 
Am Chvm Nor , 36, 2139 (1911), and 46, 2930 (1923), for references to 
other papers and for details of the method. 
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8. THE EQUILIBRIUM BETWEEN STATES OF AGGREGATION 
IN THE PRESENCE OF OTHER SUBSTANCES 

a Empirical Foundations 

169 . The Distribution Law. — As the limiting case of oquilih- 
rium between two substances, the solution of a gas in a liquid 
may be considered first In this case, provided complications, 
such as chemical changes, are avoided, the absorption law of 
Henry-Dalton (1803 and 1807) is valid. This law in its simplest 
form states that the amount of a gas dissolved in a liquid is pro-- 
portional to the partial pressure of the gas, or at a given tempera- 
ture the ratio of the concentration of the substance in the 
solution Cl to the concentration in the gas c is a constant. 

— = Si. (KW) 

c 

Nernst calls the proportionality factor ^Sithe solubility coefficient. 
The law’ does not hold if the gas changes its molecular stati' in 
the solution and it is attempted to compare the concentration 
in the solution w’ith that in the gas in spite of the change (further-, 
sec 197 ). How’ever, the law* remains correct if it is applied to 
each molecular specie's present, thus obtaining a different valuej 
of the solubility coefficu'iit for each one (Nernst, 1891). 

If a single molecular species has the opportunity to dissolve* 
simultaneously in two immis(*ible liepiids, then the Henry- 
Dalton law’ holds for both solutions, and besides lOq. (160) we 

have also = N 2 . By combining the tw’O we* g(.'t ^ 

= (*onsL = S\,2 (161) 

C2 02 

In w’ords, this means that the molecular spee*ies distributes itself 
betw’cen the tw’o liquids in such a w’ay that the relation of tlie* 
concentrations is constant; aSi.o is called the' distribution or 
partition coefficient. The applicability of this law is by no 
means limited to the substance's w'hich arc gaseous under e)rdi- 
nary (ionditions, but also embraces any ne)n-volatile substance. 
Essentially, the elifference betw’een an easily anel a difficultly 
vaporizable substance is only that the concentration of the' latter 
in the vai)or phjise is ve'iy small, and therefore the solubility 
coefficient is relatively large. Yet the distribution coefficient, 
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as Eq. (161) indicates, does not depend upon the absolute values 
of .S'l and »S'a but upon their mutual ratio. The assumption 
involved in the exact application of the simple distiibution law 
(K((. (161)) is, of course, that the distributed substance is in the 
“dilute” state in all phases, so that the gas law pv„ = HT is 
valid, whether for the partial pressure of the gas or the osmotic 
partial pressure. Only in such a case can Eq (161) be derived 
thermodynamically. (Cf. 188b.) 

With increasing temperature the solubility coefficient usually 
increases but tliis statement is not without exceptions. Nothing 
general can be stated concerning the distribution coefficient 
beyond that given in 147, 148, and 149, since Si can increase 
more or less rapidly than ^ 2 . 

In tlie general case, the concentrations of the substances in 
the different pluuses arc no longer proportional to each other but 
are always definitely d(‘terinine«l by the concentration fi of the 
substance in the one phase as well as the pres.surc, temperature, 
and concentrations in the other iduisi's, <•/, ci”, etc, or, what 
amounts to tlic same thing, there arc in all cas(‘s functions of the 
type: 

o' = f{p,T,cO 

Cl" = <p(p,T,ci), etc. fl02) 

The simplest example of such a function is the vapor-pressure 
curve, but here, of course, the pressuie is no longer an ind(‘])en<l- 
ent variable, since equilibrium betwi'cn vapor and liquid is 
possible at only one pressure for each tem, i-rature. 

On the other hand, if a liiiuid whose vapor hail at the begin- 
ning a concentration Co, is brought into contact with a difficultly 
soluble gas and with a total pressure P acting on the system, this 
is an example of an equilibrium which is dependent on lioth 
temperature and pressure and in which the concentrations in the 
two phases are not proportional to each other. The effect of 
increase of pressure is to increase the concentration (partial 
pressure) of the vapor. The den,sity of the liquid increases but 
slightly during this process, esiiecially if its compressibility is 
small. It may be supposed that the effect of the pressure trans- 
mitted to the lupiid by means of the difficultly soluble gas is to 
squeeze a part of the liquid molecules out into the gas space 
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whore they find Ji b(‘tter oj)i)<»rt.iimty of oxistoneo amoiiK the ^as 
molocules than among the more densely packed liquid moleciuh's. 

The pressure thus exercised upon the ii(piid acts in just the 
opposite direction to the osmotic pressure, since the imll of the 
liquid molecules towards the interior of the liquid is stn^ngthenod. 
However, except for the direction, the efTect of this external 
pressure is exactly the same as that of the osmotic pn'ssure 
In order to secure a mathematical relation for a vapor pressure 
increase resulting from an external pressure traiismitt(Hl by a 
foreign gas, the thermodynamic reasoning followed in 143 can 
be repeated without being changed. *ln this way we arrive at 
hkp (14 k), in which for the present case P the external pn'ssure, 
equals II. Substituting the concentrations c' and Cn of tlu' com- 
pressed and un<romj)ressed vapoi-s for p and pu and the concru)- 

tration of the li([uid c for }, we get 

* ”, 

\\ = -cHT In-- or P = cHTln ^ ■ 0 (iS' ) 

Cu 


*In the limiting case when r' and Cu are nc^arly ('(jual this 
reduci*s to 


c' - r« ^ P 
Co iPT 


( 1 ( 53)1 


since und(»r t.h(»S(» circumstances 




— c,,^ 

Ci, 


In this, corresponding to the geiuu-al function (lOcj (1(52)), c' is 
actually dependent upon 7^ T, and c (c can be varied b>’* diluting 
the liquid by another licpiid). 

160. Gibbs’ Phase Rule. — A nile of extreme importance and 
general applicability can be derived from the fact just discussed 
that there exists a definite and al)Solute relationship between 
the concentrations of substances in various phases, 'lliis is 
Gibbs’ phase rule; it fixes the relation between the number of 
phases which are capable of existing, tlie numlK‘r of clu^mical 
substances present in the system, and the conditions of tempera- 
ture and pressure. 

‘ *Thc derivation of E(i. (10.3) clifferH slightly in form fioin tliat given in 
the German text because of the changes that have been introduced m 

143-149. 
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* Two terms will be constantly used in connection with this 
rule, “phase*' and “comiwnent," and it will be host to define 
them at once. The term “phtisc" has already been defined for 
chemically homogeneous substances in 110, but a somewhat 
more descriptive definition may now be quoted: 

A heterogeneous system is made up of different iiortioiis, each in itself 
lK)m()geneous but marked off m space, and separated from eacli other 
by boundary surfaces. These homogeneous, physically distinct, and 
mechanically separable portions are called phases. 

* While the conception of a phase involves no difficulty, the 
same is not true of the term component. At first, it would seem 
as if each chemical substance woultl be a component, but this is 
only partly correct Only those substances, the concentrations 
of which can be varied independently in the different phases can 
be called components, h'lndlay gives the following definition: 

As the components of a svstom, there arc to be chosen the smallest 
number of independently viiiiable constitiicmts, by moans of which 
the composition of eacli ])hase particqiatmg m the state of equilibrium 
can be expressed in the form of a cliemical eejuation. 

*Tt will be seen at once that this definition permits a certain 
amount of arbitrariness in choosing which of the chemical sub- 
stances shall be considered as components, especially when the 
number of components is three or more.^ 

In deriving the phase rule it will first be assumed that a total 
of n chemically different substances takes part in the eciuilibrium. 
These will in some way or other distribute themselves among 
various phases, and it will l>e assumed that in at least one phase 
a p(U’c(‘ptible, even though slight, amount of each substance is 
present. In general, it may be assumed that this takes place 
in either the Inpiid or the gaseous phase. If no phase is present 
in which the various substances exist simultaneously and in 
which they are able to interact, then cciuilibrium cannot take 
place and the phase rule loses its meaning. 

For each of the homogeneous phases present there is an 
equation of state analogous to those already discussed extensively 
for a number of pure substances Since the general case involves 

^ • For a further diseiission sec Findl.w, “Phase Rule,” p. 7, Longmans, 
Green & Co. (1923j; sec also 198. 
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a number of substances in each phase, the equation of state is 
no longer merely a relation between pressure, temperature, and 
total volume, but in place of the totid volume we have the con- 
centrations of the individual substances in the ])articular phase 
under consideration. The “state’* of a phase is thus defined 
by the pressure, temperature, and concentrations of substances in 
this phase. Between these quantities there must I.)e jin ('xact 
relationship, the generalized equation of state. It is easily seen 
that the existence of such an ecpiation of state for a system con- 
taining sev(‘ral substances is just as necessary as for a system 
with only one substance. 

For examj)l(‘, an unsaturated solution contains given amounts 
of a number of substances dissolved in a liquid; the solution will 
then assume, a definite volume at a dofiniti' temperature and 
pressure ('xactl}^ like a inire liquid, but the volume of the solution 
determines the conci^ntrations of the dissolved substances. For 
each homogeneous phase in which all n components arc present 
there is a definite relation 

F(/), T, Cu Co, Ct, Cn) = 0, (104) 

In the remaining phasi's not all the n components need be present 
and we might have 

F'(p, T, cij ca', cs' ) = 0 (.104a) 

T, Cl", ca", C 3 ", . ) = 0. (1046) 

We now apply Eep (102) which holds for the individual substances 
1, 2, 3 . . .71 and the different phases, and with its help elimi- 
nate the terms Ci', Co', c.-*', Ci", Ca", C 3 ", etc. from (104a), (]i046), etc., 
thus obtaining besides Eep (104) and instead of Eqs. (104a), 
(1046), etc. a number of ecpiatioiis of the form 

^(p, r. Cl, Ca, Ci ) = 0 (104c) 

^(p, r. Cl, Ca, cs ) = 0, (104d) 

in which, besides p and T, only cj, Ca, C 3 are still present as 
variables. 

If there is a total of n components, then w + 2 equations or, 
if each equation corresponds to one phase, n + 2 phases are 
re(iuired to fix all the variables (n concentrations, p, T). Con- 
versely, only at definitely fixed values of the concentrations, 
pressure, and temperature can 71 + 2 phases coexist. Such a 
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systom is called non-rariant or invariant and is exemplified by any 
single substance or one-component system when tlii'ce of its 
phases are in contact. This point is, therefore, call(*d the 
triple point. If two component are present, th(‘ii four phases 
are in eciuilibrium with each other at a quadruple point. "I'hc 
more complicated s^'stems have a number of triple, quadruple, 
etc. points. Examples of the occurrence of several triple points 
have already been given in the diagrams for sulfur and ice (Figs. 
30 and 31). 

Now, if only n + 1 phases are at the disposal of the n com- 
ponents, then not all of the n + 2 variables will be fixed. One 
of them, pressure, temperature, or one of the concentrations, 
can be arbitraril}' determined. Such a system is said to have one 
degree of freedom and is called uni variant. In the same way a 
system with only n phases is divariaiit and has two degrees of 
freedom. 


Taulk 27 


Nuinhor of 
coiiipoiients 

Dogr(?cs of 
freedom 

Number 
of pha.so.s 

(leomotriral roprei»ontalion of tlio 
system 

1 

0 (iiivanaiit) 

3 

A point, (trijile point) in the p, 
7’-pIane 

1 

1 (iiiiivanant) 

2 

(’urvos (vapor-prossurc, siiblima- 
tioii-presMin*, and inclting-poiiit 
curvos) in Iho p, 7 -plane uhicli 
intersect at the triple point. 

1 

2 (divariaiit) 

1 

Areas of the p, 7 -plane which are 
separated bv llie curves of the 
iiniva riant systems. 

2 

0 (invariant) 

■■ 

A ])oint (qiiadniplc iioint) in the 
//, 7’, c-spaceO 

2 

1 (nnivariant) 


Ciirws 111 sjiace, intersecting in 
the rpiadniplc point. 

2 

2 (divariaiit) 


Surfaces which connect the space 
curves. 

2 

.‘i (triva riant) 

1 

Sections of the solnl (apace) dia- 
gram which are separated by the 
surfaces of the diva riant systems. 


iTlio new vuriiiblr c generally sigmlics the ratio of the concentrations of the two com- 
ponents 
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If n is the numbor of coiiipononts, P the miiiiber of phases, 
and F tlie degrees of freedom, then all possible cas(*s may be 
summed up in the following general statement of the phase rule: 

P ”f“ F = w “f- 2. (155) 

The application of the phase rule to one- and two-component 
systems may be best illustrated by geometrie.al represcuitatioiis 
Table 27 contains a summary of the various possibilities in sucli 
systems. 

For more than two components even the three-dimensional 
space diagrams are no longer sufficient for a complete rej>rescnta- 
tion of the system, and projections must be used. In thn»e- 
component systems the pressure and vapor phase are frcciuently 
of minor imi)ortance, in which case the prevailing relationships, 
similar to two-component S3'stems, can be n^presented by thnn*- 
dimensional diagrams of which one coordinate reiiresents the 
temperature and the other two the concentration ratios 

161. Application of the Phase Rule to Two-component 
Systems.^ — h'or one-component systems several examples cor- 
responding to Table 27 liave alreadj" been introducetl in 120 and 
Figs. 30 and 31. In two-component sj'stems the number of 
possibilities is already' so great that only a few t 3 '])ical cases whicli 
are free from complications can be considered hero. For 
further illustrations special books on heterogeneous 0 (piilibriuni 
and textbooks on the phase nile or metallography must be 
consulted. - 

In numerous cases, especially melting and transition phe- 
nomena, it is possil)le to neglect the pressure variable. Me., con- 
sider the system at constant pressure,® and therefore represent 

^ The (hagranis presented licrc arc in a Largo part taken from Cioekkns, 
‘‘Kinfulining in <Iie Metallographie,” 3^*^ and Eds , Ifiillo (1922) 

* * Findlay, A., “Pliaso Kulc and Its Applications,” Longmans, Clroon & 
Co. (1923), Dksgii, C., “Metallography,” lionginans, Clreen (fe Co (1922j, 
CLinitKNH, T) , “ Piinciides of IMiaso Tli<*orv,” The Marmillan Companv 
(1920), and especially IIoozeiioom, Backhuis, “ Die heterogenen Clloiclige- 
wichtc,” View eg, Braunschweig. 

® * Expcriincntallv, tins is what is actually done in almost every case 
Such s3'stcnis arc called condamd sysU-ms and for them the formal stalcMuent 
of the phase rule becomes P + F n + !• 'Fhe study of such systems forms 
a veiy impoitant ])ait of melallographv (S<m* (.'ijhhkns, /«r. cit for a 
detailed discussion of these systems ) 
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th(' relations on a plane diagram. I'hc coordinates thou ropro- 
sont the teiiiporaturc as ordinate and the concentration ratio nr 
the ooiufcntration of one component as abscissa. The inihvidual 
l)oimdod ar(*as on Figs. 40 to 47 generally represent the range of 
existence of one phase; along the boundary curv’os two phases 
are in ecpiilibrium. But not ev(‘ry point on the planes represents 
one definite phase because fre(piently a decomposition into 
two phases takc's place. Such areas arc shadc'd in Figs. 40 and 
•13 to 47. 



(|/ce cr^sia/s + 2 uhchc cnjsra/s 

(Ide^NHXl) r^ ^euhchc 

0 5 10 15 70 Z5 30 

NH 4 ,CI Wcjgh+ percent 

Fiii in 


162. Typical Melting Diagrams of Two-component Systems. 

1. Simple Eutectic Mixtnrcn — If a very dilute solution, such as 
an ammonium chloride solution (Fig. 40), is cooled, pure ice 
begins to separate when the temperature reaches a point just 
b('low 0°C. The solution thus becomes more concentrated and 
the freezing point of the remaining liquid decreases more and 
more, following along the curve AB. At first, the depression 
of the freezing i)oint of the solution, obeying Kaoult's law (see 
148), is ])roportional to the eoncentrafion and the curve AB is a 
straiglit line, but lat(T (h^viations from this law usually occur. 
Thus, along *17^ a solution of m per cent Nil jCl is in ecpiilibrium 
with pure ice. 
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Upon continuing the cooling, a point B is finally reached at 
which the solution is saturated with respect to NH4UI. This 
point is, therefore, a quadruple point, *since the solution, ice, 
NH4CI, and, at sufficiently low pressure, the vapor, all coexist 
in e(iuilibriuiu. The quadruple point in which two different 
crystal substances are in equilil)riuiu with a melt and tlie vapor 
at a temperature which is lower than the melting point of either 
of the pure components is called tlie eutectic point. ^ The mixture 
which crystallizes at this point is called the eutectic mixture 



or simply the eutectic. It will be seen at once that a solution 
which originally had the composition of a eutectic niixture 
would solidify at the eutectic point since further displacement of 
the freezing point is impossilile and in this respect behaves like 
a i)ure substance. However, an examination of the solid which 
separates shows immediately that it is a mixture of different 
crystals. 

The curve CB represents the relation between the solubility 
of and temperature. Upon cooling a saturated solution 

of NII4UI, the pure salt will separate along the branch CB just 
as ice separatees along AB. The solubility curve CB must also 
end at the same point as the e(iuilibrium curve AB, i.c., at the 
eutectic point B at which both ice and NII4CI separate togetlier. 

^ * In aqueous systems this is frequently called the cryohydrve jmrU. 
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As already mentioned, the shaded areas on the diagrams cor- 
respond to inhomogeneous phases. If a 5 per cent solution of 
NII4CI is brought to a temperature of —7.5® (i.c , if it is 
attempted to get within tlie area ABE), a solution of the com- 
position at the point T is formed with the corresponding amount 
of ice. In the area EBdFj ice and a certain amount of the eutec- 
tic is present, and in BDIKr solid NH4CI and the eutectic. 

A further example of a simple eutectic mixture is given by the 
system lead-silver, for which the })ortion of the melting diagram 
around the eutectic point is given in Fig 50. 

2. Formation of a Compound, — Next, the case where the 
two components can combine to form a chc^mical compound in 



the licpiid as well as in the solid state may bo considered. As 
far as the melting phenomena are conceriKnl, the compound 
behaves in the same way as a pure component; by adding any 
oth(‘r substance its melting point is lowered. Therefore, the 
irndting point of a chemical compound is located at a maximum 
which lies between two eutectic iioints on the melting curve. 
{Example: The system Sn — Mg (Fig. 42).) 

In many cases two components are able to form a whole series 
of different compounds. As an example of this, the system 
FeC’la — H2O (Fig. 41) may bo used. At the points (maxima) 
B, D, F, and II the hydrates FeCla.eilaO, 2Fe3C1.7H20, 
2FCCI3.5H2O, FCCI3.2H2O are formed. 

Quite often one of the eutectic points is displaced in such a way 
that the maximum vanishes (often called hidden ma/ximum) and 
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only a small “hivak'* or (liscoiitiniiity in tlio cnrvo can ho 
observed (i^oo. Fig. A'A for the system Na — Jv). 'J'his Ineak 
ocrciirs when the compound foruHnl exists only in the soli<l state 
and not in the melt. In other words, the compound l)ecomes 
unstable before reaching its medting point If the soliil 
compound Na^K is warmed, a decomposition sets in at the jioint 
D. Thus a licpiid is formed with a composition coriesponding 
to the point C (therefore somewhat ricluT in K than the original 
solid) and at the same time' pun' Ma crystals an* formed If the 
heating is continued the Na crystals gradually melt, thereby 



Fiti IS 

enriching the licpiid with respect to Na, and the' iin'ltiiig point 
increase's alemg the curve CA until the' entire' substane*e‘ is me'lte'd 
at the point li. (Cf. 149.) 

The Formation of Solid Solutions , — A very imjifirtnnt e*ase 
in metallography occurs when both components crystallize out 
together in all proportions or, w^hat amounts to the same thing, 
form a solid solution with each other. Thus, niolecularlj'^, they 
are completely homogeneous even in the solid state without 
bc'ing chemically bound. On the whole, no eutectic, (ejuadruple) 
point can exist in this case, since the solid sedution rejiresents only 
a single phase. A typical diagram for this case is that of Ag — 
Au (I^g. 44). If a gold-silver alloy with about jx'r c(»nt Ag 
is cooled from the liciuid state, the sei)arations of crystals begins 
at -1 . The solid solution phase does not, however, have the same 
composition as the liipiid from which it separate's, but is always 
somewhat richer in the higher melting component. In the above 
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example the compasition of the solid first separating is about 
28 i)cr cent Ag and 72 per cent Au, corresponding to the point B. 

While the separation continues, the molting point decreases 
along the curve Two theoretically different cases 

must be differentiated: 

In the first case, cixiling takes place very slowly and the crystals 
have the opixirtunity to reach eiiuilibiiuin with the liiiiiid phase 
at everj’’ nioincnt. Then by progressive separation the whole 
mixed crystal will have the compositions corresponding to the 
points B, Bi, Bi, while the comiiosition of the liipiid will have the 



corresiioiiding coinjiositions ^1, Ai, Aj. As soon as the melt has 
cooled to the point As and th<Tefoi*e the solid has reachial the 
compositiou of the original Inpiid B-i, the whole mixture must be 
solidifiiHl. 

On the other hand, if the cooling has taken place rapidly, only 
tln‘ surface of the solid will be in equilibrium with the Iniiiid and 
the interior will have another composition. If, for example, the 
composition of the original liquid was A, the first solid which is 
now the nucleus of the crystal has the composition B. Since 
ujion rapid cooling the liipiid passes through the points A, .1 1 , 
As, Aa, a si'ries of layers having compositions corresponding to 
B, Bi, Ui, Bi are formed. Solidification can cease only when the 
li(|uid and crystal surfaces have the same comixisition; this 
occurs, jis the diagram shows, at the melting point of pure silver. 

Depending uixm the rapidity of cooling and other experimental 
comlifions, all possible stages lietween these two limiting cases 
can be obtained. Since during the “freezing out” a certain 
amount of separation of the components occurs, this liquation 
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process is sometimes used in technical practice to separate or at 
least to concentrate individual constituents of a mixture.^ 

4, Incomplete Miscihility . — The case in which the two com- 
ponents do not form mixed crj-stals in all proportions, but which 
has a “miscibility gap” in its <liagram, may be considered as a 
combination of the two cases 3 and 3. (Example: The system 
A1 — Zn (Kig 45).) If a li<iuid of any composition is cooled, the 
l)henoineiia are theoretically the same as d('pict(*d under case 1 ; 
however, no pure comi)onents sej)arate but only solid solutions 
which, depending upon th(‘ velocity of cooling, may be in 



eciuilibrium with the litpiid only at its surface or throughout the 
entire crystal. IIow(n'er, the point C cannot be passed from 
cither side since at this point the entire licpiid solidities. Roth 
mixed cr 3 ^stals of the compositions A and B separate^ and C, 
therefore, is a eutectic point. Towards lower temperatures 
below the eutectic point (or, better, the eutectic temperature) 
the range of existence usually, but not in this case, becomes 
smaller, /.c., the misciliility gap becomes greater. 

163. Mutual Solubility of Two Liquids. — Of the numerous 
other possible states in which two-component systems can exist, 
only that of the coexistence of two liquid phases will be 
discussed. 

1 * The X-niy analysis (see 367) has given considcnible information as to 
tlic structuics of solid solutions. iS(*e Bain, Che7n. Met. Eng., 28, 21 
Jeffuies and Aucheu, ihid , 29, 023 (3023); Veoakd, Z. Physik.j 6, 10 
(1021); Westgren and Phuagm^n, Nature (Jan. 20, 1024); also footnote 
to 178. 
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At low teniporaturos many paii-s of li(iui(ls, such as phenol and 
water, arc only soluble to a Uinitod extent in eacjh other. Ry 
shaking together two such liciuids, two liciuid phases arc formed : 
(1) a saturated solution of liquid I in liquid II, and (2) a saturatcnl 
solution of licpiid II in liquid I (see Fig. 46 and discussion in 146). 
^letals also form such tivo-lai/er system, e.g., the system Pb — AL 
If the temperature is iiu*ri?jised, the mutual solubility usually 
inen^ases also and the two hqui<ls become more and more similar. 



Finally, a point is reached at which the difference entirely dis- 
apjiears. The two layers arc thi'ii ulcntical and there is only one 
phase. This ])henomenon corresponds completely to the transi- 
tion gas-licpiid at the critical iioint. Correspondingly, when the 
mutual solubility is represented as a function of temperature, 
somewhat the same picture is obtained as in the Mathias' rule 
(compare Figs. 46 and 29). 

164. Evaporation and Condensation of Mixtures. — We may 
also briefly discuss the ecpiilibrium between a two-component 
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pysteni and its vapor, in which there is but one licpiid i)hase and 
one gaseous phase and which, therefore, according to the j)hjise 
rule, is divariant. In order that the simplest possible represc'iita- 
tion may be used, it is best to fix one of the variables. I^rac- 
tically, it is most convenient to fix the pressure so that tlu) 
temperature becomes a function of the composition of tlu* solii- 



(a) 


Vn; A7a 

tion; in other words, the boiling point is investigated as a function 
ot the composition. 

From the very great number of possible systems only the sim- 
plest and most important technical casc»s can be chosen for dis- 
cussion at this point and may be illustrated by the concrete 
examples in Figs. 47a and b. 

Figure 47a. — A lirpiid mixture of nitrogen and oxygen contain- 
ing 60 per cent O 2 and 40 per cent N 2 , which boils at 82.5 aha. 
under 700-?/«7W. pressure. However, the vapor existing in ecpiilib- 
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riiim with this phase (loos not have the composition of the point 
*1 but that of an (Mpially iiij<h point B (70 p<*r ('(‘nt N 2 and 30 
per coiit O 2 ). Convorsoly, if a gasc'ous inixtiiro of GO por cent 
O 2 and 40 per cent No is (tooled, a licpiid containing more tlian GO 
per cent O 2 and corresponding to the point -1' is obtained. Tliis 
pair of substances, similar to solid solutions, thus has two curves, 
one boiling cuive and one condensation curve, enclosing an ar(»a 
b(‘twoen them in which no hoinogeiu'ous phase exists. 

Figure 476. — If one of the curves passc's through a inaxiinum 
or mininmin (a w(‘ll-known ('xainple of the former is the sj’stem 


t 



Fns 476. 


Il2() — IINO3), then the othc^r curve must behave similarly at 
the same point. To every p<»int on the cond(msation curve 
there must be a corresponding point at the same level on the 
boiling curve. It can easily be seen that this condition would 
not always bo fulfilled if the condensation curve possessed a 
maximum while the boiling cur\'e did not. nienrforo, at the 
maximum the composition of the licpiid and the vapor are the same, 
so that at this point the mixture b(*haves as a simph^ chemical 
substance. However, the conclusion that a chemical compound 
exists at this maximum is as little justified as in a eutectic mixture. 
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which freezes iit a coTistaiit teinperalure witlioiit chanj^e of the 
gross composition. ‘ 

166. Apparent Limitations of the Phase Rule.^^ — It must be 
emphasized at this point that the phase rule is apidicable only 
wlien the system is really in eciuilibrium. In nature, labile 
states fre(iuently occur wliieh can maintain theniscdves for long 
periods of time (the so-called “false eciuilibria") and which are 
very difficult to distinguish from r(‘al equilibria. Excellent 
examines of the formation of such labile states are found among 
fused mixtures of silicates which sliow a d('cided tendency to form 
“glasses” and remain lalnle for long periods even at high t<'m- 
perature. Tho metallio alloys also freciuently exhibit labile 
states which are often of industrial impoi*tance. The rapid cool- 
ing of a solution of roughly 1 per cent of carlion in iron results in a 
transition state with properties of the greatest tc'chnical impor- 
tance (st(‘(*l), and, although from the standpoint of the phas<' rule 
this stat(' is unstalile, at ordinary temperatures it may last for 
hundreds of yt'ars. 

The application of the phase rule to the above cases depends 
largely ui)on whc'ther or not the practical dilRculties in deter- 
mining the stability or instability of the system can be overcome, 
and, as such, involves no (luostion of the theoretical a])plication 
of the rule. There are, however, other special cases, wliich, of 
course, occur very rarely, in which tin* phase rule apiiears to fail 
even for real equilibrium, and the number of degr(H»s of freedom 
may be greater or less than Eep (165) d(‘mands. 

An examine of such a case would be ofTc'red by a syibstance 
existing in two allotropic modifications which can form a series 
of solid solutions. In this case the transition b('tw(‘en the two 
modifications would not, as the phase rule requires, take place 
at a definite point (no degrees of freedom). If the difference 
between the allotropic modifications is considered as differences 
in the interior of the atoms or molecules, then every difficulty with 

1 * Dofiiiito evuloiicc that such maxima in the boilmg-pomt ciirv(\s do 
not correspond to chemicnl compounds follows fiom the fact Unit by chang- 
ing the pn^ssure the composition of the mixture at the ma\inium can also be 
changed. 

»T\mm\nn, G, “Ijtdirbuch dcr Mctidlographic,” p 3sn, Ijtupzig ami 
Hamburg 



ril YSirA fj rilERMODYXA MICS 


265 


respect to the phase rule is avoided, for we then have what really 
amounts to a two-component system. But if the atoms or mole- 
cules arc the same, then allotropy can be due only to a differ- 
ence in their arrangement in the crj'stal. According to the 
existing crystallographic knowledge, solid solutions cannot form 
under thc'se circuiiistances, so that the transition from one allo- 
tropic form to another must take place at a definite temperaturci 
and not over a temperature inter\'al. AVith respect to th(»se con- 
siderations an interesting cxamjJe is given by tluj transition 
between a-iron and /?-iron, which, according to AVestgren,* 
occurs within a temperature inten'al of 30 to 50° just below 7 70°(\ 
without change of erj'stal structure. To bring this into agree- 
ment with the phase rule, the exist enc(5 of two different kinds of 
iron atoms must be assumed. However, the facts may lie repre- 
sented more correctly by the coiK^eption that this is not a trans- 
formation in the s(mse of the phase rule. The peculiarity of this 
transformation consists in tlu^ loss of ferromagn(*tic projicrties 
combined with a heat effect, i.e., in comparison with a-iron, 
5-iron is non-magnetic. ThLs peculiarity can be explained accord- 
ing to a theory by Langevin, the basis of which is the conception 
that with increasing temperature the irregular heat motion 
destroys the elementary magnetons which an* present, although 
they do not always have a direct outwaril effect, and thus a cer- 
tain amount of magnetic (ixitential) energy is liberated and 
converted into work. The theoiy demaiuls that the heat 
effect, which previously had lieen ascribed simply to heat of 
transition, should not occur at a single definite temperature, but 
should be obser\-ablc over a marked interval. The obscr\'ations 
actually agree with this demand. The “transition point 
measured by thermal methods is never sharp, and the ferromag- 
netic properties do not disappear suddenly but gradually. The 
theory has even been confirmed ciuantitatively, for it is possible 
to calculate an approximately correct value for the heat effect 
from purely magnetic data. 

166. Relation between Equilibrium and the Degree of Division 
of the Individual Phases. — It has been frequently stated that the 
phase rule can be applied only to systems in cfiuilibrium, ? e., 
stable systems. However, a phase is really stable only when 

* * /. Iron Steel Inst , p. 315 HO'ilb 
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it is not too finely divided but occupies a continuous space 
with the smallest possible ratio of surface to mass. As long as 
this condition is not satisfied, the surface tension, which is 
effective in soliils as w(*ll as licpiids, tends to reduce tliis ratio for 
a phase as much as ]iossiblo and the system contiiiiu's to change. 
In other words, stable e(iuilibriuin is not yet attained. An 
example of this is the familiar phenomenon that a difficultly 
soluble substance can frequently be precipitated in an exceedingly 
finely divided state, and after a time become coarse-grained, 
i.c., largc'r individual crystals grow while smaller ones disappear. 
Since it cannot be assumed that the solid, crystalline substances, 
of which such preciintates are comiiosed, can grow tog(*ther 
directly, it must be assumed that the niatc'rial is transferred from 
the smaller to the larger crystals by means of the solution phase. 
Obviously, this is possible only if the smaller crystals are inon^ 
soluble than the larger. It can actually be proved experimen- 
tally that below a certain limiting size the solubility inen^ases as 
the crystals become smaller. Hulett (1901) found that the solu- 
bility of HaS 04 was 2.3 mg./h for particles of LSg and upwards 
in dianu'fer, and 4 15 mg, /I, for those of 0.1/*. For the same 
reason that fiiu'ly dividecl precipitates have greater solubility, 
very small licpiid droplets have greater vapor pressure. 

Thus, whenever it is possible to retain mattxT in the labile state 
of very fine division for a long time,^ the two phases of a one- 
component S 3 'stem, such as a lupiid and its vai)or, will not l)c in 
equilibrium at a d(?finite pressure for a given t(*mperature, as 
the i)haso rule re(|uires, but the apparent ecjuilibrium nressure 
deiMMids ui)on the fineness of the division. Particles wliicli are 
essentially unstable exist for very long periods in solid solutions; 
th(' solululity of the particles in these solid solutions is tlun-efore 

^ Thesis conditions arc exceedingly important in tlic preparation mid 
stalalitv of certain colloidal sols (snspenoids). It is first locpiircd that ilio 
substance be very ditlii'iiltly soluble in the lupiid in order that the large 
particles aliould not grow at the expense of the smaller by means of material 
traiisferriNl through the liquid. l'\irther, the particles must be prevented 
from toncliiiig each oth(*r, since otherwise they will form loose aggregates 
and pna'ipitate, this iraii freipieiitlv be done when the particles assume 
electrical <*]iarge of the same sign and thus repeal each other. As long as 1 lie 
charges arc retained, the particles in the solution arc stable and may rcinaiu 
so for a considerable period. 



PU y^ICAL TIIERMODYNAMIOi 


207 


Sn'jitor than corresponds to a stable equilibrium, provided they 
be suttieioiitly small. This phenomenon is imj)oitant in some 
metiillographi(^ processes (formation of osmondite in the anneal- 
ing of steel), since by increasing the solubility of a substance in a 
metal the other properties can be decidedly inilu(*nced.' 

167. Adsorption. “ — It has been mentioned i)reviously that the 
boundary between licpiid and gas is probably not discontinuous 
but that a sort of transition layer exists. This would nu^an that 
just under its surface a licpiid has a slightly lower density and, 
corn*spondingly, the gjis just abov(‘ the Ihpiid surface has a 
slightly great(‘r d(‘nsity than “normal.'^ Strictly speaking, the 
two phases bounding each other are nc»t complet(‘!y liomogi^neous, 
but d(‘nsity variations exist in the immediate vicinity of th(' 
interface. This effect is by no means limit (*d to phases of the 
same substance; on the contrarj^’, it is in th(‘S(‘ cas(‘s wh(»re it 
can only be shown indirectly. 

Far more remarkable are the variations in the density of 
a gas or of a dissolved substance at the surface of a foreign solid 
substanci*; these are usually called adsorption. Theoretically, 
adsorption, f.c., a density variation, is established at every 
boundary surface between two phases. It may be negative as 
well as positive, but at the surface of solids and liipiids the adsorp- 
tion of a gas is positive without exception. For ilissolved sub- 
stances it is sometimes, but rather seldom, negative. The 
amount adsorbed on 1 cmr is usually exceedingly small and 
ap])rociable ('fleets arc obsc'rv'ed only when the surface area of 
the adaorliing substance is very large ?.c., it must be naturally 
Iiorous or Ix' prepared as a very fine iiowdiT. On account of its 
extraordinarily large surface, carbon of organic origin (wood or 

' * For fiirtlior infornuitioii on tliLS point see the article bv C Descit, 
“C'oIIohI CMicniistry," Brd. .Uif/ic. Repts,, r\o 4, p. (lirj'Jj, \\hicli includes 
a bibliography. 

= 'I'hw subject, although exceedingly iiupoitant in industry and biologv, 
includc'S such a wealth of detail that only a few of the fundanicMital view- 
points can be considered here. An cxliaustive discussion is given by II. 
FiiErNULicii in his book, ** Kapillandieiuie,” 3id ed , T^eipzig (1924). 
* Briefer disrus.sions may be found m Booce,** Colloidal Beliavior," vol 1, 
p ISl ct svq (McCSraw-IIill Book Company, Inc (1024)') ami BxNeitoi-'T, 
“Applied C'olloid ('hemiatry,” chajis. 1-3 (McGraw Hill Book Go, liic. 
(1921)). 
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blood charcoal) has a remarkably high adsorption power for 
gases as well as for dissolved substances. 

As the result of positive adsori)tion effects, a certain amount of 
substance is withdrawn from the gas or solution and is held on 
the surface of the adsorbing substance, the amount usually 
depending upon the concentration of the gas or solute remaining, 
and further to a high degree upon the tiMiiperature An equi- 
librium is actually established between the amount of adsorlxxl 
substance and the concentration remaining in the gas space or 



solution. This equilibrium may be established from higher as 
well as lower pressures and thus has a rcvcrsilile character. Some 
of these adsorption equilibria have been exhaustively studied, 
one of them being the adsorption of CO 2 by charcoal The curves 
(adsorption isotherms) showing the relation between the gas 
pressure and the amount of gas adsorbed i)er gram of charcoal 
at various temperatures are represented in Fig. 48. At the 
higher temperatures the curves arc straight lines at the beginning, 
but later bend toward the tcmi)erature axis. At high gas pres- 
sures the adsorbed amount increases less rapidly upon further 
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increasing the pressure, which means that the adsorbent, or rather 
its surface, approaches a state of saturation. The lower the 
temperature the sooner is the state of saturation reached. 
Kven at — 77®C. the adsorption effect is so great for COo, that 
practically all the gas is adsorbed on the charcoal if the gas 
volume per gram of charcoal is less than 80 cc. Air at —190° 
l)ohaves the same as C'Oo at —77°, so that this phenomenon offers 
a very convenient method for making a space almost absolutely 
free from gas (Dewar). 

The adsorption isotherms for solutions show qualitatively the 
same behavior as gases. Of the various enii)irical formulas 
which arc suitable for exi)ressing the experimental results, only 
the following one given by II. Freundlich will be mentioned; 

IJ = 

in which y is the amount of sulistance adsorbed by a unit weight 
of the adsorbent, c is the concentnition of the solution with which it 
is in eciuilibrium, a is a constant proper fraction, and another 
constant.^ 

In many cases the adsorption acquires an irreversible character,* 
which is shown liy the impos.sibility of removing the adsorbed 
substance by reducing the pressure? of the gas or the concentra- 
ticui of the solution. An example of this is the adsorption of 
oxygen l)y platinum, invc'stigated by liangmuir. In this case 
the* gas was so firmly attached to the medal that it could not be 
rcMuoved by evacuation but only by chemical means (combination 
with Ila). 


Quite frcriiioiitly the (liroetly observed adsorption process consists of a 
coiii))iiu)1ion of sc?veral itidivi<Uinl i)roccsses. An example of this is the 
pro(*e.ss of dyeing. In the fiist inoineiit of bringing together the dvesTuff 
and the fnbnc, a reversible adsorption is clearly involved, from \\hich it 
follows thnt a portion of the dve ean be Hgain washed out. After a time, 
how'ever, it. becomes so firinlv attached to the fiber that it eannot be washed 
out and thus assumes the character of an irreversible adsorption. 

^ * In the logarithmic form log j/ = log + « log f, this equation is 
particularly convenient, since it then has the linear form of Kq (12) and both 
constants can easily bo determined graphically. 

® However, this is not meant to imply that the process is theoretically 
irreversible, but only practically so. 
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That oloctrical phonomona aro involved in the adsorption of elect rolv tea 
IS not siirprisinR. For example, if an adsorbent is able to adsoib one ion of 
a solution more than the other, then the adsorbent must be electrically 
charged with respect to tlie solution. In the adsorption of elect rol vie some- 
times Jin e\chanf?c of individual constituents occurs in which llie adsorbed 
ion ^ra<lual1y goes into cliemical combination with the adsorbent, :it the 
same tune setting free another loii. This phciioiiiciioii is culled ‘^exchange 
adsorjitioii.”^ 


b. TlIEllMODYNAMIC KeLATIOXS 

168. The Phase Rule as a Result of the Second Law.-' -The Second Law 
rejpiiies that, for a iKpial to be in erpiilibiiuin with its vapor, the latter must 
have a certain vapor jiressuie variable onlv with the tempeiatiire In the 
same way it defines the more general efpiilibiium conditions between two 
pliases bv Fi(i (ll>2), for m tliLS case also a i>eipetual motion of the second 
class would be conceivable if the concentiation of a substance in one pliaso 
did not coriespoml to an absolutelv definite concentration of the same 
substance in the other phase. The method of consideration is e\a«*tlv 
the same ns that in 124. When solutions an^ involved, osmotic, piessuie 
mav be usimI insti'ad of vapor pressuio. Since (bbbs’ phase nile is based 
chiellv upon Eq. (102), it is frequently represented us a icsult of the Second 

IjUW ® 

169. Special Thermodynamic Relations for the Equilibrium 

of Polycomponent Systems. — "llio oxtriMiio vjirioty of o(iiiilil)- 
rimn phonon loiia in systoins of several components, of which the 
above examples give only an incom]d('to picture, indicates that 
this field is governed by no general relatioiishii)s common to all 
its iihenomena except that of the phase rule itself. Therefore thci 
application of thermodynamics is limited to a numlx'r of specitil 
cases. i 

1. Change of Soluhthf}/ wifh Increasing Pressure. Ih'twetui th(‘ 
e((uilil)rium pressure, temperature, and heat of transformation, 
the r'lai)eyron-(/lausius ejpiation holds also for systems of several 
components, and the derivation of it can be expanded to this 
more general ease. 

As an example of the application of this ejpiation to such a 
case, the temperature change of the solubility ejiuilibriiim with 

* *Seo Haktkll aud Millkk, J .Iw Cfirm Son, 44, ISfili nU22), 46, 
llOfi (102:«. 

“ * 'Flic donvation of the pha^o rule bv meaiia ui I he chemical )>oleuliMl 
(see 27) is given m Lewis, W. Mc(.I , loc. cit , vol 2, j) 204, and M \c- 
Dougall, loc. cit., p. 148. 
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increasing pressure may be considered, a case which is closely 
related to the change of melting point with pressure. In 
general, the solubility of a substance, i.v., the concentration co 
in its saturated solution, is a function of pressure and tempera- 
ture, thus 

j ^C() I I OCt} jfp 

For the eun’C of constant solubility dco = 0 and therefore 


dco 

dp ^ _dT 

dr dco 

dp 


(166) 


On the oth(‘r hand, the ( ’lapcjTon-( 'laiisiiis e({uution states that 


dp _ A 

dr ~ iVs -'ci)’ 


(167) 


in which for the present case 


is the temperature-pressure 


chaiiKC in whieli the solubility ecpiilibrium is not displaced, A 
is the heat required to dissolve 1 mole of the solid substance in 
the nearly saturated sohition, cj — Ci is the vohnue ehanfre of the 
system in the solution process. By combining I'kjs. (166) and 
(167) the ro.sult is 


deo ^ _dfi) r(v2 — I’l) 

dp “ dr a’ 


(168) 


As a rule, cs — jm is negative (the volume decreases), A and 
are positive. The eciuation thus states that in this 

case is positive, which means that at constant temperature and 
increasing external pressure the solubility generally increases.* 

2. Relation between the Partial l^ressure and the Composition 
of a Mixture . — In a mixture of licpiids of definite composition 
each component in the vapor space has a definite ])artial pressure 
(at equilibrium) pi, p^, , the sum of which is the total 

pressure when the presence of non-condensible gases is excluded. 
While thermodynamically nothing can be stated at the beginning 
concerning the isothermal relation between the total pressure 
^ * For the relation between temperature and solubility, sec 146. 



272 Ff’XDAMEXTALS OF PHYSICAL CIIEMISTHY 


and tho voiupoKition of the mixture, a differential equation b(s- 
tween the partial pressure and the composition has been derivetl 
by Duhem and Margiiles from the Second Law. For the special 
case of a two-component sy.stem, this equation takes the form 


•.T din Pi , . d //( P2 .. 

dXi dNi' 


(169) 


whoro *Vi = - — is the ratio of the number of moles of the 

/*! -f- 

one component to the total number of moles. ^ Thus, if the 
relation between one of the partial pressures and Ni is known, 
then, with the help of the Duhcm-Margules ecpiation, after 
performing an integration for every value of N, pn, and therefore 
the total pressure p = pi + p 2 , can be found. The whole ecpii- 
lil)rium of isothermal evaporation is thus thermodj^iiainically 
determined by the behavior of a sinfflc p, iVi-curve. 

170. The Abnormal Vapor Pressure of Small Drops. — 
Lord Kelvin (1871) first demonstrated, small dro])s must have a 
higher vapor pressure than an extended surface. thi‘ 
depending chiefly upon the radius r of tho drop and the surface 
tension <r 

Suppose the droph't has a density 5 and volume » its mass 

therefore is ^ If the radius of th(' drojilet incnnises by dr, 

the mass incrt'ases rlffi = 47rr-5dr. The surface* of the droph't 
is Itt/’-, and, it the radius increases dr, the incn'asi? of the surface 
do must he 1 

do = Sirrdr = %bn. 

TO 


If the surfaci* decreases, then th(‘ surface* t(*nsion does work 
amounting to 

dA = ado = ^jdw 
rd 


Now if the particles of radius r have the vapor jiressure p, and 
those with radius r — dr a vapor pressure p' = p + Ap, then for 

* A short and relatively simple proof of this equation was given by G. N. 
Lewis, J. Am, Chvm i<oc ^ 28 , 569 (1906), *see also Lewis and Randall, 
ibid,, 48 , 235 (1921). 
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])articlos to j?row by inoaiis of isothermal distillation the work 
performed per mole is (compare I^q. (78(0) 

-1' = RTln^' = RTIh (l +P'~'P) = 

P \ p / p 

and for a mass dm 

H.I' . 

Mp 

The Second Law now re(iuiros that (LI and dA' be e(iual, and, 
therefore*, 

^ ( 1 - 2 ). 

ro M p 


( Calculations according to this formula can give only approximate 
ri»sults, since for verj' small dropl(‘ts a is no longer constant, but 
must d(*crease with the radius of the drop 
A numerical calculation according to this formula shows that 
a j)erc(*ptlble increase of vapor pressure is first to l)e expected 
when the droplets arc exceedingly small For water droplets 

with radii of 10-® cm, the vapor-jiressuro incivase is only 

about I per cent 

Ap ^ 2aM ^ 2 X 75 X IS 

p rhUT 10“" X 1 X 8 31 X 10^ X 300 


However, very much smaller differences of vapor pressure are, of 
(^ours<^ sufficient to cause a droplet to be unstalile with resjiect 
to larger drops. 

The relation between the solubility of very small particles 
and their radii (sc'c 166) is also given by E(j. (172) if the term 
p IS consid(»red as the osmotic pressure of the saturated solution. 
In this cas(', according to h]q (140), the saturation conccntrati(jn 
can be diri'ctly substituted for p (Ostwald, 1900). 

171. The Concentration of Dissolved Substances in the 
Surface Layer. — The surface tension of a liiiuid is usually 
changed wIk'ii a substance is dissolved in the li(|uid, and it may 
now be shown that this change of surface tension must always 
involve concentration changes in the immediate vicinity of the 
surface. In order to obtain the relation, first derived by Cubbs, 

^ * Eqs 170 and 171 do not apiK*ar in the translation since they have 
been covered in 146. 
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betwoon these quantities, a cyclic process in four stages is 
necessary: 

1. Dilute the solution with osmotic pressure 11, by the volume 
dv, keeping the surface constant. The work performed by the 
solution is, then, 

dAt = nd». 

2. Inercjise the surface of the solution by do, keeping the 
volume constant. Since <r in comparison with the original 

solution has changed by further, since work has 

been iierfornied against the surface tension, the work in stage 2 
amounts to: 

d\2 = + 


3. ('on(*cntrato tho solution by d(.‘rreasinj? tho voluiuo by an 
amount dv, again kooping tho surface constant. Taking into 
consideration tluit the osmotic pressure may have changed in 
step 2, there results 




4. Decrease the surface at constant volume by an amount do. 
so that 


dA.i = ado. 


Once more, as the result of tho Second Law, the total work 
performed over tho entire cycle must be zero, and, ^therefore, 

\dv)o \do/v \dc/o\dv/o \dc)„\do)v 

Now if c = it follows that 

/clc\ _ __w _ _c* 

\dv)o n 

and, since II = cRT 



/dc\ 


from which follows 


c /da 
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But an increase of concentration inside the solution is 

only ))ossil)lo if some of the dissolved suljstancc is removed from 
the surface layer. If the increase of surface is Ao, then a total of 
X 0c\ 

\do) ^ ~ —An moles must pass from the surface layer into 
the main body of the solution. The equation, 


An __ __ /Orx ^ c 

Ao ~ 'vdoA “ RT\dc)o' 


(173) 


thus states that if the surface tension increases with increasing 
concentration is positive^ then the concentration in the sur- 
face is loss concentrated with respect to th(' dissolved substance 
than the remainder. The converse is also true. 



Now if a substance which increases the surface tension is 
added to a solution, the surface tension will change very little, 
since the surface layer contains less of the dissolved material 
than the main portion of the solution. The behavior is (pate 
the opposite if the added substance low'ers the surface tension, 
for in this case a very slight amount can serve to give a considerable 
concentration in the surface layer and an almost abrupt change 
in the surface tension may develop. A typical example of the 
effect of an added substance on the surface tension of a licpiid is 
given by Fig. 49 for a complete series of mixtures of butyric 
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jieid and water. The increase of the surface tension of butyric 
acid by the addition of water is very slifjht, but a small amount of 
butyric acid lowers the surface tension of water very considerably. 

Since increase or decrease of the concentration of the added 
substiince in the surface layer is one of the characteristics of 
adsorption phenomena, liq (173) is important as a thermody- 
namic eoniK'cting link between these phenomena and those* of 
surface tension. 


c. Kinktic Tiikouy 

172. Theories of Adsorption. — ^As the reason for all adsorption 
phenomena, the presence of some sort of forces betwcH'u the 
iwlsorbing surface and the adsorbed molecules must be assumed 
However, it maj’' be seen from the variety of adsorption phenom- 
ena, alread}' discussed, that the nature of these forces in individ- 
ual cjuscs is 1)3' no means uniform. The onl 3 ' thing common in 
all of them seems to be that the effective range of these* forc(\s is 
vcr 3 ' small; at the most, it is of the order of magnitude* of niol('(?- 
ular diameters. This follows from investigations I)}’ liangmuir,' 
in which b.v measuring the adsorption of a gas on the surface's 
of known dimensions (glass, mica, platinum) it was jiossibh* to 
demonstrate that the adsorbed la 3 'er was onl 3 ' one molecule dee'p 
in reversible as well ius in irreve'ivible adsorption. It is very 
probable that this n'sult can be generalized and thus applied to 
other substances, such as carbon, for which the effeclive surface 
cannot be exactl 3 ' stateel. 

In the rovei-sible adsorption of gases the adsorbed nioleculc*s 
are obvious^' held on the surface by rather weak forces, since* 
they can be removed quite easily by reducing the pre'ssure. It 
is noteworthy that a portion of the reversible adsorption jilK'nom- 
ena are dependent mainh' upon the ph 3 'sical and only to a small 
degree upon the chemical properties of the gas adsorbed For 
example, ox 3 ’gen and argon are adsorbed approximatel 3 ' ccpially 
by charcoal, but hydrogen very much loss, a result of its lower 
boiling point. From this it follow'S that the forces effeertive in this 
group of adsorption phenomena are predominantly physical 
in nature. It is no great step to draw a parallel betw'(?en these 
forces and those noted as the cause of molecular attraction in 

1/. Am. Chem. Soc., 89, 1848 (1917); 40, 1361 (1918). 
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pure homogoneous substances. A calculation^ of the work per- 
formed in this sort of adsorption leads to values which in order of 
magnitude are in good agreement with the work requirc<l for 
se])arating the molecules of pure substances (heat of evaporation). 

In those adsorption phenomena which arc distinguisheil by 
firmer attachment and which frequently have an irreversible 
character, siiecific chemical effects become much more prominent. 
Ill such cases the total structure of the adsorbed molecule appar- 
ently undergoes a sweeping change in many cases, so that the 
chi'inical jiroiiei-ties arc much affected. Quite often the “re- 
activity” of the iulsorbod molecules is much greater than the 
normal. For exiunplc, oxygen adsorbed on platinum is much 
more reactive chemically than ordinary gaseous exj^gen. With 
gases which arc already fairly reactive, the reactivity becomes con- 
sideraWy increased by a reversible adsorption on carl am. Chlor- 
ine adsorbed on carbon reacts directly with IIo to form IK’l. 

The more intimate nature of the forces respon.sible for the 
chemical sort of adsorption phenomena has scarcely yet been 
exjilained in spite of the abundance of experimental material 
The complex nature of the phenomena involved, for example, 
m the ad.soiiition of dissolved organic molecules on charcoal, 
may be setm from recent investigations by O Huffs,® which 
indicat('d that jiurc carbon must first bo “activated” by treat- 
ment with certain gases (II 2 O, ('Oi, NII», SO 2 ) at high tempera- 
t.iir<‘s in order to be able to adsorb perceptible amounts of phenol 
from an aqueous solution. 

d. Applications 

173. Thermal Analysis. — ^Thc melting diagrams of mixtures 
are so very' different from each other (compare Figs. 40 to 45), 
deiiending upon the mutual behavior of the comiionents, that, 
ci>uvt*rsely, from an expcnineutal determination of the melting 
diagram, valuable conclusions may be drawn concerning the 
constitution of the solidified system and of the process involved 
during cooling. The method used is called thermal analysis 

* Kuckf.x, a , Verh. Deut physik Geaell., 16, 345 (1914), Z. Eleklroehem., 

28, 0 (l{r 22 ). 

» Kollotd-Z., 27, 225 (1923). 
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and consists in measuring the velocities of cooling of each of a 
scries of mixtures made from the same components in different 
proportions. The cooling curves thus obtained are of various 
types, of which the most important are discussed in the following: 

1. Coolnig of a Pure Substance . — At the melting ])oiiit of a 
substance, the cooling curve shows a well-defined “break” or 
halt point, since all the heat of crystallization is liberated at a 
definite temperature (Fig, 50, curv'e a. Sj’stem Ag — Pb). 




2. Cooling of a Mixture from Which a Pure. Component Crystal- 
lizes . — ^At the beginning of crystallization the ciirv'c shows a 
break and, as a result of the heat liberated by ciystallization, 
the rate of cooling is diminished. But since, by the freezing 
out of only one component, the liquid gets more and more con- 
centrated with respect to those remaining, the melting point 
decreases continuously. Only at the eutecrtic point where all 
the remaining licpiid solidifies does the temperature remain 
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constant for an appreciable length of time (Fig. 50, eurv^es b 
and r). 

3. Cooling of a Eutectic Mixture. — 1'ho whole Ihiuid solidifi(*s 
at one point and therefore shows a very decided halt point at the 
eutectic temperature (Fig. 50, curve d). 

4. Cooling a Mixture from Which n Solid Solution Separates — 
The beginning and the end of crystallization are indicated by 
breaks in the curv’e; a halt point does not occur (Fig. 51). 
lletween the two breaks is a more or less large temperature inter- 
val over which the mixture solidifies. 

The (?onstniction of the melting diagram from the breaks or 
halt points in the (rooling curves is illustrated for the simplest 
cases by Figs 50 and 51 ^ 

174. Separation of the Constituents of a Liquid Mixture by 
Distillation.^^ — If a li(|uid mixture of about the composition A 
(I"ig. 47a) is allowed to boil slowly and the vapor formed is 
removed continuously, then the remaining li(|uid becomes 
increasingly richer in the lic|uid with the higher boiling point, 
since the vapor always contains a larger fraction of the more 
easily vaporized component ® In otluT words, as the tempera- 
ture of the lioiling mixture increases, the straight line A-Ii in 
Fig 47a always moves toward the left until the point C is finally 
reached, where the Inpiid consists of the pure higher boiling 
component Jhit when the point C is reached, nearly all of the 
lifpiid has already been evaporated, so that the yield of the 
higher lioiling constituent is vanishingly small. It will thus bo 
seen that, while a certain separation of the two liipiids is possible 
by means of such a method, it is either not complete or not 
efficient with respect to yield. 

* * It iniisl be noted, however, in a number of cases where the system 
IS complicated hy hidden ina\ima, etc , the thermal analysis is not. suilicient 
to delerininc the coin ])o.sit ion of the compounds formed. Recently, the 
metliods of X-ray analysis have been applietl to such problems and new 
information obtained. See .Tktte, riiuAo.Mf:N, and Wkstouen, J. Iron 
Sk’vl Inat , p. 103 (1024); AVest(juen and PiikaomAn, ihul , p. 241 (1022). 

* See also Ki:exe.\, J 1* , “Tlieorie der Venlainpfung und Verlhissigung 
von (icmischeii," Jj(upzig (IIKHO 

* ^ Sidney, “Distillation I’l inciples and l*roccsses," The Macmillan 

roinpanv (1022): and Robinson, “F.hmienls of Fractional Distillation,” 
Mcdraw-IIill Rook C\)mpany, Inc. (1022;. 

* * Koiiowalow’s nile. 
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The result is considerably better if the vapor is not immediately 
removed from the liquid but is conducted through a reflux 
condenser in which a fraction of it is condensed and, obviously, 
the higher boiling liquid is more easily condensed than the other. 
Thus, while the vapor passes through the condenser, the concen- 
tration of the lower boiling liquid in it always increases and, if 
the boiling is slow enough or the condensing surface is great 
enough, it is possible to obtain this constituent nearly pure 
The efficiency of the separation and yield of both the pure con- 
stituents obviously depends upon the length of time the boiling 
is continued and the efficiency of the condenser. 

If a liquid mixture for which the boiling or condensation curve 
has a maximum (Fig. 47fe) is subjected to reflux distillation, the 
residue from the the evaporation will not be either of the pure 
constituents but will have a composition corresponding to that 
of the maximum. Such residues are called constant boiling 
mixtures. By evaiiorating a dilute aciueous solution of HNOs 
under normal pressure, the most concentrated solution possi- 
ble contains but 60 per cent of the acid.* Of course, in many 
cases the maxima on such curves shift when the pressure is 
changed. In the system H2O — IINO3 the maximum moves 
towards the higher concentration as the pressure is lowered, so 
that under low pressure a more concentrated solution may be 
olitained. If the lioiling and condensation curves have a mini- 
mum, the vapor escaiiing from the condenser in the most favor- 
able case has the composition of the minimum. Because the 
system water-ethyl alcoliol has such a minimum at 95 6 per cent 
alcohol, it is not possible to obtain a greater concentration 
than Of) 6 per cent alcohol by means of a simple distillation of 
a dilute solution 

i*rAKPENTER aiul Babor, Chnn and Met Eng,: 27 (1922), Babok, 
Dibbcrtation, Columbia Univerbity, 1924. 
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CHEMICAL THERMODYNAMICS (INCLUDING ELECTRO- 
CHEMISTRY) 

I. CHEMICAL EQUILIBRIUM 
1. The Fundamental Laws in Detail 

176. General Definition of Chemical Equilibrium. — The con- 
cept of equilibrium has its origin in mechanics. A pair of scales 
or a pendulum in the position of rest, even though either one is 
free to swing, is said to be in equilibrium. At first, it would 
appear that the characteristic of ecpiilibrium is the invariance of 
the system with time — however, it may readily be seen that, 
while this characteristic is, indeed, essential, it is not sufficient 
for a complete definition. An arrested balance does not change 
its state with time, yet it cannot be described as being in 
e(iuili])rium. 

The criterion by which to determine whether a system is in 
equilibrium or not is expressed in the statement that the potential 
energy is at a minimum. This requirement is satisfied by the 
condition that the work performed dA (change of potential 
energy) must be equal to zero for an infinitesimal change. This, 
of course, also includes the case of the maximum of potential 
energy (labile eciuilibrium) . 

Equilibrium may be spoken of not only in mechanical systems, 
but also in chemical systems, i.e., a number of substances which 
may react chemically with one another and form an isolated 
group in space — one may speak of chemical equilibrium in such a 
system. 

Here the time invariance of the system is the prime character- 
istic for the equilibrium state, but, again, it is not sufficient to 
define the state. A chemical system in which no noticeable 
changes are taking place is not necessarily in eciuilibrium any 
more than is an arrested balance. At low temperatures most 
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chemical systems arc in a condition similar to an arrested lialancc 
and cannot bo discussed from an o(iuilibrium standj)oiiit. A 
true chomi(‘al (‘(luilibrium, whoso mechanical analogy is r(*pro- 
sented by a free swinging balance, roquirc^s a certain dogr<.*e of 
mobility. Just as the free balance can bo displaced by a small 
excess weight so must a genuine eciuilibrium state in a cluMuical 
system be cluMuically affec.tcd by trilling infliK^nces, such as the 
addition or the removal of small amounts of on(‘ or more of the 
substances involved in it. According to this, time invaiiancc*, 
associated with mobility, must ho regarded as tin* criteiion for 
true chemical (‘(piilibrium. 

However, this characteristic which is so valuabh' in numerous 
cases cannot be r(‘garded as completely sat isfactory in all n»sj)ects. 
A chemical system, under certain conditions, could be in (equilib- 
rium in s])ite of its immobility,'* just as a balance I)eam could, 
by chance, lie in ccpiilibrium in ite arrested position. In order to 
obtain a criterion of equilibrium which is universal, we must 
turn again to the thermodynamic condition of ecpnlibrium dis- 
cussed in 30, that At.® or At,p = 0, which is closidy related to 
the condition for mechanical e(iuilibrium; namely, that dA = 0, 
and forms t.h(^ liasis for the theriiiodynamic treatment of chemical 
ciiuilibria (see 203 et 6cr/.). 

Meanwhile, for the empirical treatment of chemical equilibria 
it may be assumed that the chemical systi'in is mobile in the above 
sense, so that the time invariance of the system may be con- 
sidered as the equilibrium condition. For simpliirity, it will 
always be assumed in what follows that a uniform tei»])('rature 
prevails in a given chemical system in the state of ('(|uilibriuni. 

a. Homogeneous Systems 
a. CJEXEUAL 

176. The Incompleteness of Homogeneous Chemical Reac- 
tions. — In the first place, those chemical systems will be discussed 
which consist of a single homogeneous phase, and hence are 
designated as homogeneous chemical systems. This group pri- 
marily involves gaseous systems and solutions, yet homogeneous 
solid phases may also be considered, even though the appearance 
of an equilibrium is often markedly delayed. 
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According to the older conceptions of chemistry, every reaction, 
such as a combustion, proceeded to a complete interchange of the 
initial substances. Meanwhile the development of chemistry 
hjis shown that this viewpoint is not, in general, correct. The 
exchange of initial substances in a homogeneous reaction never 
goes so far that all are completely used up, but, instead, the 
reaction aheai/s .slops before all the initial materials have been eon^ 
vert-ed ^\ionci\ in the condition of chemical eciuilibrium all the 
redacting sul)stances an' presc'iit in greater or less proportion. 

TIic rcaotioTi ])e1\\c*'n li>(lroK<'n and sulfur viU)(>r at about 400^0 , A\hcrc 
a rousidcrablo j)cn*eii1aK0 of hvdroKf'u sulfid(‘ is forinod, for llic 

(lualitativc don I oust ration of this ])io])oMtion That tlic formation of 
hydrogen sulfide has not proreeiled (plant it a lively can b(.» established by 
analysis of the gas mixture. iStill ch'arer proof of the nieom])lefc formation 
ns well as the partial decomposition into hvdrograi and sulfur vapor consists 
111 heat mg hydrogen sulfide to about 400°(/ , whereupon sulfur is doposit(‘d. 

lOxami^les in which a reaction stops exactly at or nearly at 
th(' point of half conversion of the initial substances are certainly 
not very frecpient, for, as a rule, the eipnlibrium li(*s mons to one 
side or the other for which either the initial substances or end 
products are in gn'at exci'ss, but never, evt'n in th(' most vioh'iit 
r(*actioiis, such as explosions, do tin* molecub's unite completely. 
In the ('xplosioii of oxyhydrogem gas a fraction, about 0 o X 
10"-^ per ci'iit, remains uncombined at rcxmi temiierature. 
Though this may appear minute, it is nevertlK'less important for 
many iihenomeiia and may even be determined by indirect 
measun'inent.' 

To indicate that the more or less intermediate position of 
ccpiilibrium can be attained from both sides, as, for example, 
a sulfur-hydrogen e(|uilibriuni from a hydrogen-sulfur vapor 
mixture on the one hand or from hydrogem sulfide on the other, it 
is expedient to write: 

2II2 + ^2^ 211s 

instead of 

2II2 + So = 2II2S. 

177. The Law of Mass Action (L.M.A.). — The position of a 
chemical eciuilibrium, that is, the degree of completion of the 
reaction in one or th(' other direction, is by no means fixed by the 

^ Sec, for example, 217. 
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reacting materials, but depends upon the proportion of the ingre- 
dients involved. This proposition was first stated hy Bcrthol- 
let (1801), but it remained for the Norwegian investigators 
Guldberg and Waage (1807) to formulate it quantitatively. 

Their law of chemical mass action, abbreviated in what folloAvs 
tis L.M.A., was exhaustively established on thcrniodynaniic 
grounds by van’t IToflf in 1877. It forms the basis of the experi- 
mental as well as the theoretical treatment of chemical ecpiilib- 
riiim. Continuing with the analogy between chemical and 
mechanical e(iuilil)ria, then the L.M.A. plays the same? nMe in a 
chemical equilibrium that the lever law does in a mechanical 
process. 

In the law of mass action the concentrations of the reacting 
participants appear as variables, and, as previously, we shall 
reckon with molar concentrations; f.c., moles per lit<»r. In 
order to distinguish easily and clearly between the concentrations 
of the different substances, it is often desirable to i)iit the chemi- 
cal symbols in brackets in place of the notation c used |)reviously 
For example, [H 2 <.)] means the molar concentration of water as 
vapor or in solution. It is frequently of advantage in gas reac- 
tions to introduce the partial pressures of the substances from 

the gas laws instead of concentrations. 

178. Formulation of the L.M.A. — The L.M A. has the simplest 
form when we consider a pure (gaseous or dissolved; sul)stance 
A for which no chemical reaction is proceeding. In this case 
the e(iuilibriuiii is characterized by the trivial relation 

[A] = ConssL 

A more complicatc*d cas(‘ aiises in the conversion of one molec- 
ular species into another (for example, through an internal 
rearrangement). If we write the reaction A'^ A, the L.]M A. 
gives 

= Const., 

I c., the ratio of the concentration of both reacting substances is 
constant. 

Such reactions occur with organic substances, wliosc molecules can exist 
111 dilTcrcnt isomeric fonns, i.e., they possess the same empirical formula 
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but have a different cuiiistitulioii For exainplo, bulano lias the empirical 
furmula C 4 H 10 . 'I'he iiurinal and isohutanes are respectively 

('Ila 11 

\ / 

Cllj— ClI,— CII 2 — Clla and C 

/ N 

CII 3 C^IIa 

Frequentlj^ isomeric molecules are converted into one another so slowly 
that an cquilihniiin state is not reached, 'fhe Kroupin^ — CO — C’Ho — 
( ) — , however, changes relatively easily into the isomeric group — C'(OII) = 
(’ll — (.^O — , so that a rapidly adjusted equilibrium is maintained between 
both isomeric species in substances containing these groiqis (vg., aceto- 
a(‘etic ester), a phenomenon which is designated as tautoinerism 

For a ri'aetion of the type A + B AB, we may consider the bromina- 
lion of ethvleiic 

C2II4 + Bro ;=± C .IUBr* 


or the formation of phosphonis pcntachloride 

PC’lj + ri,;=iP(’l5. 

Item the L M A gives 

[AB] _ ,, , 

iA]|Bl “ ^ 

'Fhe common reaction 

2A Ao 


(I74a) 


lielongs to the same class, when read to the nght it is an associaiwn, when 
read to the left a diissociation. Tins reaction can also be w ritleii as 


. [Ad 


= Cornet 


(1746) 


\ + A,, 

whieli yields llic expression 

[Ad 

lA][A"i " [AI* 

The generalization of Eijs (174fi) and (1716), i.t , the erection of mass- 
action equations for any otlier leactions, such as 
211/!) 2 II 2 “h (Ij or 2Nlfj^ 3 II 2 
cn'atcs no further difficulties, for example, they aie. 

[11*0]^ "" [Nil, 


= Cont>( 


Th(' L.M.A is dt'scriliod l)y the constant ratio of the products 
of the concentration of tlie coniponentss on one side divided Ijy the 
product of the concentrations of the components of the other side 
Th(‘ i)roducts arc formed so that the concentration of every 
sulistance is used n times, if n molecules react or result in the 
reaction, i e , the concentration of a substance, of which n mole- 
cules react, enters in the L.M.A. in the ?tth power. For example 
in the equation 

pC + qD^ mA + nB 
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tho li.M.A. has the form 

The procoding constants, (l«'sif>nato(l by Comt, or in the future 
more simply as A", A'., Kp, etc , are, in jAcneral, constant onl}" at 
a j^ivon temperatun', and vary with the temperatun'. For a 
fixed value of tin* constants 7v, etc th(‘ L M.A. is valid then^fore 
only for a deiinite tem])erature. 

In vi('w of Iht.' fundamental si^i^nificaiice of tho L j\I A , it is 
necessary to illustrate its application in (hdail to the important 
homogeneous n^actioiis occurring in ^ases ami solutions. 


(i K(jriLIHniA IX CJA8 liKArnOXS 


179. Reactions Proceeding without Change in Mole Number. 
One of the simplest reactions for which the L.M.A. has been 
exhaustively investigated experimentally is the dissociation of 
hydrogen iodide ‘ 

2III^=iIIo + l2. 


On intnulucing the Af.A 


fUdlld _ j. 

[IIIP 


(17(>) 


and on substituting, in ])lace of th(» concentrations, the partial 
pressures, pn, = [Ibjl/r/’; /;/. = [/sl/r/'; />/// = 1IIIJA7’, we obtain 


(17()u) 


PllsPl.- _ 

P“iii 

In a similar way, we can subslitute in place of the corjeentra- 
tions the miml)er of moles, Hh^ = IH-jb’j a/, = [laic; nm = [111]/’, 
so that 


= A'. (170fc) 

n^iii 

The preceding case shows that the L.M A. retains not only its 
general form, but also the value of the (.‘onstant unchangcMl 
whether we express the quantities of the reac^ting comjioiKuits 
by their concentrations, by their partial pressures, or by the 
number of moles. 

It follows, then, that tho equilibrium must be independent of 
the total volume in which the gas mixture is contained and also 

' Bodknstein, M , Z phyiiik Chem., 22 , 1 (1897), 29 , 29/5 (1899). 
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of the total prcssoro iindpr which it exists. This result iiidicjites 
that the volume v has been canceled out from the (‘Xjm^ssioii of 
the L M A. and that the ccpiation holds for all n^actioiis, which, 
like the hydrogen iodides eciuilibrium, possess the same luimlxu- 
of molecules on the right and left sides of the (xpiation. It ap- 
pears, therefore, that the cqiulihnum of all react mtia v'hich ytocvvd 
without chamjc in the number of molecules is indrpemlent of the 
total volume or total pressure. 

The. hydrogen iodide equilibrium was determined by Bod(‘n- 
stein by enclosing a known (piantity of lo i^a moles) and a known 
(luantity of IIo (6 moh's) in glass flasks. These w('n' heaii'd at 
the ecpiilibrium temperature for a long time, and a known 
(luantity of I 2 U moles) reacted with an eciual (juaiitity of llo so 
that, acc<n*ding to the equation, a double (|uantity (2.r moles) 
of III was formed, liy ra])id cooling it was possible to “fref»ze” 
the e<|uilibrium, i.c , to bring the mixture formed at higln'r tem- 
perature to a temjierature range where the rate of change becomes 
vanishingly small The number of moles of the individual 
components after the conversion amounts to I 2 = (a — x)\ 
II 2 = {b — X); III = 2.r, so that the L.M A. assumes the form 

(a -x){h-r)_ 

■“ 


The results obtained by Bodenstein at the boiling iioint of 
sulfur (T = 717°) are reproduced in Table 2S, in which the 
observed x values are placed next to those calculated from Kep 
(17()c) and the equilibrium constant K = OOIflSl. The differ- 
ences between the two are small and lie within tli*' ('xpiu-imental 


'r\nr-K 2S -Tiik III Kin ii.ii{i{ir.\r \t T = 717® 


a 

h 

2/ 

(‘mIi* 

< )1)S 

2 01 

8 10 

a 01 

r> (io 

5 

7 04 

0 10 

0 7)2 

0 27 

8 07 

la 17 

la ai 

1 1 41 

8 12 

11 oa 

1 1 S2 

27 nii 

8 02 

ir, T)! 

1.5 10 

as 10 

7 SO 

17) 10 

J7» 12 
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error. For small initial (luantities (a) of I2 the quantity of I2 
remaining (a — x) is very small, z.e., the excess 112 uses up almost 
the entire quantity of I2. On the other hand, if the I2 exists in 
considerable excess, then only a small part of it is combined, 
while nearly the entire IIo is converted into HI. 


Another example of a reaelion of constant mole number, and one well 
mvohtij^atcd cxperimcntHlly, is the water-gas loaetioii 

('Oi + II. 0 -f ro, 


wIioM' efiuilihnum follows the relation 

[ii.oirco] 

[(.'Odlll.l 


= K 


(177) 


The n'Milta of Hahn (10O:i) are given m Table 20. They were obtained 
by the use of the streaming inethotl. In this method the initial mixture, 
wliieh mav eon.sist of C ()2 and Ha, flows through a moderately wide tube into 
a bulb, from whieh the gas mixture escapes through a eapillary. Since the 
gas reiiiain.s in the liulb for a relatively long time, efimlibnuiii ls set. up, if 
neeeb.sary the reiietion can be aeelerated by the uso of a catalyst (see 237), 
such a.b platinized asbestos If the capillary ls fine enough, the gas flows 
through so rapidly that it has practically the same composition w’hcn it 
reaches the cold portion as it had m the hot. 


'r\Hi.K 20 \Vati:k(;\s Kip'iMiiKirM at 'I* - 1250 


Initial mixture, ihm 
•■ cut 

Final mixtiiie, jicr cent 

K 







Individual 



(’( ). 

H. 


ro. 

ro = iijO 

Ha 

values . 

Average 

10 1 

r 

SO 0 1 

f) 70 

0 40 

SO 3S 

1 r>!)i 


1 002 



0 07 

0 33 

SO 07 

1 013 



30 1 

(>0 0 


7 IS 

23 00 

40 82 

1 5S1 


1 575 





22 02 

47 04 

1 oOS 







27 

22 82 

1 570 



40 1 

51 0 


ES9 

2S 04 

23 14 

1 041 


1 U03 




21 30 

27 88 

22 88 

1 501 






34 07 

2(i 28 

12 77 

1 557 



tiO 0 

3t» 1 


34 20 

20 (il 

12 58 

1 015 


1 001 




17 (Hi 

22 79 

() 70 

1 013 

1 


70 .*{ 

20 7 


17 35 

22 85 

6 05 

1 585 

1 

1 

1 1 599 


Final a^oniKi v.ilui*. K 1 "tWi 

















CHEMICAL THERMODYNAMICS 


289 


180. Reactions Involving a Change in the Number of Moles. — 

The dissociation of nitrogen tetimide to nitrogen dioxide nmy 
be discussed as an example of one of the few gas reactions, involv- 
ing a change in the number of molecules whose equilibrium is 
rajiidly established at room tciuperaturc. 


The yields 


N ,04 ^2N02. 

[NO2]* _ 
[N2O4] “ 


(178) 


i.et us represent the degree of dissociation by a, i e., the 
fraction of the mole of N2()4 which is broken up into NO2, and 
the number of undissociated moles of N2(J4 existing originally 
by no. Then a«o moles are decomposed and there arc only 
•Wo — noa = «o (1 — a) moles of N2O4 left over. The number 
of moles of NO2 amounts to 2ano, two molecules of NO2 arising 
from the one molecule of dis.sociated The total number 

of moles n which arc contained in a volume c amounts after 
dissociation, theit'forc, to 

« = (1 — a)no + 2ano = (1 + a)«o. 


The concentrations are 


N0.1 = 


2ano 


[N2O4] = 

Hence from Eq. (178) 

•lot*/! I) 


(1 — rt)aii 

r 

4«® 


r(l — a) Ctf-fl — «) 


= A-., 


( I78a) 


where C.V5 = represents the volume of the gas mixture, which 


includes a total of one mole of substance referred to the 
undis.sociated state (in the present case to 92 g. of X2O4). 

If we introduce the partial pressures pvo, = [N02]/<r; p.v^, = 
[N204]f2T in Eq. (178) in place of concentrations, then 

P.V1O4 

i.e., the L.M.A. retains the same form as in the application of 
concentrations, but the equilibrium constant assumes another 
value. This result may be generalized for any equilibrium. 
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The partial prossur(\s may bo substitiitod for the oonooiitrationa 
in (‘very caso, but the* constants Kc and Kp an', in j»(‘n(‘nd, 
difl’erent. ^ 

A n'lation bc'twoc'n the total pressure p and the degree of dis- 
sociation rt, which is often more convenient to use than the one 
between the ])artial pri'ssurc's, is obt aim'd from (178a) wh('n the 
total volume v is replaced by the total pn'ssure p according to 
th(j gas laws: 

nllT (\+a)nJiT , 

r = = • ((dr) 

P P 

The final ecpiation is 

= A-./er = A',,. (178c) 

1 — a‘‘ 

The numerical value of Kp depends, of course, upon the units 
of measure chosen for p or for the jiartial prc'ssun's. In the 
following all data will be expressed in atmosplu'n's as the unit of 
pressure. 

Ecpiation (178e) states that a decrejises with increasing total 
pn'ssiire, and, in fact, for small valm's of a wc' have 

1 

a ~ 

The number of moles 7i = wo(l + «) in all eases is smaller 
the greater the pressure, consecpiently the total pressure of the 
mixture is greater than with a pure gas. If a is eliminated from 
E(is (17Sa) and (7^Vj mstc'ad of r, an ('(piation of state, valid 
for th(' mixture at constant tempc'rature may b(' ob^aiiu'd in 
j)lace of the Iloyh'-Mariotte law In order to obtain eciuations 
of stat(' valid for a given t('mi>erature, the temperature' relation 
bc'tw('«'n /\. and K,, must be known 

In place of the decree of dissociation a it is often coiivenioiit to deal with 
the average molecular weight Ma of the gas imxture. Ma, ohviouslv, varies 
m the pr(‘ceding e\ain])le between that of NOo (td), ^^hlch is assiiiiKid for 
extremely small pressures, and that of N 204 (92), which is reached at very 
high pressures, and wc have 

» Kp and Kr differ by the factor (RT)^^ where Aji represents the excess 
number of moles of n»action products over reactants; i. e. Kp = Ke (RT)^, 


V p 
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where g rcprcHCiilM the weight of the iiii\tiirc On the otlier hand, 

-l/Ay). = 5. 

lienee 


Wo 


f VjOi — A/^rt 

=^'-“ “r “= M„ • 


(179) 


If we substitute this value for a m E(i flTSe), then 

- A/a)® ^ 

(2A/a - A/aWA/n=o. ■ 


(178r/) 


The j?as laws in tho form of Va\, (7Hr) may ho applied for thc5 
expcrimoiital doforniination of « in r(‘aotions which involve a 
change in the mimhor of moh's, for here all valuers with tho excep- 
tion of a arc ndatively easy to obtain. Inst(*ad of replying upon 
JOci. (7Ilc), we could go hack to 10(| (73/>), which yields the appar- 
ent moh'cular weight from which a may likewise he obtained 
by means of Eej (170) ' 

In the following table some numerieal <lata on th(‘ dissociation 
of Not >4 are (pioted from tin* investigations of Natanson- to illus- 
trate Kq. (73c), (178c), and fl78d;. 


Tmu.k oO Dissoiu \tion of XA)i \t f 


1 

p imm ) 

2 

a ) 

no 

3 

///• 

Wo 

Q 

5 

cv obs 

t> 

a calc 

7 

Afa 
ol >^ 

M 

0 

00 

(4020) 



1 000 


4f) 0 

2() SO 

143 3 


129 

0 010 

0 917 

4S 2 

ESil 

tW 75 

3S2 


112 

0 770 

0 7S1 

51 S 

EU 

1S2 t*»9 

1S5 0 

33S() 

157 

0 list) 

0 t)73 

51 S 

131 

251 :57 

124 5 

wgn 

mi 

0 t>20 

0 ti05 

5ti S 


497 75 

00 0 


153 

0 185 

0 1S3 

t)2 1 

02 0 

00 


(2010) 



0 00 


92 0 


* M. Bodknstein (Z. Eh'kirnchtm, 16, 001 (1910)) has dosenbed an 
apparatus, with \\hn*h it is possible to estimate a in this fashion up to a 
(oinperatuie of about liKMrC', and with which the dissociation of the 
iodine molecule was tested 

® More ifc(»nt investigations liave been earned out by Bodknstei.n and 
BOks (Z physik, Chevi , 100, 75 (1922)), which are loss suitable, however, 
for proving the L.M.A. 
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The value 


= 0.197 was used iu the calculation of a and 


vv 

il/„ in columns 6 and 8. The product ■ ■ ■> which would remain 

TIq 

constant in a normal p^as, decreases with increasing pressure in 
the ratio 2 to 1. The experimental error, which was kept within 
moderate limits, as a comparison of columns 5 and 6 as well aa 
7 and 8 shows, appears considerably magnified in terms of Kp, 
so that the variations in column 4 are of no significance 
Ammonium chloride dissociates in the vai)or state into 
ammonia and hydrogen chloride: 

NIUCl ^ NHs + HCl. 

The essential difference between this reaction and the N2O4 dis- 
sociation is that here the dissociation results in two different 
molecules whose concentrations in the gas mixture are ecpial 
onlj' if they come from eriuimolecular quantities of the dis- 
sociation product or from pure NH4('l. Consider, now, the 
number of moles after dissociation from an initial quantity of No 
moles of NH4CI: 

For NII4CI: no (1 - a) moles. 

For Nils : no a moles. 

For IK U : no « moles 


It follows from the Ti M A. that 


- 


(180) 


a-no _ 

i’(l — a) — a) 

a formula which differs iiotaldy from Kq. (178a) by a factor 4. 
Similar to Eq. (178c) we obtain * 


a^p 

1 0 

— a- 


= Kp, 


(180a) 


Let us add in addition an excess of n' moles of a dissociation 
product, say, of HCl vapor, to a gas mixture, resulting 
originally from no moles of NH4CI, so that a certain displace- 
ment of the eciuilibrium takes place. If the degree of dissocia- 
tion after the addition of this excess is designated by then the 
mole numbers possess the following values: 

NH4CI = no(l - a!) 

NHa = no a' 

HCl = no a' + n' 
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and we obtain 

a'*«o(l+ 

\ noa / _ ~ 

By comparison of Ecjs (180) and (18()/>) it is found that 

«'*(l + f) 

\ Wua / _ «■ 

■ 1 -■«' “ 1 -V 


(180ft) 


From this it follows that a must bo groator than a' and the follow'- 
iiiR conclusion is reached: The degree of dimtcintion of a substance 
IS always repressed by the addition of a dissociation product. 


An example which furnishes a beautiful qualitative demonstration of this 
law IS the dissociation of the nearly colorless phosphonis iiciitabromide into 
colorless phosphorus tribromidc and brown bromine vapor, which becomes 
noticeable at about 1(X)°C. If phosphorus tribnnnidc ls added to the phos- 
plionis pentubroinide present oriKinally, the deirn^e of dissociation at 
lOO'C. IS so niinutc that a brown color i& scan^ely perceptible 


The formation of water from oxyhydroKon gas, 

2II2 + O2 ;:± 2II2O, 

as well us the formation of CO: from carbon monoxide and oxygen, 
2CO + 0: 200:, 

rejiresents the dissociation reaction of water or carbon dioxide if 
read from light to left. 

From 2/1 0 moles of water vapor (or C’O:) the mole numbers 
after dissociation amount to: 

H: 0 (C 02 ) : 2/io (1 - a) 

H: (CO) :2noa 
O 2 (O:) : Mo« 

TottU N — «o (2 + a) 

The L.M.A for the dLssoeiation then assumes the form (Fjq. 
(I71e)) 

_ ^'»a* _ jr. 

Ki - ay- 

or, if the total pressure, 

fio(2 + oi)RT 

P = - j: » 


( 181 ) 
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is substituted we ftcd.: 


pa' 


= K,HT = K, 


(isbO 


(,l — a)“\2 + a) 

When « is very small, so that it can be ilisroj*ar(led, we obtain 


= KMT = A'p. 


(IS 1/d 


The influoneo of the excess of reaction products upon the dis- 
sociation of water and carbon dioxide is (pialitativel}’ the sani(», 
as in the example above. Hero also, th('addition of an excess of a 
reaction product always produces a rejiression of the dissociation. 

The estimation of the degree of formation (j") is frecpiently 
of greater interest than the degree of dissociation of a substance. 
For example, according to the reaction for ammonia formation 
3 H 2 + No 2 Nir 3 we can ask what fraction of the initial mixture 
has been transformed into ammonia at ccpiilibriuni from ecpiiva- 
lent ([uantities of II 2 and No (three moles ITo, one mole N 2 ). 

Instead of this we can also investigate what fraction (x) of 
the gas mixture existing in ecpulibrium consists of XHs and of 
N 2 and IIo. Sinc(‘ the fraction in cpiestion is e(pial simply to the 
ratio of the [lartial pressure of ammonia to the total pressure, 
we have for the ammonia 


X = 


Pn//i 


and for tlu* sum of the partial pressures of N 2 and 112 

Vui + />v. 

* 

p 

and for the iiidividiiul gasPH 

1 - a: ^ yj.v, 

4 P 


I - I = 


Ns 


. 3(1 - Pii, 

lio. = f 

4 p 


Ps'. 


since - ‘ - must always be as 1 to 3. 

PUi 

Setting the up L.AI.A. first for partial pressures, we obtain 
^ (1 - a-)V3» ^ ^ K.{HT)K 


P^HUi 


4* 


( 182 ) 
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It can be rocogiiizod from Eq. (1S2) that the fraction of NIIj 
forinod should increase with iiicreasinji; total pressure and it 
therefore forms the theoretical foundation for the Haber process 
of ammonia manufacture by which the small yield of ammonia 
at normal pressure is considerably increased by the aj^plication 
of hij^her pn^ssure (cf. Table 31). 


T\ijlk .‘il.- -Peu C'ent ok Amnkjmv PoitMEi) \T Dikfekent Temper AT riiEfl 


T 

ioff Kp 
(SCd 

'Fabln 

Ti 1 1 

100 r 

p -- 1 aim 

p — 80 atm 

p — 100 f/Z/// 

/I ~ 200ri///<. 

77r 

4 SO 

0 12 s 

:i w 

10 8 

17 5 

Kir 


0 0(i0 

2 r> 

(> 0 

11 2 

*H>r 

f) so 

0 (KO) 

1 04 

8 85 



0 -IT) 

0 010 

0 57 

1 S.) 


io7r 

0 01 

0 on 

0 85 

1 17 


1187® 

7 40 

0 007 

0 20 

0 07 

■■ 


181. Combination of Several Equilibria. — If at high tempera- 
tures carbon dioxide is added to the dissociat(‘d water vapor, 
which likewise exists in a dissociated state, both gases split off 
(> 2 ; an eiiuilibrium must accordingly be produced, so that the 
(>2 conciMitration of the dissociated water vapor is eipial to that 
of the dissociated ('O 2 , i c., 


m = 


■ [Hall]" 

1112 ]-^ 


Ilence it follow’s that 


AVcJ(H)2]2 

l(T)]“ 


__ /Af-oj _ 


A'. 


(183) 


\U2OWO] 

The resulting exiiression is none other than the L.M.A. valid 
for the W’ater-gas reaction (Eep (177)). We learn, therefore, 
that the constants for the w’ater-gas eciuilibrium may be calcu- 
lated from tliose of carbon dioxidi? and of w’ater vapor. Experi- 
ments carried out by the streaming method yielded a = 1.41 • 
10 for the degree of dissociation at T = 1390° anil atmospheric 
pressure, and from Eip (1816) Kco, = 1.3- 10”^^, and Kh^q = 
0-25 • 10"^^, and, therefore, for the water-gas equilibrium 
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K is calculated to bo 2 2S, while from direct experiments a value 
ill the neighborhood of 2.5 is obtained. 

Other reactions may be resolved into simpler ones similar to 
the water-gas eciuilibriiim. In all of these cases a simple relation 
analogous to liq. (183) exists Iietween the various constants of the 
so that the constant of the total reaction can be calcu- 
lated from those of the partial reactions, or the constant of oz/c 
partial reaction from those of the total reaction and the remaining 
])artial reactions 


As iui cvainplo of su(*h a case the Deacon Process, which was used for 
the pn^paratioiL ol (*lj from IK.'l, may he mentioiied, 

41IC1 + 02= 2 II 2 O + 2(M. 


The ])arliMl forms of these re.'ietioiis are 

the liydrojrcn chloride dissoeiation: 4I£C1 2 II 2 + 2rij, 
and the forinatiou of water vapor . 2 II 2 + <) 2 ^ 2 Il 2 (), 
from which the reaction e(|uation of the Deacon process follows din*etly 
l>y addition, since the hvdroKon given olT is common to both r(»ae1ions 
The equation to put 111 place of Eip (183) becomes 


AT/, 


Kitit) ^ 

K^hvi 


(m 


where Kn is the constant for the Deacon process. 

The ecpiilihriiim of the Deacon process reaches the midpoint between T = 
700 and lOOCrC' , so that it can he measured relatively easily m this range 
by the streaming method. On tlic other hand, the ecpiilibnum constants 
of the partial reactions are not accessible to direct ineasuriMiient, owing to 
their imiiuteiiess. However, we arc aide to determine tliein through a 
thermodynainic relation (<f. 226). AVc can use the ecpiilibnum constant 
Ki) found expcnmentally to test whether the crpiilibrium constants of the 
partial reactions obtained thermodynamically are correct. For* 7’ = l(KK)® 
the thermodvnamic values arc: Kino = 10"'®*“*, Kni-i = 10"'“'*® from 
whic-h Kj) = It)”** ~ 7 0 from Eep (184), while cxpcriiiicnl yields Kd ^ 10, 

which IS a satisfactory agreement. 


7 . SOLUTIONS (ELECTROLYTIC DISSOCIATION) 

182. Historical. — Among the chemical equilibria, which are set 
up in solution and which have been exhaustively studied especially 
in aqueous solution, one group is particularly prominent; munely, 
equilibria formed by the dissociation of neutral molecules into 
constituents of opposite electrical charge, or ions. This phenom- 
enon, called electrolytic dissociation, is of the greatest impor- 
tance for the entire field of chemistry, because the characteristic 
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common properties of many substances simply depend upon tlu; 
fact that the same ion is dissociated. 

For example, acids are distinguished in that they split off a 
positively charged hydrogen ion (H+) and bases a negatively 
charged hydroxyl ion (Oil”). A compound acts stronger as an 
acid or as a base the more H+ or OH” ions its solution contains. 
In general, neutral salt solutions split off a positiv(^ly charged 
metal atom, while the acid radical is negativ('ly charged. This 
explains the well-known phenomenon that solutions of salts of 
any particular metal have numerous properties in common, 
('opper salt solutions arc all colored blue, because they always 
yield a blue-colored Ou++ ion. Also the (*ommon precipitation 
reactions of salt solutions of a certain metal rest upon the same 
basis. 

The theorj* of electrolytic dissociation was founded mainly 
upon the phenomena which one observes on electrolysis produced 
by the passage of an electrical current through a solution. The 
most important of the existing laws wjis discovered by Faraday 
(1<S83) and may be formulated as follows: when an electrical 
conductor suffers a chemical change at th(? electrodes by the 
passage of the current, the quantity of substance converted is 
proportional to the quantity of electricity which iiasses. Ninety- 
six thousand five hundred coulombs (ampere-seconds) always 
effects the conversion of a gram equivalent, i.e., a mole of a univa- 
lent sul)stance or parts of an Ue valent molecule or radical. 

Th(^ quantity of electricity, 96500 coulomhsj is designated as the 
electrochemical equivalent or as 1 Faraday (J) For examph^, 
deposits 107.88 g. of univalent silver on the negative electrode 
(cathode) from a AgNOs solution, whereas 31.78 = <1 

of bivalc'nt copper are deposited as metal from a copix'r 
sulfate solution. One 5 forms 35.46 g. of chlorine at the positive 
electrode (anode) by the decomposition of hydrochloric acid, but 
only = 8 <7. of bivalent oxygen from the decomposition of 
water. 

However, the electrolytic dis.socintion thoorj* cannot be constructed from 
Faraday’s law alone. P'araday hini.solf explained his law on a purely 
chemical assumption. He imagined that the clectiic current acted first 
upon the solvent and that these decomposition products produced secondary 
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'lieniicnl changes in the solution For example, according to Faraday, 

I OOS q of hydiogen would fir^t. he <lcpohilccl upon the cathode, and S (H)^ 
if oxygon u])oii tlic niuxle on (he passage of lii> through an acpieoiiH (*iiS()t 
solution hetv\c*on coppei elertiodcs The hydiogen on (la^ cathode would 
•educe the C'liO m (he (’iiSO, to (’u as a secondary read ion, so that metallic, 
'opper was precipitated, and at. the anode (he owgen would oxidize the 
netnlhc copper to copper oxide, whii*h unites with tlie residual SO, again to 
orni CU 1 SO 4 

Now if ccpial quant it ie.s of hydn>gen and oxvgoii were always foinicd hv 
he passage of then Faiaday's law simply icdiiees to nalton's law of 
constant and imiltiplc jnopoi turns. 

An exhaustive test of piocesses in solutions, particularly of a(|ueous solu- 
tions, shows that Faraday's conception la not correct First, it has heen 
diowii that inire water conducts the curient only very slightly, hut that its 
.■ondiictivity increases the more salt is dissolved in it. Owing to (his simple 
fact, the assumption that the water plavs the piimaty nMc in (he (laiispoit 
of the cuirent iiiusl have aroii'-ed much hesitation 

One. of llittoif'h ohservations, namely, that changes pioceed not onlv at 
the eleetrodes hut also in the. interior of the solution, speaks still moie 
convineingly against Faraday's concept Hittorf showed that cm tain 
changes in concentration appear on passing a cm rent tlinmgh a solution 
This fact can he explained only by assuming that the pai tides of thedis- 
8olve<l salt inigiale ])artly with and paitly against the eiiiient H(‘^id(*s, 
one can follow tho^o migiations during the passage of a euirenl «liioctlv w ith 
the naked eye with colored salts, such as KMnOi From this, the tpiali- 
tativc eoiielusion follows that the disMilved salt and not the water accounts 
for the transjKut of elcid licit v in the solution. 

This gives an entirclv dilToicnt ami more important nieamiig to Faiada v's 
law than heretofore, which was clearlv stated hy Ilehuholtz in liis Fanulav 
lecture in ISSI: U'e mu\t nasuftir that trety valence hand in an atuin nr laitmil 
iJivnlrcs a (ietinUr quantity of elertnnfy, ju\t ai* in the Jnrmatinn of n rhrnneal 
rnmpnunti ncvcrnl atonin nr lailnatn ate able to unite with one anqrhn If 
matter possesses an atomic struct ure, then the same is true of elect iicitv 
(c/ 267}. 

The conception that thedissolvetl salt and not the solvent aeeuiiiit.s for the 
transport of electricity was developed quantitativeU hy means of a l.iw 
discovered by Kuhlrausch (ISTiij, which may he foimulated ns follows: 
The clritrual condmtmty nf numnouis clreholytcs nf nrn additive 

quaniuien chaiartruf^tir 0 / the inns nf the chrtrntijte. It is at piosiuit ditlieult 
to understand why the Kohlraiisch law, which the discovetor himself had 
given the name **law nf the independent nngiation of the did not lead 

directly to the piesent-day ionic thcfiry Indeed, it was believed that such 
a conception could not he icconeiled with other facts, namely, that atoms 
firmly bound into inoleeiiles could sep;iratc bjMuitanixiiisly into ions wIumi 
put 111 bohition. In taking this ixisilion they overlooked the faid that theie 
is a great difference whether a salt sueh as NaCl decomposes into ncutial 
atoms or into charged ions. According to the modern viewpoint (341 ct acq.), 
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ilip iwporinnf point in thr union of Na and Cl to form NaCl docs not ronmst in 
the fur malum of a neutral cominmnd^ hut in the (ihrralwn of a negative charge 
hy the Na atom and the ahsorptum of the charge by the Cl atom, tliiis, it is the 
exc'liuiigc of an electrical chaige between the two atoms which is important. 
When this occurs, it us a matter of secondary importance whether the ions 
remain jirmlij hound to one another or are freely movahle. 

The next assumption was that the ions were not ahvays free but that the 
salt existed predominant Iv in the undissociatod state, and that only very 
few ions appeared in the exchange from one salt molecule to another. From 
the standpoint of chemical equilibrium, such a conception (C'lausius, 1857) 
sigiiilied an extiemel}' small decomjiosition into ions The magnitude of the 
decomposition, however, in order to supiMirt the validity of the Kohlrausch 
law, must be about the baiiie for all good conducting electrolytes. 

In tho ooiirso of time other fundamontal phenomena were 
disclosed whieli favored a considerable electrolytic dissociation of 
dissolved salts and rtdated sul)staiic(‘s. For (»\ainp]e, Kaoult in 
1SS4 ref(*iT(‘d to the abnormal lowering of the freezing point 
(see 146) which conducting substancivs showed. 

Arrhenius (1SS7) was the first to announc(» without qualifica- 
tion the principle that all solutions which are good conductors 
of the electrical current are actually dissociated to a considerable 
degree instead of in minute traces. If ivv dim^gard a number 
of (junltlalire arguments and (he faein discovered by Ilitlorf and 
huldrausch, then the foundation of Arrhenius' tome theory irsts 
upon the guantitatire calculation of the degree of dissociation by 
means of different 7nethods wliich will be outIin(»d in the following 
paragraphs, and upon the agreement which these results show 
among themselves. 

183. Methods for the Estimation of the Degree of Electro- 
lytic Dissociation. — The definition of the concept of “degree of 
dissociation'* (a) is the saiiu' for electrolytic dissociation as it is 
for gas reactions. We designate the fraction of tho neutral 
mol(‘cules originally present which have dissociated into ions as 
th(» d(‘gree of dissociation. If the number of moles of neutral 
molecules before dissociation is /lui then we obtain the following 
values for th(^ number of mohxs after ilissociation: * ► 

Vndissociated molecules = nu(I — «) (186) 

Ions of one kind = /toa 

All ions = 2/ioa; 3/io« respectively, 
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whore two, thioo or more ions nro formo<l from u n(.*utral tnolocule. 
The total number of neutral molecules juwl ions therefore amounts 
to- 

n = Hii(l + «); or «ii( I + -O'), etc. 

We arc rostrictocl exclusively to physical nu'thods for the 
experimental determination of the doKrcc of electrolytic dissocia- 
tion in order to throw light upon the momentary stat(‘ of the 
solution. The chemical metho<ls of detc^rmination, fri'cpu'ntly 
applicable to gas ecpnlibria wlu^re one may “freeze” the (‘(luilib- 
rium and estalilish the concentrations of the individual constit- 
uents analytically, do not apply, because' the velocity with 
which an eh'ctrolytic eqiiilii)rium is established is exceedingly 
high even at th(' lowest temperatures which can be reached w ith 
lupiid solutions. 

The methods for estimating the degree of electrolytic dissocia- 
tion may b<' classified into those which, in general, can also bo 
applied to clu'iiiical ('(luilibria with neutral dissociation products 
and those in which the electrical charge of the dissociation 
products plays a decisive role. 

1. Of the former class, the methods introduced depend upon 
the aiijdication of the gas laws t-o solutions, and have jilreiuly 
been disciissc'd (sec^ 149). The estimation of the degree of dis- 
sociation a depends here, just as it did in Eq. C178c), upon the 
use of Eq. (73c), page 290, or Eq. (203), page 203, ?.c., 

lie = /iofl +a)RT. t73rf) 

Where the various valu(*s can bo measured directly or ihdireclly 
(for example, the osinotii; pimsure 11 by means of the freezing- 
point depression), the assumption that the gas law's are valid 
also for electrically charged particles (ions) is iiow^, without 
doubt, strange. In fact, it may be dc'inoiist rated that the electri- 
cal charges of the ions give rise to another force besides that of 
osmotic pri'ssure, therefore making a correction factor in the gas 
huvs necessaiy, which, in general, cannot be neglect('<l with 
strong electrolytes (cf. 188 (ft seq.). Howxwer, with the w’cak 
electrolytes this effect is so small that Eq. (73d) may be appli(?d 
w’lthout change 

2. In a number of cases some one constituent of the solution, 
such as the uiidissociated portion, or some ionic specie's, possesses 
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ji charactoristir physical property which servos as a quantitative 
measure by which the concentration c of the constituent may 
be estimated. Wo then oljtain the degree of dissociation a by 
means of Kq. (185). 

Foremost are the optical properties, for example, the rotation of the piano 
of i)olarizatioii, the absorption of light for a definite color, etc If an ioni<! 
•spc'cios IS not itself colored, (hen the ad<htion of amifher added substance to 
the Mjliitioii still produces a color m many cases. In paitieular, tlie hydro- 
gon-ion content, inaj' be easilv defennined, since a iiunibc>r of organa* sub- 
stances, the so-called tmlicatnrs, are known whose color depeiuls upon the 
hvdiogcn concentration * For llic practical application of this method and 
mctliod 5 following, the reader is icfcrred to Mansfield flark’s “Detcrini- 
nation of llvdrogoii Ion (oiicont ration’* (iJiid ed , Williams and Wilkins 
icf 191). 

3. A further m(‘tho(l of attaek <h‘peii(ls upon tin* fact that the 
velocity of a reaction is proportional to tlit' concentration of an 
ionic species. 

Tw'o cases must be distinguished: either the ionic species actually takes 
part in the reaction itself — for example, Oil” lou m ester saiK.mifi(*ation (see 
232) — or the ions act only cataivtically — for oxaniplc, tlic* inversion of caiici 
sugar 1)V ions Tsec 237). In !)oth cases the dcterminalioii of the con- 
centration of the ions depends uixni the mcasiireiiiciit. of the* speed of reac- 
tion. The estiniatioii of an unknown ionic eoncc*ntration must, naturally, 
bo preceded bv a trial exponinciit with a know’ii ionic concent ration. For 
instaiiee, in order to detcnnine the Oil' conleiil of an NlbOII solution, a 
tiial exponment w'llh a KOll solution is fust made, iii which tlic Oil' 
<‘onc<*iitration is approxiiuutely equal to the total concentration 

''rhe remaining methods for the* determination of a depend upon 
eharaett'ristic properties, which depend directly upon the 
(dectrical charge of the ions, and therefore arc not applicable to 
ordinary neutral chemical equilibria. 

4. If an electric field is goneratotl in a solution for example, 
if an electrical potential is applied to the two electrodes in the 
solution -then a force il is extu-fed uixin the ions, whicli naturally 
lK)ssess('s an opposite direction for the anions and the cations. 
By this action the ions undergo an acceleration, but they soon 
acquire a constant velocity as set forth in the principles in 14 : 



(28a) 
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Now in olootricjil units the fom' .ft is simply equal to the drop in 
potential per centimeter (sec 21) multiplied by the charge on a 

single ion ^ ; /.c., 


.ft- = 


1/, JyAW 

m ' 


where Hi repn'sents the difference in potential and / the distance 

Hi 

l)etwe(»n the eleelrodes.i If for this particular ease \\v make ^ 
= 1 fdrop of p()t(»ntial of 1 rnlt 'em.) and set Vo = C■^ then 


and, in gimeral, we obtain 


U 


nr A 

^ N/' 


v„ 


/'N.M 

/<! 0 I 


(180) 

(ISOa) 


The quantity l\ the velocity, wdiich tlw' ion assumes in a field 
of 1 volf/cm,f may be designated sim[)ly as the migration vdontif. 
For highly ooIohmI ions the direct measurement - of the* quantity 
Vn in 10 ( 1 . ^18(k/), and th('refore the dot(*rmination of the migra- 
tion v('locity, occasions no diflleulti(\s. l‘\)r (*xampl(‘, the migration 
of the Mn( > 4 “ ion can b(' followed w’ith accuracy if a shar|) bound- 
ar>' is formed betw’ocn the solution of KMn( )i and a solution of a 
colorl(‘ss salt of similar ionic* typ(*, like KN().i, of the same concen- 
tration and an e(|ual potent ial drop is appli(?d to the electrod(*s. 

Since in a solution of a dissociatc'd electrolyte the same number 
of positively and negatively charge'd ions must lie always present, 
not only wall one ionic spevies be shifted, such as the A I n()r ion, 
but the other ion, sucli as the positively charge‘d ion, will 
migrate in the oppejsite direction towards the cathode. In the 
migration cver>'' gram-ion carries with it a definite fpiantity of 
electricity, according to Faraday’s law’, and, de'peneling upon its 
valence, a w’hole number of electrochemical equivalents. As a 
result of this migration of the ions an electrical current flows 


^ I'his relation holds strictly only for the first instant after closing the 
circuit. If the current passes through the electnilvtos for a longer tunc, 
changes occur in the solution and at the clcctnides which occasion tlie 
])ioductioii of other force.s (248 et i^eq ). 

**MacInnes and Smith, J. Am, Chem, Soc , 45, 2210 (102:i) for improve- 
ments on this method. 
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ihroup;h the solution, or, in otlior words, the solution ac(iuin\s 
a (•(Ttaiii oloclriral conductivity. Tlu^ (lUiintity of (dcctricity 
flowing through the elecjtrolytc may be determined in tlie follow- 
ing way. 

If the cross-section of the electrolyte fassumed to bo 
cylindrical) is q, then in 1 sec. 72“ = M\rqcx mol(‘s of anion are 
shifted towards the anoihi; likewist' = Vu+^c, moles of cation 
go toward the cathode*, of which ciicli mole carries 1 5 if they an* 
univalent ions. 

The elTects of ions are additive in the transport of (*lectricity, 
for, although the anion migrates against the potential gradi(*nt,it 
carries a charge* o|)posit<* to that of the* cation. The (piantity of 
el(*ctricity 1 which Hows through an (‘l(»ctrolyte in 1 m*. is, 
th(*refor(*, (*(jual to the sum of the (plant dies of t*l(*ctricity carricHl 
by both ions. 

^ = SWi*" + Vu )Cx • q = 

+ r (187) 


('omparing this ivlation with Ohm’s law’, AA’ = I\\\ the following 
e\pr(*ssion for the* ri*sistance* is obtaine.*d; 

I 


ir - 




(18S) 


Thei ivsistance of a conductor 1 cm, long and 1 cmr in cross- 
se*ction is d(*signate*(l as tlie specific resistance w, i,c,y ir = le, 
so that we* have? 

In place of the specific re*sistance w’e deal more fre(pie*ntly in solu- 
tions with the reciprocal value*, the* specific conductivity k • 


K = = 

w 


U89) 


Now' c» repre*sents the concentration of the anion as well as of 
the cation; therefore*, according to lOep (183), 




//» __ /2oa 

V ^ V 


■ = COJ, 
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whore c represents the total ooncentratioii of (‘loetrolytos, con- 
sidered as imdissociatcHl f//o moles), which can be determined, by 
analysis. Therefon', 

K = ag(C^+ + U-)c. (180<0 

If ^ = A, is substituted, then the usual concept of equivalent 

conductivity is obtained (so designated iM'causc' c = 1). Then 
from K(i. (lS9u) a relationship is deprived in which the conccuit ra- 
tion factor ?iu no longer appcai-s explicitly: 

2. = A. = «5(r+ + r-j (190) 

Now a and, therefore, Ac vary with the dilution and, 
qualitatively at least, it nuiy be stated with assurance', ev('n 
without defining the exact form of the Ij.M.A., that « always 
increase's with dilution, and finally attains the limiting value' of 
unity at infinite dilutiem. For infinite dilution, there'fore, 

3fC'+ + r/-) = (H)0a) 

It will be seen that the law holels rigielly only for high dilutieins; 
howeve'r, it may still be applic'd in lesser dilutions (Kq. (190)), if 
substances for wliich <x has the same value at e^ertain dilutieins are^ 
compared. This is the case for most of the strong ele.>ctrolytes 
(scM^ 243). 

If it is assumed that the migration velocities anel U~ are; 
inelepeiulent of the elilutiem, /.c., possess the; same* value; in Fejs. 
(190) and (190a), then they can ])C eliminated from beith 
eepiations, resulting in 



The degree of difsaocmtion of a solution at a concentration c is 
given simply by the ratio of the equivalent conductivity at the concen- 
tration c to the equivalent conductivity at infinite dilution. 

The following direct ticsitmont likewise lends to this result. The con- 
ductivity must be proportional to the number of ions iiresent and therefore 
also to the degree of dissociation a. The maximum value a = I will be 
readied at infinite dilution, wdiich corresponds to the conductivity 
We have therefore the proportion l:a = A, w’hich is identical with 
Eq (101). 

^ Equation (190a) represents the exact expression for the law of Kohl- 
rauscli which must of necessity follow from the ionic hypothesis. 
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It should be emphasized once more that the validity of the 
relation expressed in Eq. (191) depends upon whether and to 
what extent the hypothesis that U is independent of the con- 
centration proves correct. To begin with, its correctness is by no 
7ncnns assured, for two oppositely charged ions cannot pass one 
another in a straight line without being affected, but they deflect 
one another from their paths, just as two approaching heavenly 
bodies (;annot fly past one another in a straight lino according to 
the law of gravitation. This deflection effect always disturbs the 
straight-line path of the ions and, therefore, results in a retarda- 
tion of their motion in the direction of the electric field. The 
effect becomes the more apparent the closer the ions are to one 
another when they pass; from this it follows that the migration 
velocity U must decrease with increase in concentration. While 
this (lelloction effect is of considi'rable importance in numerous 
electrolyt(?s (for example, neutral salts), in other cases, especially 
weakly ionized acids and bases, it becomes of less importance. 

In cases in which the deflection effect is small, and therefore 
where U is practically independent of conc(‘ntrati«)n, a certain 
difficulty arises in the application of P]q. (191) from the fact that 
the value of cannot bo obtaincnl dirc^ctly by experiment, but 
only by means of an extrapolation of the values to infinite 
dilution (see 187). 

For the experimental estimation of A,, we go by means of 15q. 
(190) to K and fnmi this to the resistance w or W respectively. 
The latter may be determined with great precision, most simply 
by means of a Wheatstone bridge, for which a suitable alternat- 
ing current is used, especially for electrolytes.^ 

5. Th(' last method for the (‘stimation of the ilegree of electro- 
lytic dissociation dej)ends iqiGn the measun'iiKuit of the eh»ctro- 
motive force li of a concentration cell, for which tiic formula 
derived in 212 holds. 

„ 1.9S3 10-* T, Cl 

== log 

n, Cj, 

The importance of the method lies in the fa(*t that it permits 
the measurement of an ionic concentration of any magnitude 

^ * For the expcnnicntal prccnution.s to be taken in this type of work, se^^ 
Moroan and Lammeut, J Am. Ckem. Soc., 46 , 1692 (1923), and 46 , 1117 
(1024). 
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whatsoever if onlj' the ionic concentration Ci is known. It there- 
fore is able to pivo precise values for ionic concentrations wlii<*h 
are so minute that all other methods fail to give reliable' results. 

184. Survey of the Degree of Dissociation of Various Aqueous 
Solutions. — following table offers a survey of the eh'ejtrolytie 
degree of dissociation a as it was dc'te'rmined for a numlier of 
substances according to the various methods. As far as the 
weakly dissociated sul)stan<*es (XIUOII, CTf/’OOir, llgClj) 
arc concerned, the figures given may be considered as approxi- 
mately correct, sin(*(' the various methods enuinerati'd above* arc 
applicable without much corn'ction. 

Ihit it is just for these weakly elissociated substances (small 
a values) that many methods, such as osmotic prc'ssiire, give* emlv 
approximate results. Bearing this in minel, the'ii the ceine-eirel- 
ance in a values, whie*h are eh'riveMl by the varie)iis methe»els, mav 
be consideTcel satisfae'tory and there'feire, in the* S(»nse eif what 
has bc(*n saiel in 182, the th(*e)iy' of Arrh(*nius may be consieler(»el 
as prov(*d experimentally for w'oak eh'e'trolytes. 

The rcsultfs ohUunrd for strong ehrtrolytes are Irss vonclasirr, 
since' the majority e.)f the methods eif eletermination cannot yie*lel 
any exact value's feir the' de;gree of disseiciation, e>wing tei the 
mutual effe'ct of the ions iipem one anothe'r. As w’lll be shown 
later, the true' ele'gre'e's of elisse)ciatie)n eif the stremg e]e»e*tre)lyte's 
are douldle'ss much large*!* than those a value's give*n in Table 32. 
While Arrhennis' htjj)nih(st.s originally asmmrd only a considrrahle 
dis,snciatinnj in strong chrlrolytcsy wc are most likely concerned iriUi 
nearly complete dissociation. < 

186. Electrolytic Dissociation of Pure Solvents. Pure solvents 
are also elissociated to a certain e\te*nt intei ions, but for sub- 
stances which are* liejuid at e>relinary anei lower te'inperatures, the'- 
e*ondue*tivity, and with that the degree e^f dissociation, are, in 
fae*t, extremely small.^ 

For example, the specifi<* coiuluetivity of pure, water is 0 01 • lO”* at 0®, 
0 04* lO'** Jit IS®, 0 17 • 10"* at 50®; that of pure H('l approxiinatolv 
0 2 • 10"* at —100°; of acetic acid, 0.0-4 . 10"*’ at 18°; of pure ammonia, 

^ It is worthy of note that this rule holds ewhisivoly for substance*s for 
w'hicli separation of H'*' and OH" or, peihaps, O" " ions occurs, but this is not 
true for metallic ions Most molten salts are excellent conductors of the 
electric curient. 
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TaulI': IV2. Tiik Decjhkk ok DissocnrioN a di* V\kh»1!s iSrjisTVNcKs 

IN Aqueous Solution ‘ 

Tlic Coiic(jiii ration of tin* Soliiiion Amoiiiils 1o about 33 Molc,’l , Except 
Where Other Values Giv(‘ii iii Paieiitheses. 
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iiiadi' liy iiliiiost all fi.illuMiT.s of tlir clisMcal sidinol who Iium* applied tin gas laws iiidis- 
cniiiiiuitcly to luiiic doIuIioih, iiaiiic'l>, iii cakulatiiig the su-cullid diKrcc of dissociation 

a by the relation « " viluTc i la vaii*t HolT’s factor Hr — iHT A correct tlariiio- 

d>ii.imic culeiil.ition leads to values of (1 — a') (See 188a) which differ from the values of 
(I — a) by .">0 pel ec iit The values of tl -- a) hO ubtuiiied, liowe\er, an in perfect ai c iml, 
as thev should be, with the rt 'suits of iitln r therii:o«l> iianiie iiiethods, *«iich us c m/ iiii as- 
ureinents, but they diffi r by an upprocinble amount even at high dilution from the con- 
ductivity \aiuos obtained from ^ iliscrepancy is most evident when ions of 

high valence like those in CuSOi arc employed The reasons for this curious behavior will 
be nion* iippureiit after 188 rf sot lia\e bcsui cuiisidired For iiiori' details regarding this 
point and tlie general qui'stioii of the t hernindy nuiiiic treutiiieiit of eleetrol>tie holiitiuiis, 
consult Lkwih and Thti niinlynamutk iluc cit 'i, Twluk’s Tnatise on l*hu'*nal 

Chemutry, D Van Nostruiid and Cn , New York, 1024, chap XII, vol 2, written by 
II S 11 AKNED, particularly pp 7ri3 ef and Scatch\rd, J Am Chern b'>ic , 47, 048 (1025) 

where the must recent data obtained by the use of various therniodynaiiiic iiitthods have 
been ontically reviewed and suuiiiiarisiHl. 
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0 01 • 10”* at while an ordinary normal KCl solution possesses a eon- 

duetivity of approximately 0 I at room temperature. It is to be noted 
that the attaiiimeiit of a degree of purity of liquids necessary for such (‘on- 
ductivity ineasurcnients is accompanied by great experimental difTiculties 
(exclusion of air, CO 2 , etc ). 

Kvery mixture of two such liquids increases the conductivity ' When 
])lotted as a function of the composition, the conductivity must theiefore 
pass through one or more maxima. In general, these lie considerably above 
the conductivitv values of the pure substances h'or example, the maximuin 
conducting hydrochloric acid solution, about G normal, possesses a spccihc 
conductivity of 0 7G mhu^ (at IS®), which is approximately 10" times the 
values of the puie components. 

The electrolytic dissociation of water is of considerable iinpor- 
anco for numerous chemical reactions m acpieous solution. 11+ 
and OH" ions are formed exclusively, that is, the dissociation 
gO(‘s according to the following scheme 

1120^11+ + Oil". (192) 

Presumably, ()~“ ions also exist in addition to Oil" ions, but 
only in very minute (luantities. Since the dc'grec^ of tUssociation 
of water is very small, 11+ and OH" ions unite almost complettdy 
as soon as appreciable quantities of these? ions are brought 
together. A substance which is extensivcdy dissociatcul in solu- 
tion into H+ and any anion was designated above as a strong acid. 
Likewise, a strong base is a sulistance which is almost comidetely 
dissociated into OH" ions in solution.® 

‘•Kendall, J. (with IbHicKl, J. Jw Chem Sor , 39 , 2323(1917); 
(with (liioss), 43 , 141G, 1 42G (1921) 

® Mho = reciprocal ohms I 

® * Biionstei) j. X. (Rec irai\ chim Pays-Bds , 42 , 71S (1923); and Z, 
phijt^ik Chetn , 108, 192 (1924), with Kai Pedeilson) pro])osos to dehiic an 
acid as a substance which (lisbocifi/vn il*' and u base as a substance which a«so- 
aatvs H+, according to the scheme: 

Base 4- H+ Acid. 

Thus, OH", S", NII-i®, and C 2 H 3 O 2 " arc bases, while H 2 PO 4 ", ITSO 4 ”, 
Br", Cl" are progressively very much weaker bases In fact, Br" and Cl" 
do not show any tendency to combine chemically with IH. NH 4 '‘' is a weak 
acid, but much stronger than IT 2 O and ILS", which accounts for the effect 
of NH 4 ''' on the [IH] of an NH 4 OII solution. Similar conclusions hold for 
the sulistitutcd ammonias like aniline. 

This definition of a base has certain advantages; it eliminates the hydra- 
tion and subsequent dissociation of OH" 10 ns as the primary cause for the 
basic action of XUIs" and related substances; second, it a])pears to be in much 
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Therefore, if a strong base is neutralized by a strong acid, the 
reaction will always proceed in the direction from right to left,^ 
while the anion of the acid and the cation of the base do not take 
part in the reaction, since they remain unchanged in the ionic 
state. For example, the neutralization of NaOH by HC'l takes 
place according to the following scheme: 

Na+ + OH- + I1+* + Cl- Na+ + Cl" + II 2 O. 

~H(T^ “XaCl 

The correctness of the conception that the neutralization of all 
strong acids and bases is govemcHl by the same reaction, namely, 
that represented by Eq. (192), finds support in the fact that the 
amounts of heat set free (change of heat contemt — s(?e 199 ) are 
th(.' same in the neutralization of any strong acid by any strong 
base. The heat of neutralization of weaker, and therefore of 
incompletely dissociated, acids and bases shows values deviating 
from 13700 cu/., since the neutral molecules before neutraliza- 
tion must first disso<?iate, and therefore' the heat of dissociation 
also enters into the measim'd heat of m.'iitralization, in addition 
to th(‘ true heat of neutralization. 


bl'ttcr agicoiiKMit ^Mth reccMit kinetic work on ion cafalvMs than is the older 
concept. 

Bjkkkttm (Z physik Chem , 104 , 117, (1923) ) employs essentially the same 
view 111 discussing the basic dissociation constants of ninpholytcs like the 
ninino acids and proteins, lie is able to explain why the product of ka h, 
for an ampholyte is always smaller than 10"'*, he also finds that ammo acids 
at their isoelectric point, instead of existing as neutral molecules, exist almost 
entirely (> 99 per cent) as “Zwitter-ions" possessing the general formula 

Nir, — U - coo, and not Nil, — 11 — COOH, 

as has been usually supposed. (Cf Bli-h, Z phimk. Cham , 106 , 341 (1923) ) 

'Hus is a point of importance m the consideration of pniteins as salts, as 
it means that the apparent dissociation constants of such ampholytes 
(ka and kh) are not the true acniic and basic dissociation constants (Ka and 
Kit), as has been generally consideied, but are really the hydiolysis (cf 193 ) 
constants of the salt, i.v , 

K\% , ... K\t 

h \ = , aiul Kb — . 

h'h Ka 

For a more general definition of acids and bases, see Lkwis, (1 N , “Val- 
ence and the Structure of AtoiiLs and Molecules," Chemical Catalog Ck) , 
p 142 (1923). 

' According to Eq. (192) 
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Tarlk 33 . — lIi:\T op Nkutralization of Strono Aoidh and Rasks 


And and base 

Tloat of 
noiilralizahnn 
per mole 

IK’l+NaOFl 

13700 

HBr + NaOll 

13700 

11X0, + XaOlI 

13700 

mo., + NaOII 

13S00 

IKM +bi()n 

13700 

Tin + Koir 

13700 

FlC'l + ijRaMlIl). 

I3S00 

lUH + J.(\'i(()H)2 

13000 


Tho conHMii ration of II* ami OH” ions in puro wafor f»r in 
exactly neutral solutions can be measured by various nu'ihods, 
the great(‘r part of which have already been discussed in 183. 
In place of th(‘ freezing-point method, which is inapplicable 
here, there is an indirect method, which will be (h'scrilx'd in 
193. For the determination of the values indicatc'd m (*olumn 
4, Table 31 (concfuitration cells), which di'pend upon the applica- 
tion of the law of mass action to the ecpiation for the dissociation 
of water, hvv 191. 


Tablk 31 --Conckntrvtiox of II' and Oil” Ions in Tcrk Water 


1 

TonipiT.i- 

tiirc 

2 

Mi l IiimI 2 
(188) 

3 

Motlioil 1 

(183) 

1 

Mfflioil 
(188 .iTul 
818) 

•I 

Tiiiliri ot 
nift lioil 

(193) 

Pniliiilili' 

1 

^’//jO 

O'* 


0 31 10 » 

0 3 10 » 

0 3 10 ' 

0 31 10 7 

10 > •'> 07 

IS® 


0 7S 

0 S'l 

0 7 

0 7S 

10 M 

9.rr 

12 10 7 

1 0» 

1 10 

1 0 

1 03 

10 lOO'i 

TiO® 


2 41 

2 00 

2 3 

2 n 

10~I> 

100® 


7 r,j 

S 10 

r, n 

7 7 

10 >• 70 


The agreement of the results derived by the various methods 
is highly satisfactory", and may si'rvc as further eviden(*o for the 
reliability of the fundamental assumptions for the whole th(»oiy 
of dissociation. 
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186. Electrolytic Dissociation of Fused Salts. — A niimhor 

of liquids, most important of which arc the molten motallie 
compounds, also exhibit a coiisulerablo conductivity in the pure 
staliO at higher temperatures. For example, the coiuluctivity 
of molten AgNO, is 1.11 f3(X)°); KCl, 1.91 (750°); PhVU, 2.1 
(520°) -all measured in reciprocal ohms. A comparison of thesci 
figures with the conductivity values of good liquid conductors 
at room temperature shows that fused salts arc without doubt 
highly dissociated. 

In order to get a clear idea of the extent of disso('iation of 
highly conducting fused salts, wo must consider the molecular 
constitution of the solid crystalline state, which, theori'tically, 
is not so v(»ry different from that of the nu'lt. A salt ciystal, 
according to 369, consists in numerous cases of an ionic siiacc 
lattice, and, in fact, tli<? ions arc so placed that a single ion, 
such as th(‘ K^", is not bouiul to any one other ion, such as Cl", 
but is bound ecpially to all of its lu^ighboring atoms. Xow 
}>uvli n crijMnJ man he cnnstdnrd as complrtvln dissDctalvd just Itke 
its mcUf liut it IS to be noted, however, that this t ypi' of dissocia- 
tion is dilTen'iit from the usual tyiie, in which thi' dissociated 
particles are (uitirely free to mov(‘ and are no longer bound by 
any force* to the neighboring ateuns; in fact, in the solid and 
iKpiid static the ions arc occasionally iineiiually bound, i.e., 
bound soiiK.'what more to a single m*ighboiing atom than to its 
other neighbors. 

lfow(?ver, the case typified by gases in which a number of 
atoms and ions are uniteel in the form of nearly rigid mol(‘cul('s, 
ainl are th(*n*for(' bound (exclusively on one side, may be classed 
as ('xceptions, ('sjiecially those pure liquids which ar«', distin- 
guished by a high conductivity. A sharp distinction is therefore 
lacking between the terms ^'hound into molecules'* and ^'freely 
morahlc as ions” without which a clear conception of the idea of 
degree of dissociation is most difficult to grasp. If the conception 
of the degree of dissociation is not firmly fixed in mind, naturally, 
eveiy attempt to measure its magnitude by one of the classical 
methods is condc'inned from th(' start. 

On the other hand, with poorly conducting liquids we have to 
assume that the ions are predominantly united into if* rigid*') 
neutral molecules, which are complete in themselves. Consc- 
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quently, the concept ^^degree of dissociation^^ maintains its validity 
in such c-ases. However, the individual ion probably will only 
exist free for a very short time, since a continuous and rapid 
exchange of the ions presumably takes place between the 
molecules. 

187. Application of the L.M.A. to Weak Electrolytes. — Weak 
electrolytes whose degrees of dissociation are nJatively small, 
and for which the estimation of the degree of dissociation may 
be made by methods 1 and 4 of 183, figure most prominently 
in the application of the L.AI.A. to electrolytic dissociation. 
Nearly all organic acids and bases as well as certain inorganic. 
a(^ids and bases (such as Nfl^OIl) belong to this class. If wo 
now consider a so-called binaiy, weak electrolyte', /.c., a molc'cule 
which dissociates into only two ions according to the scheme 
Neutral molecule cation + anion, 
the L.]\I.A. takes the form: 

[cation] [anum] _ 

[neutral moloctik*] 

If we introduce the degree of dissociation « and the volume 
in which one iuol(‘cul<> of suhstanee eonsiih'red as undissociatcHl 
is dissolved, we have, exactly as in I<’q. (180), 


— a) 

Since in weak electrolytes a is generally determined Jiy con- 
duetivitv metliotls, it is convenient to introduce A. and A ^ hv 
means of Eq. (191), so that we obtain' 


(:tj 

(>-Ay 


A.*“ 

A .30 (A ^ A, ) V 


a relation which is known as the "Ostwald dilution law.” 

hJxperioncc has shown this law to liold in numerous cases and 
it has always been excellently confirmed for weak electrolytes. 
As an example, two series of experiments with aqueous chloracetic 
acid and ammonium hydroxide will be offered. 

^ From now on vmo will be abbreviated to v for the sake of simplicity. 
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Tablk 35 ^ — Application op the Ohtwald Dilution Law rn Aqueoits 
(■HLORACETIC AciD SOLUTIONS^ 


1 

/• — 

c 

Ac 10* j 

a obs 

1 

a calc 

(iivorA: = l.W 10-') 

20 

51 6 


0 163 


132 


0 43 


170 


0 543 


251 


0 SOL 

4080 

274 

0 SM 

0 ss 

101 (M) 

295 

0 948 

0 944 

2()7()() 

300 

0 96:{ 

0 971 

a 

311 

[1 «)] 

[1 00] 


> rniiii V\n't lltiFP tiriil Heichlh, Z phybik Chem , S, 771 (ISSH) 


Table 36 — Application op the Ostwald Dilution Law to Aqueous 
Ammonia Solutions 


V 

A* 10* 

100 a 

100 A' 

8 

3 4 


0 (X)23 

16 

4 8 


0 (K)23 

32 

6 7 


0 0023 

64 

9 5 


0 0023 

12S 

13 5 

5 33 

0 0023 

256 

18 2 

7 54 

0 0024 


A practical diificulty arises iii the application of the (AslwaKl dilution law, 
in that for weak electmlytcs it is not easy to evaluate A accurately, since, 
for the high dilutions at which the substance is almost 100 per cent 
dissociated, conductivity measurements are, m general, no longer reliable. 
This difficulty is overcome by resolving according to Eq (190a) into 
and ^U~' and determining these values scparatelv, and by using 
highly dissociated clectiolytcs (salts), where the extrapolation of the con- 
ductivities to infinite dilution involves a lesser error than with weakly 
dissociated substances. 

For example, m order to obtain Aqq for acetic acid, wo estimate A*, for 
sodium acetate at various dilutions, from which we obtain by extrapolation 
a value namely, 0 0785 at 18®G. Since, for the Nn+ ion the value 
= 0.0435 may be accepted (Table 62), we obtain for the acetate ion: 
gC/” = 0 035. for the hydrogen ion amounts to about 0 315 (this 

figure is probably only eertam to one or two units in the last decimal place). 
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KO that for arctic acid A is 0 OH/5 + 0 31/5 =■ 0 350. A rcallv c\ai*t iiuMliod 
for osliiiiatinK A fo about 0 I per cent is at ])icsciit still lacking ^ 

Frequently, we make use of an appmMinate nilc due to Ostwald, appii- 
cable at least to ort^aiuc acids of hi)rh atomic wciy^hts. According to Ibis, 
the conductivity de])on<is only upon the number n.,, which is the 
number of atoms contained in the acid, and, indccHl, at 18° it ^iv<‘s an 
accuracy of jier cent' 

Ay = 0 332 + ffoi value*, of //,i > Si. 

/ta 

The constant K of Kq fl93), which ie|)resents a diiect measure for the 
degree of dissociation and tlieiefoie foi the st length of an elect loKte, 
particularly of acids and bases, is fiequently designated as the affinity 
constant, since at the .same time it is an expression for the afliiiity of the 
hydiogen ion for the acid anion, or the hvdroyvl ion for the basn- cation 
(see 205}. Its magnitude has become of considerable impoitancc in the 
investigation of chemical constitution, since ceitain chaiige.s fh)!* example, 
subNtitutions) in an acid (or basic) radical pioduce very definite changes 
in the afhnity constants. 

Of tlie numeioiis regularitios,^ only the following will be enqihasi/ed 
The acid charactei is stiengt honed and the basic chaiacter weakened by the 
inlioduction of aiomatic ratlicals ffor example, <M1 ), h\diox\l gioiip^ 
Hulfur, halogens, caiboxvl, iiitril, and cxanidca The opposite elTect is 
exercised by hydnx'urbon, ii\drogen, and amino gioups .\s an example 
the lOsults for a number of substituted acetic acids may be considered 


Acetic acid fCTT.rOoII) 
a-tohiic acid (t qi 2 (’(\,nf,)('<) 2 ll} . 
(Jlvcolhc. acid ((’JI .(()JI}(T>.,1I} 
Thioacetic acid (CII,C<_)SII) 
Moiiochloi acetic acid (( T1 A M( ’( ijH ) 
Dichloracetic acid (('JK'l-A’tijIl} 
Trichloi acet ic a<*id ( CCl i( ’< )jH) 
C'yanacetic acid (('ll 2 (C'N K'Oall) 
Proinionic acid (rUnVU ,r(hU) 
(Slvcocoll (CHotNHalCOjll) 


K 10» 

0 IsO 

t) ."i.it) 

1 52 
t tit) 

15 ti 
5(H) 

about tHH) I 
:i7 0 
0 i:U 
Veiy small 


^ For further details, see Lorknv., R , “Raumerfullung und lonen beweg- 
lichkeit," ]x?ipzig (19*22) * Also, Batls, ./ .1/// (’hvm Sm ,36,510(1913), 

and Kraus, The Properties of Kleclrically ('oiiihicting Systems, Chemical 
C^atalog Co , New York (1921) 

® * For more details, see Derick, J Arn Chcni Sor , 33, 1171 (1011) and 
84 (1912); HKNiiicim, “Theories of Organic ('hemistiy,'* Tianslated by 
Johnson and liahn, John Wiley I'b; Son (1922). Also La AlEUaiid Baker, 
J. Atn. Chem Soc.j 44, 1963 (1922), Cohen, Ciiuus, and Clark, U. iS Puh. 
Health Kepts , 39, 401 (1924); and (’ok ant and Fieser, J. Am. Chem Sue , 
46, 1858 (1924), where the regularities have been extended to oxidation- 
1 eduction eiiuilibria. 
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Wilh isomers, the distnnee of the substituent from the place of the fli<»hOcia- 
lion 11+ ion produces a marked influence upon the value of the afiinity 
constants. For oxainjile, a radical in the ortho position to the hvdroKcn ion 
exercises a preater influence tlian one in the incta ])osition. On the other 
hainl, a ladical in the jiaia i>osition sometimes has even an opposite efTcct 
to what it ordmanlv has .Vs an example, the three isomers of hydroxy- 
benzoic acid aic given: 



K X 10* 

Benzoic acid 

0 006 

()-liv<lro\vl»on/oic iicid 

0 102 

m-Ii v(irox\ hcnzoic acid 

0 00S7 

p-h\(lm.x\heiizoie acid 

0 0020 


188a. State of Dissociation of Dissolved Neutral Salts. — An 
atfrnipt to apply tho Ij.M.A. to strong oloctrolytes, ospocially 
nouiral salts,' would only bo justified wlion tin? ionic coiic(?ntm- 
tion or tho dogroo of disso<*iiition is accurately known. 

In fact, however, this is not tho ease, since the two most exact 
nudhods, namely, freezing-point and conductivity measurements, 
yield at Ixxst incorrect values; in tlu' former, this results from an 
aiiparent diminution of tlic osmotic pn^ssuro caused by the 
electrical attractive forces which th(‘ ions (‘\ercisc upon one 
another, in the lati(‘r as the result of tho dcdloction olTc'ct discusscxl 
in 183, I Smeo tho latt(*r is, likowise, a diroct rosult of tho eloc- 
frostatie atfraction of tho ions, it is a])pan»iit tliat tho correction 

to 1)0 appliod to tho oejuation ix = as rosult of th(' ilofloction 

y) 

ofb'ct must work in the same din'otion as the corn'ction factor in 
th(* gas law. 

It IS strange, indeed, that the apparent disociatiofi «' which 
may bo obtained directly from Kq i73f/) (p 300) without any 
correction whatsoever, and tho seenml apparent degree of dfftsoeia- 
ifon a" which is obtained <lir(»ctly from I'xj. (101 ) are in many eases 
very nearly the some Table 37 .''orvos as proof for this. In this 
table tho apparent degree of dissociation a' obtainc'd from freez- 
ing-point measun'inents for the salt (KC3), which has been 
thoroughly investigated, is compared with the «" obtained by 

^ By iiouti.'il s«lts those nio meant wliieh give no H ' or Oil" on dissocia- 
tion us Ihe ptimaiv ions. Neveitheless, such a neutral salt may liberate 
H' or 011“ fioin the solvent as a secondary action (193). 
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conductivity measurements, and at the same time shows the 
failure of the L.M.A. in its direct application. 

The striking agreement^ of the numerical values for a' and a", 
W'hich for a long time sustained the erroneous assumption that 
a and a" represented the true dissociation, cannot be directly 
interpreted. What is intelligible is that there is a parallelism 
between th(»m. As Kohlrausch pointed out, it is possil)le to 
re])roduce empirically the ndationship betwcK'ii the values a or 
a" and c at relatively high dilution by means of the formulas, 
1 — a* y/ c and 1 — a" ^ 


Table 37 — Apparent Deisree op Dissooi vtion of KC/ 


Concen- 

tration 

a' 

(freezing 

point) 

a" 

(con- 

ductivity) 

a - a' 
(Milner) 

a 

(1 - a') r 

(1 - a") V 

0 (m 

0 960 

0 956 

0 o:is 

0 998 


0 104 

0 01 


0 942 

0 05.3 

0 993 


0 IrtS 

0 02 


0 923 

0 074 

0 989 

■h^b 

0 221 

0 05 

■ilSW 

0 891 

mSm 

0 997 

0 335 


0 10 

0 856 

0 862 

HQ 

1 018 

0 .^)09 


0 20 

0 821 

0 S31 


1 048 

0 771 


0 3 

0 802 

0 810 

B 

1 08 

0 975 



Milner* was the first to attempt to calculate the difference 
between the true degree of dissociation a and a', in which he 
pointed out that only the electrostatic forces arising from thte 
ionic charges act between the ions (sec Table 37, column 4). 
For the true degree of dissociation one obtains values of a from 
Of', which lie close to unity, , the strong electrolytes arc almost 
completely dissociated (column 5).® Kcccntly, P. Debye and 

^ With other salts, for example, KNOa, the agreement is, however, less 
striking. 

» Milner, Phil Mag (6). 26, 742 (1913). 

‘The viewpoint that the strong electrobies are practically completely 
dissociated was first enunciated by N. Bjerrum (1909) and may now be 
considered as essentially established. (C/. the reviews of L. Ebert, Jahrb. 
Radtoakl. Elekiromk., 18, 134 (1921) and F. Auerbach, ''Ergebnisse der 
exakten NtUurvnseenachaften,** Bd. I, p. 228, Berlin (1922)). 
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Vj. Hiickol have improved the theory of Milner in many respects, 
\vh«»reby the Kohlrausch \/c law results for dilute solutions 

(188c). 

This result is in exeellent accord with the considerations of 
186 on molten salts, for, if the salts arc practically completely 
ioniz(*d in the solid and liquid conditions, dilution and the further 
interposition of solvent molecules theoretically ean produce no 
change; on the contrary, the degree of dissocriation could only 
1)(‘ increased by this means and under no circumstances could it 
decTease. It should be emphasized again that this state of 
dissociation of strong eleetrolytes, just as with molten salts, 
is quite different in principle from the state of dissociation of 
gaseous systems, or dissolved non-ionized molecules. In the 
former case, the dissociation products (ions) are bound to their 
neighbors by strong forces, which are predominantly electrical, 
so that the individual ion is hindered in its freedom of migration; 
in the other case the dissociation products migrate almost 
unhampered 

Since the kinetic foundation of the L.IVr.A. (see 266) depends 
upon the freedom of motion of the molecules, and its thermo- 
dynamic proofs upon the applicability of the simple gas laws, 
which, of course, is not pcrmissibh* in this case, this treatment 
cannot be carried ovvr to strong elc'ctrolytes as a matter of 
principle, even when the various degrees of dissociation, which 
differ but slightly from unity, are accurately known. 

In spite of this, if we wish to adhere to the general form of the 

L.M.A. = -rr ^’ — x = Kct we can consider the mutual 

Cu — a) ' 

influence of the ions to be at a minimum when we substitute 
correct(‘d values in place of the true degrees of dissociation a of 
Cl and Coj respectively. * These corrected values are often called 
the relative activities of the ions. 

*188b. The Activity Coefficient as a Convenient Measure of 
Non-ideality.^ — For representing deviations from any ideal state, 
and particularly for those marked deviations which occur in the 
aqueous solutions of strong electrolytes, a number of workers in 

1 See 206. 

2 • 188b, c, 191a, and the starred portions of 191 and 196 have been added 
to the text by Victor K. LaMer. 
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this field have found it very eonveniont to iiiirodu(*e a now ther- 
modynamic concept called theudinUj,^ which is related to the fuga- 
city (sec 142) as concentration is to pressure; namely, 
fiigacitj' = TiT • activity. 

♦Since the fngacity is nothing more than the vapor pressiin* 
corrected for all deviations from the gas laws, fngacity is simply 
an accurate measure of the toiuh'iicy of a substance to (\sca])e 
from its surroundings. In an exact!}' similar way it may be 
said that the activity a is a quantity which accurately mc'asures 
the escaping tendency of a substance expn'sseil in concentration 
units for which corrections have been inad<‘ for all deviations 
from the gas laws; /.c., th(‘ absolute activity is equal to the con- 
centration when th(* substance is a gas and obiws the* gas laws; 
otherwise it is a Jictitioua vouevnt ration which wouhl have to be 
employed in ordc^r to i^roduce a given escaping tendency on the 
supposition that the id(*al laws of gases W'cre lieiiig obeyed. 

♦The particular advantage gained l>y the use of these «|uantities 
depends upon the fact that an eiiuation of state of the form of tli(‘ 
perfect gas law may be applied to any system r(*garilless of 
w'hether the systinn is ideal or non-ideal or is in the gaseous, 
liquid, or solid state of aggn*gation. 

♦The result is that the differ(*ntial equations of thermodynam- 
ics can be integrated, and relations like the law' of mass action 
and its various corallaries obtained, whose forms are identical 
ill all n'spects W'ith thosi? (h‘rived on the su])i)osition that the gas 
laws are bedng obeyed, except that fugacity and activity now 
replace pressure and concentration in the various thermodyiiainic 
relations. \\"hen stat(»d in terms of fugacities or activities t*lie 
L.M.A. obviously has universal valiility. 

♦The assumption that the ideal equation of state for liquids 
and solids will be of the same form as that for gases becomes very 
probable wdien the results of the eciuipartition principle arc* 
combined W'ith the assumption that a constant and uniforni 
environment prevails throughout the entire system, as was shown 
to be the case for dilute solutions in 160. 

^ * Introduced first by G. N. Lewis (Proc. Am. Acad ^ 43, 259 (1907;; 
Z physik. Chvm , 61, 129 (1907;) to replace the rather vuKiie (*uiicept of 
active muss used by Guldberg and Waage. 
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*Whon the gas laws arc valid (46, 204) the inaximum work 
which one mole of substance can perform in expanding to infinite 
volume is given by 

At,p = ItTlnc + Const. (I03u) 

and by the same token the absolute activity of one mole of a 
pure substance may best be defined by the relation 


Ar,p = It Tin a + Const., (1936) 

where the constant of integration depends only upon the tcun- 
p<M‘ature chosen. Tlu' constant is ecpial to zero for the gaseous 
state, i»ut has finite values when other states of aggregation arc 
consnlered. 

’’’When the substance considered exists in a state of solution — 
which implies nothing inon' than that it exists as a homogeneous 
mixture w’ith other substance's - it becomes necessary to replace 
-Ir.ji by the. (lilTerential (piantity 


V (ini ) 


2',p,aV'.— Ctfn.l 


Ar.p* 


^ The negative value* of this eiuantity ( — Ai,p), usually desig- 
nat(Ml as the chrnnral potential of the snhstaiur, is calle'e! by CJ. N. 
I.ewis the paitial moUtl free energij (F) of the substance. The 
di'cn'ase* in the* value* of the functiem F\ nam(*ly —^F, reprewnts 
the maximum work ( A.l ; ,,,) which the substance can yield in pass- 
ing spontane*ously from euie* state tei another It is cemsequently 
a dire'ct measure of the escaping te*nele'ncy erf the? substance from 
a solution. In either W'ords, (—At.p^ represents the irork which 
must he performed upon the spstem in order to transfer one mole, of 
the suhstanee to the attenuated gaseous state from a rolumc of soI~ 
ntion so large that the proeess of removing one mole of substance 
does not change the composition (AT) of the solution. (Cf. 64 
and 226.) 

* Thus the abseilutc activity of any substance can ahvays be 
evahiate'el irrespe'e'iive of w’hether it exists in the pure state or 
in a state of solution by determining the weirk iiece'ssary to 
convert the substance into the attenuated gaseous state where 
all environnie*ntal effee'ts becemie zero and fugacity = pressure, 
and activity = conce'ntration. 

* The absolute activity has commonly no signifie*ance and, since 
experimentally it is difficult or often impossible wuth non-volatile 
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substances, to establish At,p for the conversion to the gaseous 
state, it is expedient to replace the absolute activity by the rela- 
tive activity for which the standard state of reference is defined 
in terms either of the pure liquid or the pure solid state instead 
of the attenuated gaseous state. This is equivalent to setting 
arbitrarily both At,p and the integration constant equal to zero 
for the reference state; the activity in the new reference state 
accordingly becomes equal to unity. Hereafter, for simplicity, 
activity will always mean the relative activity^ referred to a 
properly chosen standard state. 

*The relation b(*tween the stoichiometric concentration e, 
which the chi'inist actually measures, and the activity concentra- 
tion (ty olitained from thermodynamic measur(‘ments, is given by 
the relation. 

a = f • c or / ” (193(*) 

where / is the stoichiometric activity coefficient^ ; / is defin(»d 

•>y 

SAt,p = At,p = RTInfy (10;w) 

an equation which may be. olitained by substituting Eq. (103(*) in 
E(l. (1936) and subtracting Eq. (193a), Ar.p being S('t eipial to 
zero for the state of reference, where the relative activity a = c. 

* When a value of unity is obtained for /, it means that the 
sulistance obeys the gas laws; whem its value deviates from unity, 
the extent of the deviation is a direct measure of the (h'viations 
which the substance exhibits from the ideal behavior e\eniplific‘d 
by the gas laws. When / is greater than unity the system caSi 
perform work in passing to the ideal state.® 

^ * Whenever it is possible to determine the value of the intof 2 ;ration con- 
stant, the relative values can, of course, be converted into the absolute 
values, but there is no practical ncces.sity for doing this The (luestioii of 
the choice of the standard state m discussed by Ijewis and Randall Hoc rit , 
p 256). They give many grapliic methods for the calculation of the activity 
from various types of data, so that here only a brief survey of this important 
branch of the subject will be given. 

* Bronsted, J Am Chvm St^c , 42, 701 (1920). 

* * There is a practical advantage in determining the escaping tendeiicv 
in terms of a instead of A r.;i, since o can be made to approach zero, while 
Ar.p always approaches — oo as the concentration approaches zero 
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* In studying solutions it is most convcniont to define the 
standard state of the solute so that / approaches unity as a 
limit when the solute forms an infinitely dilute solution in 
each particular solvent, since all solutes obey the gjis laws at 
infinite dilution r(»gardless of the nature of the solvent. 

* When th(j standard state of the solvent is taken as that of 
the pure solvent, the activity of the solvent may be termed the 
osmotic concentration, and its activity coefficient *p becomes the 
osmotic coefficient. For an (deetrolyte, is the same as van*t 
Hoff’s coidficieiit ? divided by the number of ions eomposmg 
the electrolyte (186). ip can be detormim^d experimentally from 
the ratio of the observed osmotic pressure to that of the ideal 
osmotic pressure, ?.c., 


should, of course, bo calculated according to the general 
E(\. (145) given in terms of mole fractions, but the usual practice 
has l)(»en to consider Eep (140) as the ideal law. The difference 
is of no significance' in dilute solutions but in concentrated solu- 
tions ip wlu'ii so calculated represents not only the departure from 
the gas laws but also the ileviations due to Eep (140) being an 
ai)proximato form of Eep (145). Since osmotic pressure measure- 
ments are difficult to jM'rform, the osmotic pressure is more 
oft(*n calculated from measiu-ements of the frc?ezing-point or 
vapor-pressure depressions by equations like Eqs. (145d) or 
(144c) (pages 217 and 212). 

* When the osmotic coefficient has been determined the activity 
coeffici(*nt of the solute can then be obtained through the ndation 


d In f _ dip 
d In c d In c 


(193c) 


by integrating the relation found between ip and c or, in case no 
simple relation can be found, by ix'iforming the integration 
of Eq. (193e) graphically.^ Equation (193c) can be derived* from 
the Cdbbs-Duhem equation connecting the chemical potentials or 
corrected vapor pressures of the solvent and solute ; it is therefore 
thennodynainicallj" exact. (Cf. 169.) 


1 * Cf liKWis and Randall, loc cit 

® * Bjkruum, Z Elektrochem f 24 , 325 (1918); Z. phystk. Chem , 104 , 
406 (1923). 
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* Koiiiiiiiitoly, a is not always iiocossary to porfonn this 
laborious opc'ration in ordor to obtain valut's of tlu'. act.ivity 
cooffiei(*nt of th(' soluto, since the latter can bo dctoriiiined 
directly from vapor-pressure measurements, when the solute is 
sufficiently volatile, by the ndation (cf, K(is. (193(/) and (213)) 

, _ vapor pressure (observed) 

^ vapor pressure (ideal) 

* The aetivity coefFicii'iits of electrolytes can be obtainetl from 
e.m.f. measurements on appropriate cells (207 rt .svy/.). When 
conUtvl pitleniuih can be najlcctcd, thif^ method determtnea the 
activity coefficient of the individual lonft by the relation 

. __ ''concentration'* in(»asured by e,m f (Imjs, (219) et scy.)^ 

stoichiometric concent rat ion 


( 11 %) 

* Solubility m(»asurements, whudi ari^ ess(»ntially vapor- 
pressure measurements into a solvcuit insti'ad of a vacuum, 
furnish an exeec'din^ly simple and accurate' m<‘thod for d(‘te*r- 
niinini* / for tlie saturating substance in li(|ui<l mixture's, and, 
furthe'r, this method can be usimI e'ither for pure (dectrolyte^s 
and pure non-('lectrolyte's, or for thenr mixtures. 

* Since at equilibrium no work can be' perfonne'el, it folleiws 
frean lOep (193t) tliat the activity eif the solute in a saturate'd 
solution must always be e'epial to the ae*tivity eif the' sediel sedute'. 
If now varieais forcMgn substane*e‘s (eathe'r e'le*ctre)lyte*s or nem- 
e'le-e*tredytes) are aelele'el to a solutieni in e*e|uilibrium with a solid 
phase, the* stoichiometric sedubihty in) ediange's but the' ae*tivity 
of tlie dissolved ]iartie'l('S saturating the* seilution n'lnains ^hc 
same*, i,e., 

/ij«o = fs = /iNi = I'tc. ( 103/0 

* Letting the characte'rs with subscripts 0 re*fe*r tei pure* water 
as solve*nt aiiel thosej without subscripts re*fe*r tei any sedve'nt 
prepareel by adehng foreign substaiievs to pure* wate*r, it fedleiws 
that 


{l’ = or — logf === loy (193z) 

The activity coefficient of the solute when saturat ing ])ure wate*r 
can arbitrarily be se't cipial to unity, whence 
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but for purposes of comparing/ with the/ values of other solutes 
it is best to (lotomiinc* —log /o for each l)y plotting log 
Mgainst some linear function of the total eon(*enlration and extra- 
pointing to zero concentration. The extrapolated valiai of log ■ 

.S‘i) 

at zero eoneemtration gives th(‘ value of —log /n; /o measures 
the. deviations from the gas laws which the solute molecules 
('xhil)it in water, owing simply to the presence of other solute 
molecules at the concentration of a saturatc'd solution. When 
the solute* IS highly insoluble log /u is small and may often be 
neglectc'd as in Eq. (1937). 

* If the solute is an electrolyte and the solvent contains an 

ion in common with the solute*, then must be substi- 

tufed for ft in Kejs. (103/i, j), lle*re v is the total numbe'r of 

ions composing the^ solute whose activity coefficienf is being 
measurcel and K^p is its solubility product (c/. 196), or, what 
is the same thing, 

Tc* /e>e/e7» 

^ ^ — (193A) 

and 

since* the* ae*tivity of a salt is ele*fine*el as the ge'ometrie* me'an of the 
aedivitie's eif its iems, anel v = X*'*- 

* For example, 

A‘.'H(l*04l2 = = 

*Whe'n the seilubility produe*t is introdue*e*d in plae*e of the 
solubility, the ae*tivity coellicieuit can be de^termineel just as 
accurately thee)retie*ally in a solvemt containing an iem m commem 
(homoieinic sedvent) with that of the solute as for a solvent in 
which no common ion (heteroionic solvent) is present. 

* 188c. The Theory of Debye and Hiickel. — The qualitative 
e'xplanation given in (188a) for the diminution of the osmotic 
pressures of the ions as well as the diminution in the mobility 

1 * Bkoxsted and La Mer, J . Am. Chhm. Soc.j 46, 566 (1921). 
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of the ions due to interionic forces has been quantitatively 
developed by Debye and Huckel in some recent papers.^ 

* Although the fundamental assumptions are fairly simple, the 
papers are highly mathematical in character, owing to the general 
nature of their equations, and for this reason only an outline of 
their method will be sketched here. The^’’ express their n^sults 
in terms of activity coelficients and employ the assumption of tlie 
complete dissociation of strong electrolytes. The fiiiidanuuital 
idea underlying their treatment, as well as that of Milner, is 
that, owing to the electrical attractions,’*^ an ion of a given sign 
will, on the average, be surrounded hy more ions of unlike sign 
than by ions of like sign, so that, when the solution is diluted, 
the separation of the ions involves the performance of internal 
work, which results in an increase in the energy content of the 
solution. Debye and lluckel calculate this inUrnnl vhctricnl 
energy [/%, originating from the unequal distribution of the* ions, 
comidcretl firat aa point charges, by a straightforward application 
of the Boltzmann principle of probability distribution (s(m‘ 16, 
34, 136), which enables them to expre^ss the* av<M’agt‘ density of 
electricity p in a unit of volume (1 cw.*) of a solution in terms of 
the average electric potential ^ and the total number (n) of ions 
present; namely, for a uniuinvalent electrolyte, 

p = fiei^e (193/) 

^*Phy^ik Znt, 24, ISo, and 3:U (102;^;, sop also 26, 07 fl021). ainl 
paitinilarly tho review of tlic suhjeet of stroiifr eleetmlytes in \\hn*h t^c 
tluHiry IS ])resente(l in a somewhat siinplei form hy T) Hl-i’kkl, /^ 1 ( 7 W^///s.sc' 
(kr crnLtrn Xatunnssrnsv/iaflen, 3, llM) nn2.i) 

* A A Noves gives an excellent presentation of some of tlic funclaineiital 
principles of the theory in J Aot Chrm Snr , 46, UKSO (IU21) Tlio loatici 
will find Ills ciiliipic of consideiahle aid m studviiig the oiiginal pa])0is 
However, lie did not discuss the iinixirtant influence which ionic sizo]>lay.s 
at concentrations above OOIM ns much as iiiiglit be desired Tlio dise.rc])- 
aiicics betw'oen the theory and the data given in his lahio (jiago 1 101 ) and Ins 
viirious curves at higlier couceiitralions, but wliicli he, does not consider 
invaliflate tlic theory, arc duo ver>' largely if not entirely to tlie omission 
of this factor. This jioint is fully described in the original. (S(jo pages 3.11- 
334 for further discussion and for referenees, also 191a.) 

“ * It IS assumed that the electrical forces involved obey Coulomb’s law 
(Eq. (194)). 
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6 is the unit of electric charge, k and T have their usual 
signiricance. 

*This o(|iiation ina}' be derived as follows. Consider a fixed 
positive ion, say a K+ ion in a KCl solution, and an element of 
volume (Iv in its neighborhood as sketched in Fig. Fyla. If no 
interionic f()re(\s existed, the gas laws would appl^' to the solution, 
sin(?e an equal number of K+ ions and (Jl" ions would enter 
and l(‘ave dv per unit of time, i.e., there would be a random 
ilistribution. Interionic forces, however, (?\ist, and as a conse- 
qu('nc(‘ th(i work +e\l/ must be iierforiiK'd in ordcu* to bring a 
positive? ion from infinity into dr. The ion thus acquires an 
additional potential energy +€\p. A negative ion would acquire 
the potcuitial energy — thus losing potential energy. 


erm — 




oe 


Fig rila 


*Xow the Boltzman principle states that tlie ionic distribution 
is a function of tin? ratio of th(‘ eh‘ctrical potential emu-gy of 
each ion to its thermal (‘iiergy kT, and is express(‘d as follows: 
on the average, there will be 
/ 

//+ = /?c”\ kf) dr positive ions and 
= /u' "( A 2 ') dr negative ions 

present in dr. 

*Thc change in the amount of electricity in dv with time, due 
to the presence of an excess of positive or negative electricity 
at any given moment, is shown schematically in Fig. .'>16. The 
mean density of electricity with respect to time is negative, 
since more C\~ ions enter dv than do K+ ions, and quantitatively 
IS ccpial to the sum of n+ and n., each ion being multiplied 
by its respective charge ±€Z, which in the present case is ±€, 
since the valence z equals ± 1. 
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* For an uniunivalcnt sail., on oliniiniitinj^ ///• 
p = +€/i+ + (— e//_) = Htiv 
= -2we mn 


( 19 ;}///) 

(19:}///') 


which is (Miuivalcnt to the last. l«*rm in lOq. (19:}/), sinco 
usually v(»ry small ^ 

■*‘Now t h(‘ (‘l(‘ctrit! potential ^ and th(‘ dc'iisity of eh'ctrieity p 
are <*onn(*(*t«*(l hv the Poisson (Hpiation of (‘h^ctrostaties; nani(*lv, 



where r is the distance and 1) is the di('l(M*tri(^ constant. V" is the 
op(Tator nahhi used in vcM*t or analysis. Sulistitutinj* Im|. (193/; 
for p in Eq. (193//) gives * 

' * The error introiliired hy this approxiiiiation is a minute one (<'/. 
Mkllou, lot ' cit , p UlO ) lloweveq witli salts of hiirh unsyiniiiotric vahuiro 
type like AK'h, E(| fl03/w) does not mressarily equal Eq ( since the 
even poweis in the exiiaiiMon of Kq (lU*i///) do not cancel out as they do 
with svininetncal tvpes like MKSO 4 or KPl. Broiisted has repeatedly 
called attention to the fact that the ])iinciple of the ionic, strength (i*u/e 
infra) breaks down even m liighly dilute solution when applied to mixtures 
of salts of highly unsyminetric valence type. Unpublished calculations 
by the w'riter (V.K L ) make it appear very probable that this cuiious 
anomaly will be explained by the use of an expanded foim of K(i (193//0 
instead of Eq. (1030. ul*^ J* Am. Chem. Soc.i 46, 55S (102-1; ) 


CHEMICAL THERMODYNAMICS 


327 


where 

(193/>) 

and the differential equation can then be solved for k is a 
most important quantity in this theor>^ 1/k has tlic dimensions 
of a distance and by its use the introduction of an average dis- 
tance between ions based upon the cube root of the concenti-ation 
is avoided, a procredure employed by many pn^vious investigators, 
notably (ihosh, in their attempfa to solve the same problem. 
Debye and Iliickel show that the use of an average distance leads 
to incorrect results since the ions in a solution are free to move 
and arc not restricted to oscillating about fixed points as in 
crystal, l/n is therefore called the ‘‘characteristic or probability 
distance.” This distance varies as the square root of the con- 
centration and is of the order of the diameter of the ions at 
moderate concentrations. 

♦Physically, 1 k measures the distance at which the potential 
of the ion <*onsjdcred has fallen to 1/c of its value owing to the 
presence of a surrounding atmosphere of other ions. This gives 
one way of defining the depth of the Helmholtz double layer, a 
concept of much importance in the study of colloid and el(‘ctrode 
phenoiiKuia (211). 

* Wli(»n w(* c()nsid(*r the g(‘neral case of a more comph^x (‘lectro- 
lyte dissociating into tin* following nunil)ers of ions per niolt^culc; 

vi , V\ • • Vt (total = 1 ^), 
and the numbers per cubic centimeter, 

. , n, . . n., 

corresponding to ions of the sorts 1 i . .v, and pos- 

sessing th(j valences 

Zl . . . , Zs 

where z is a whole number either positive or negative, and these 
ions are in turn dissolved in a solvent containing various other 
ions having the numbers per cubic centimeter, 

(total for all ions = N), 

and the vahmees 

Zi • • , Zi , . Zgj 


/Sttw** 

\Z)A-7’ 
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(193/, //>) iiiiist l)c n'pliiood bv siinilar but inoro }!(‘n(‘rn1 
cxpri'Sisions. In the general case 


K 





(193//) 


and finally 


U, 


i\V.2,=>e=' 

2D 


(193r) 


Equation (193r) is an approximation valid only for highly dilute 
solutions. By introducing Lu in any one of the thormodyiiaiuK^ 
functions (28), the chemical pc^tential of the ions can then he 
evaluated and from this the deviations, which the ions exhibit 
from the gas laws due simply to interiomc attractions, in tc'rnis of 
the osmotic coefficient of th(' solvent tp or in terms of th*' activity 
coefficient / of the solute for eitliiT an ion of the i'* sort or for the 
entire salt under consid(‘ration can he obtained, as described in 
188b, Eqs. (193d, e). This procedure gives: 


(1 ^) (Hoivrnt) {)i)k7' "v/ 1)1 7^ 

(193s') 

— 7 / — 2 /47r€“ „ 

oij (njn) *^Dk1^, DPT ^^^*^*** 

(193/') 

1 , / - / •I’re- 

twjiwit) ' 2Dkr 

( 193m') 

where w* is a valence factor equal to 




\ wl'i / 



*From an empirical study of the data available in 1921, Lewis 
and KandalB were led to the formulation of a remarkably simple 
law; namely, that in dilute solutions the adiritij coefficient of 
a given strong electrolyte is the same in all solutions of the same 
ionic strength, 

*They define the ionic strength /i as one-half of the sum of the 
stoichiometric molality of each ion multipliCMl by the square' of the 
valence or charge. In the jirescnt notation this becomes ecjual to 

H = ?2(/ai2i“ + + miiZ:r + ...) = 

if nit used as the molar concentration of an ion instead of its 
concentration in molecules per cubic centimeter. Theoretically, 
‘ V Am, Chem, Stic . 43, 1141 (1921). 



CHEMICAL THERMODYNAMICS 


329 


the ionic strength functions as a concentration unit which takes 
account of the changes in the electrical environment of a solution 
owing to a change in the number of ions present. 

*For the usual case of a salt composed of two kinds of ions, 
Bronsted and La Mer^ reduced the equations of Debye and 
Iluckel to simpler terms, yielding finally: 

(1 — ^) = ClZiZ2\/ti = 0 3S(,i,„)2i22\/Mt (193.0 

/iiiin) = t> = 9 (193/) 

— = 9 o9(h5.>)2i-2:2V^ Ai, (193//) 

equations which they also showed could be obtaim^d on empirical 
grounds involving primarily the introduction of the concept of 
ionic strength under certain restrictions. Here a is a umverml 
constant depending only upon A', T, and D, the dielectric constant 
of the pure solvent. Fsing Drude’s values for the dielectric 

3« 

constant of pure water, .j has the exact values of 9.485 

9.495 (15°r.), and 0.505 f25®r.); a is thus almost independent 
of th(' temperature In Kejs. (193.'? and u) Zi and r(‘for to the 
val(‘nce of the cation and the anion of the salt. 

*JO(iuatiori (193/) stat(‘s that tin* activity coefficient of an ion 
in a hiffhhf dilnlv mlKtion de|X‘nds only upon the scpiare of its 
own valence and upon tlie scpiare root of the ionic strength. 
This (conclusion is in liarinony with what one would expect on 
tli(' basis of ( 'oulomb’s law, although the value of a cannot lie 
derivc'd directlj' from Eq. (194). 

* lOxix'rimental verification for these equations is given in 
Fig. 51c, taken from the data of Bronsted and La RIer, which 
were obtained liy measuring the increase in the solubility of 
certain difficultly solulilc cobaltammine salts (.9o = 9.09954 to 
0.(KKM)5M), when various foreign neutral salts were added to the 
solution. Of the various methods (188b) which can be employed 
to evaluate the activity coefficients of electrolytes, the solubility 
method proves to be the most accurate when working at very 
low concentrations, since the freezing-point and e.m.f. methods 
commence to yield erratic results below 0.003 and 0.00 IM 
respectively. 

1 • J Am Chem. Soc , 46 , 555 ( 1924 ). 
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♦The points plotted in Fig. 51c represent experimental values 
of —log f corresponding to the increase in the solubility ratio 
obtained witli the solvent salts indicated in the legend and the 
heavy straight linens represc'iit the theoretical valu<?s deinaiided 
by K(i. (lOibO when —logfia plotted against \//i. 

*The data prove that at low concM'iitrations: (.1) The value of 
a as calculat'd by lh(' theory of Debye and Iluckc'l is correct 



within the limits of error for which J) is known for pure water, 
since the slope of line I equals 0.50. (2) The vah'iicc factor 

2! 1^2 for a single ion) is correct, since the slopes of the lines 

corresponding to the saturating salts of the types I(KC'l), 
II(MgCla or NaoSOj), III (AlCb or KjFe ((^N)«) an' in the ratio 
of 1:2:3. (3) The principle of ionic strength is valid for the 
simpler typos considered, since the values of / when compared 
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for (Ufforont solvent salts at the same ionic strongth af?roe among 
themselves for a saturating salt of given valence tyi)c but do 
not agree when compared at the same molar or o(iuivalcnt 
concentration, as was shown previously by Lewis and Randall. 

'rhe thcorj' as dcvcloi)cd thus far deals only with the so-called 
ideal Halt solution, where the proi)erties of the solution depend 
simply upon the numliers and valences of the ions and do not 
involve the individual characteristics of the ions. The laws 
given above are consequently limiting laws whose validity 
increases with the dilution, and should be viewed in this light. ^ 
Allowing a deviation of 1 per cent in /, the region of ideal salt 
solutions extends to about 0.()2/x, or for most uniuiiivalent 
ele<^trolytes to 0.02^1, though in certain cases, notably IICl, a 
deviation of this order occurs at O.OOoM {cf, 149). 

* Witli rising concentration, the activity coc'flicient depends to 
an increasing d(»grec upon the chinnical character of the ions in 
the solution. The theory of salt solutions as (h'veloped by Rron- 
sted and by Debye and Huckid takes account of tlu^so individual 
peculiarities by recognizing that iom arc not pond chargen bid 
in a first approximation may he considered as rigid Hplietes of 
finite size, 

*It can be shown that this assumption rt'sults in Kijs. (193/ 


to u) being multiplied by the factor 


1 _ 
1 + /m’ 


where h is tin* average 


^ • Ibindall and Vanselow (J Am, Chem Sue , 46, 2418 (1021)) by improv- 
iiiK the freezing-point teelniKiuo have extended tlic existing data on IICM, 
TKM, and PhtMOJo to conceni rat ions below OOIM. Tliey show that all 
salts of the same valence type do not have cxaclhf the same activity coeffi- 
cieiits lip to 0 01 Ml as Fig olr also shows. This is not sur])iising, for the 
various efTe(*ts of ionic size can vani.sh compleUiy only at infinite dilution, a 
point which they do not consider. Unfoitunatelv, the ernirs in the freezing- 
point method are so gicat below OtMWM— their values of the osmotic 
deviations (1 — vary liy as much as .'iO per cent below 0 OOSM — that 
the (lata have little beaiiiig on the question at liand in this crucial range. 
On the otlier hand, their data appear to be very concordant above 0 fWoM, 
and fit Kq. (108a') just as closely as they do their empirical equation in 
which they vary the value of a, Scatchard (J, Am. Chtm. Soc , 47, 051 
(1025) makes the same ciiticism of their mtcnirctation and concludes 'Mhat 
at ])resent, there arc no experimental data winch are not fitted within their 
experimental error by Eqs (193z;, w) up to 0 01 M and noneon uni-uni valent 
electrolytes, other tlian HCl, for which the equation does not hold up to 
0.1 M.” (See 191a for the other efTccts of ionic size ) 
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effective (hameter^ of the Now k = 0.33 

(193?/) can, therefore, be expanded in asc(‘nding powers of 

yielding 

-logio /(salt) = OMziZiVfi - 1.7- lO'teiasM + 

+ 5.0 • 10'^6*2i22 u‘ + . . . (193m") 


*When the solution is dilute the terms higher tkan the fii-st 
become negligible, since 6 = about 10“’* cm., and we are l<*ft with 
the ideal hkj. (193m) involving only the sftuan.*-root term. In 
higher concentrations the second and tliirtl tf'rms are no longtM' 
negligible and the activity cocflicient depends more and more 
u])on the size of the ion, primarily as a linear function of b (<•/. 
Fig. 51(7, p. 344). 

*Bronsted proiX).sed- the following equations, which he con- 
siders valid to approximately 0.1 to 0.2/i‘ 

(1 — If) = ftZiZsvV “I" 1^^ (193)') 




IvilU ~ 


3<.i( 

•2.3 


2i22\ 


^ -L 2/1 , 

'^ + 23"- 


(193/r) 


They may now bo con.sidored as first approximations of tho com- 
plete theory. (Cf. Kq. (193//), 191a). 


1 * Tho phy.««ical significance of h is that of an average value for tho distance 
up to which positive as well as negative ions can approach a given ion, the 
ions heiiig considered as spheres of finite radius liaving tho*r chaiges con- 
centrated as points 111 the center, and the interior of the ion considered to 
have a dielectric constant I) ccpial to that of the surrounding inediuin 
Accordingly h in the case of equally large positive and negative! ions shouyi 
1)0 of the order of the sum of the tw’o radii or tho ionic diameter However 
this diameter must not necessarily always be the same as that of the.* tiuo 
ion, since tho ions prcsumablv have a .sheath of water molecules surrounding 
them, and b is accordingly only an approximation to reality It .should also 
be noted that Debye and lluckcl use tho svnibol a for our h. In their later 
papers they restrict the use of b to the radius of the ion 

~ * Originally (1921), only for uniuiiivalent electrolytes. Many data 
verifying the equations are given in J Am. Chem Soc , 44, 93S, S77 (1922) ; 
for biumvalent electrolytes, ibitl , 46, 2S98 (1923). It should be noted that 
w'lth mixtures of higher-valence types the concentration unit of the fi term 
becomes more complicated, as it is composed of a part deiiending upon n 
and a part depending upon the molar or equivalent concentration. 

The factor 3 in the first term and the factor 2 in the second term of Eq. 
(193 m;) follows from Eq. (193r) if one applies the thermodynamic equation 
(Eq. (193e)) correlating the osmotic and activity coefficients. 
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* Here c is the equivalent concentration and 0 is an empirical 
constant designed to take account not only of the linear effect of 
ionic size as sketched above, but, in addition, a more important 
and more general phenomenon known as the salting out effect, 
which involves the solvent as well the solute. 

*It should be noted that Kqs. (193m", v, and iv) employ but 
one arbitrary constant Recently Scharer* has shown that tin* 
solubility r(»sults for TlCl, Ag 2 S() 4 , CaSC) 4 , and two cobaltammine 
salts, one of the triuni valent tyi^e, when dissolved m salts of 
various types, can 1 m? accurately accounted for up to concentra- 
tions as high as ().3/Lt in the case of CaS() 4 , by employing values 
of b in lOq. (193m") of the order of 1-5 • 10”* cm., a result which 
indicates that the arbitrary constant actually has the general 
th(?oretical significance of an ionic diameter (cf. 191a). 

*In calculating the effect of int^rionic forces on the irreversible 
process of conduction, D(‘bye and Iluckel point out in their 
second paix'r that account must also be taken of the electrostatic? 
drag (cataphorc'sis cffc»ct) which a charged ion exerts upon the 
solvent molecules surrounding it (cf. 244 and 246). As the ion 
movers through the* medium, the solvent mol(‘cules must orient 
th(‘ms('lves m respect to the ionic fiedd and then become dis- 
ordcM’cnl again after the ion has passed. This involves a time 
factor, the time^ necessary for the water molecule's to relax into 
thcMr unoriented state. This factor, as well as the one? due to a 
distortion of the field caused hy the motion of thc' ion, operates 
as a brake upon the ionic mobility. A considc'ration of both 
factors yields a complicated expression, again involving k or 
\//x a* for the; reversible processes mentioned above, which shows 
that the conductivity coefficients of salts of the same valence type 
should not be the same even in the range of ideal salt solutions, 
as is the case with thermodynamic properties, since the effects 
of the electrical forces depend upon the limiting mobility of the 
ions. They show that their equation is in excellent agreement 
with the liest conductivity data for aqueous solutions- and 
in fair agreement with the conductivity data for non-aqueous 
solutions. 

^*Physik Znf ,26, 145 fl»24) 

® * That of Wioland (./ Am ChvM Sue , 40, lliS (1018)/ on K(U and the 
clasHioMl results of Kohlrausch and Maltby yielding the s(iiinre-root law. 
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* The evidence obtained thus far agrees so well with the theory 
that it seems reasonable to accept the Bjerrum assumption that 
typical strong electrolytes (salts) arc practically completely 
dissociated at all concentrations, at least in solvents of high 
dielectric constant. If this conclusion is not accepted then 
it becomes difficult to reconcile results like those given in Fig. 
51c, because many of the very minor deviations still unaccounted 
for lie in a direction opposite to that which would be caused by a 
chemical association into neutral molecules, and what would 
be expected on purely kinetic grounds on the basis of such an 
hypothesis. 

189. The Apparent Degree of Dissociation of Strong Electro- 
lytes in Different Solvents. — From the preceding discussion the 
difference between the true and apparent degree of dissociation 
must increase the greater the electric forces acting between the 
ions. Now the force between two electrically charged particles Ci 
and C 2 separated by a distance r amounts according to Coulomb’s 
law to 

ii' = (i»4) 

where D is the dielectric constant of the separating medium. For 
molecules at equal distances, if is therefore greater, and a — a* 
and OL — a" likewise greater, the greater the charge on the ions 
and the smaller the dielectric constant. Since « is practically 
equal to unity, a" should, therefore, be smaller the greater the 
ionic charge and the smaller the dielectric constant. 

Both expectations arc well established by experience. The 
apparent degree of dissociation a" decreases with increasing 
valence of the ions, for example, in 3'30 N solution a" amounts 
to 0.91 for KCl, 0.81 for K2SO4, 0.76 for K 3 Fe(CN) 6 , 0.69 for 
K 4 Fe(CN) 6 , and 0.53 for ZnS 04 . 

Walden determined the apparent degree of dissociation of a 
suitable salt, namely, tctracthylammonium iodide in a number of 
solvents of differing dielectric constants. The results arc 
epitomized in Table 38, which shows the expected parallelism 
between a" and the di(4ectric constant D. 
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Table 38 — Appauent Degree op Dissociation of Tetraetih lam- 

MoNiiTM Iodide 


Solvent 

Dielectric 

constant 

a" = 


c = 0 01 

c = 0 001 

Water 

81 7 

0 91 

0 OS 

Nitrobenzene 

35 4 

0 71 

0 88 

Etliyl alcohol 

25 2 

0 54 

0 78 

Acetone 

21 4 

0 50 

0 74 

Benzaldehyde 

IS 0 

0 51 

0 73 

Salicylic aldehyde 

13 0 

0 34 

0 55 


190. The Behavior of Strong Acids. — ^The strong inorganip and organic 
ands must stand 1)ot\\ccn the neutral salts and the weak organic acids as 
regards the magnitude of llieir tnie degree of dissociation, since all acids are 
l)ut little dissociated m the pure liquid state, while, on the contrary, salts 
are highly dissociated. There is no basis for the assumption that this 
n^latioii would be reversed m solution. But it is noteworthy that the 
apparent degrees of dissociation a! and a" are greater with strong acids than 
with neutral salts (c/. Table 31)).^ 


Tmile 30 — Appvrent Degree of Dissocmtion of 1b droi'iiloric Acid 


Concentiation 

a' 

(frec/iiig ]Mjint) 

a" 

(c<inductivity) 

(1 - a-'jv 

0 00025 


0 0084 

0 16 . 

0 ()(M)5 


0 9!I7() 

0 17 

0 (Mil 


0 OO-IO 

0 17 

0 (M)2 


() 0!)22 

0 26 

0 (N)5 

0 OSO 

0 ilSS 

0 33 

0 01 


0 !t7l> 

0 n 

0 02 



0 57 

0 05 



0 86 


From this the conehi.sion is drawn that the corrections a — a! and a — a*' 
arc smaller with strong acids than with neutral salts. At very high 
dilutions, where these corrections are small for neutral salts, they aiipear 

* * See footnote 184 . 
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to 1)0 (liiiiiiiisliod to suoh iiii oxtont with aoids tli:it llio nioiisiirod Viiluos of 
a' or may ho siibstitutod diroctly in the L M A. 

Cl'*“ 

Thus, the oxiiression ^ shows a salisfiioiory coiislant at concon- 

trations below N/30 with dichloracetic noid and bolow N.TOO with tri- 
chlorbutyno acid. A more or loss constant value can be* ro«*oftmzod h»r 
trichloracetic acid and even with hydrochloia* acid at high dilutions, even 
though, owing to the uncertainty involved m j a" can only bo dotorminod 
approximately. From this behavior it appears that the ions iidluonoc one 
another only a little with the strong acids at very high dilutions, just as with 
the weak acids at less dilution, i e , the forces between th(»m disappear 

An explanation for this would necessitate the assumption of an especially 
groat hydration of hydrogen ion, wliwh, indeed, stands m excellcMit accord 
uith the considerations of 244 Tsoe Bjkhultm, Z. anotg Chrnt j 109, 27o 
(1920), in English in Meddvl Kohiiinat , 6, No. 10 (1919)). Evidently, the 
envelope of water suinmnding the II* ion screens off tlie electnistatic foices 
oxeiciscd by the neighboring ions (similar to a Farailay cage) compliMely 
at great dilutions and at least partly at lesser dilutions 


Tablk 40' Apparknt Ukorkk of Dissoi’i vtio.n of Skmj{\l Strong 

()ko\ni(' Anns 


1 

c = - 
1' 

I)icld{ira<*otR* 

aoid 

Tiichloi butyl 1 C 
and 

Tii<*lil«)iarclic 

and 

a" 

A' 

// 

cx 

K 


B 

J..2 

0 7()S 

0 a'las 

0 SoO 

0 17)2 

0 9011 

iB 

'.,t 

0 sm 

0 07)12 

0 tHKl 

0 ld2 

0 927 

IBB 

* 1 as 

0 STS 

0 0190 

0 94 L 

0 117 

0 \m 

mwm 

* J.-iC 

0 

0 0191 

0 900 

(» 107 

0 9o:i 

■IB 

*512 

0 993 

0 0190 

1 

0 9s:i 

1 

0 111 

0 979 

0 oAl 


191. Repression of Electrolytic Dissociation by Excess of One 
Ionic Species. Indicators. — Electrolytic dissooiatioii equilibria, 
in m far an they obey the law of mass action, behave just as do tho 
etiuilibria of gaseous substances (see 180;, which dissociate into 
different constituents. Thus the electrolytic dissociation of a 
weak clectrolj'^te is repressed by an excess of one of tlie ions 
arising from the dissociation. This phenomenon is particularly 
easy to observe with substances whose neutral molecules possess 
colors different from that of their ions. A relatively small excess 
of one of the ions suffices for the production of a color change with 
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siifliciontly weak acids or bases whose neutral molecules and ions 
have different colors. 

A weak acid whose anion and neutral molecule are differently 
colored can, therefore, serve for the determination of the 11+ 
concentration of a solution. Low concentrations of 11+ ion 
favor the dissociation and permit the color of the anions to 
dev('lop. A greater 11+ ion content represses th(' dissociation so 
far that the color of th(' anion disappears and only that of the 
n(»utral inol(»cules remains. Such substances, which are very 
important for analytical purpose's, are designated as indicators, 

Pjiraiiitrophonol, whose anion la colored a deei)-yello\v, wliile Ihc neutral 
inolccuh* IS colorless, 1 is an example of such an acid imlicalor Therefore, 
at low Jl^ ion conccnl ration (neutral or alkaline reaction) the paranitro- 
pli(»nol a])p**ars y<»llow, aiul, convfMselv, at hiKh II’' ion concentration 
facid leaction) colorless Weak bases, whose cation shows a color difTerent 
fioin that of the neutral inol(?ciile, niav he used as indicators in a similar 
manner; methyl orange is an example of a basic indicator 

Since the establishment of the true' neutral point depends, as 
a ruh', upon the practical application of indi(»ators, an indicator 
would appi'ar to Ij<' th(» mon* ust'ful: 

1. The closer th(3 color change coincides with the 11+ or 011“ 
ion concc'iitrations of pure wati'r (0.78 X 10* ' at 18°) ief. Table 
:H). 

2. Tlu' sliarpc'r th<' change in color. 

‘ It can be proved in ncaily all cases that the color change appearing on 
dissocial ion is connected with an inteinal learrangement of the molecule; 
foi example, the neutral (colorless) paraiiitrophenol ixissesses the formula 

NO, 

I 

\/ 

OH 

while the (<‘oloied) highly dissociated salt possesses a (piinoidal constitution: 

NaONO 

/\ 

\/’ 

o 
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In order to comply with the first requirement, the indicator 
must not lx? too strong an acid or base, else a relatively large 
excess of 11+ or Oil" ions would be necesstir)- to produce a color 
change. On the other hand, the strength of the indicator as an 
acid or base may not be too small, else tlie apijearance of hydroly- 
sis will be noticeable (193), which likewise exerts a displacement 
of the point of color change. 

The following table gives a synojisis of the behavior of the more 
common indicators: 


Tahlk - 11 * 


Coinninn niiiiio 

Cheiiiioul iinnio 

Color eli.iiiKC 

-/Of/[ll‘l 

Thymol hluo 

Acid rango 

TIi.Miinl aulfon pthalein 

Keil->ellow 

12 2 8 

Alkiiliiio riiiiRc 

Thymol hiilf«iii ptlulein 

\ elloa-blue 

0- U it 

Dromphonol blue 

Tetrubronipheiiol aulfon pthalein 

^ ellou'blue 

.1 0- 1 d 

Methyl or.iiiK** 

P-beiiEeiie^ulfnnic acid uzoili- 

Orange-reil-j^ ello\i 

3 1-11 

Methyl red 

iiietlij 1 aniline 

O-carboxylfoiuenc azodiiiiet h\ 1- 

Red->eIlow 

lino 

nroTiirrrsfd purple 

unilme 

Dibronio-o-creHol aulfon pthalein 

Yellon -purple 

Ti 2 ■ n 8 

nninith>iiiol blue 

Dibroniothyiiiol Mulfon pthalein 

YelloH-bhio 

li 0- 7 d 

Tjitmu9. 


ItMl-blU'.' 

1 o- K 3 

Phenol red 

Phenul aulfon ptli.iloin 

Yellow -red 

d 8- S 4 

C resol red 

O-on sni aulfon pthalein 

Yellow -reil 

7 2-88 

rhoiiolpthnlein 

rh« iiolpthuleiii 

Colorli-BB-nMl 

8 3-10 0 

Thyniulptlitili in 

Tliyiiiolptli.tli in 

f'olorleas-ri d 

0 3 10 o 


* • Uoviaid by thr truii'^l.ilor'i l.\ from C'l.utK, " Di'tiTiiiiiiation of H^drofsfii Ions '* 


It is to 1)0 obsorvod that in tlio titration of the woakor acids 
and bases the indicators indicate only the 11+ or ()1I“ ion coh- 
contration and the concentration of the undissociated acidic or 
basic inolcciiles. If the 11+ or Oil” ions \v(‘rc coinph'tely liber- 
ated from the dissociated molecules during the titration, no great 
disturbance would be produced. But this is not the case with 
weak acids and bases, where, due to the effect of the ions of the 
water, an appreciable complication emsues (see 193). 

The dissociation of pure water is also repressed by an excess 
of one of its dissociation products, be it 11+ or Oil” ions, and the 
following relation exists: 

“ = Const, or simply [11+] [Oil”] = Kn^n, (195) 
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sinco tlio c()nc(!utrutiuii of water iu dilute solutions is practically 
constant. 

Whereas [II+]» = in a neutral solution, = 

[TI+J„® = fOII“]„*, the 011“ ion or H+ concentration in an alka- 
line or acid solution are unequal. Now the moasurenient of 
very small concentrations is possible according to the method of 
concentration cells (see 217) by the use of two hydrogen elec- 
trodes, one of which dips in an acid solution whose conciuit ration 
[Tl'* ], is known approximately, while the other dips in an alkaline 
solution of known Oil" ion content [Oil"],,, but of unknown 
11+ ion content [ll+]a, i-e., a so-called acid-ulkali cell. 

E = 0.1983 • 10" ‘r log = 0.19S3 • Itl’T 

Jij A//,o 

(190) 

Since in Eq. flOO), 7?, [II"']*, and [OTI""]a may l>c directly deter- 
mined, the L.M.A. for the electrolytic dissociation of water, 
contaiiK'd in ]']q. (190), may be experimentally verified by these 
measurements. 

* When tlie attempt is made to apply the treatment given above 
to strong electrolytes, whose true d(‘gree of dissociation is gener- 
ally unknown, it is found that the L.AI.A. in its classical 
form br(‘aks down completely. Thus wh(»n an (‘X(*ess of NaCl 
is added to a 0.01 IICl solution,^ the potential of the 11+ ion as 
measur(;d by tlie hydrogen electrode is greater than it was before 
the addition of NaC"l, which is exactly opposite to what would be 
exp('cted from the addition of a common ion. 

*Figui*es old and c, taken from the extensive investigations of 
Ilarned,- show some of the marked effects which neutral salt 

^ * This can be demonstrated very easily by aildin^; to the solution a few 
dmps of the indicator tliyiiiol blue The addition of Na(1 then produces a 
red color indicating a higher acidity. In using indicators for such purposes, 
however, it should always be kept in iniini that they are also electrolytes, 
and are consequently subject to salt errors just like other electiolytcij. 
Recent work has shown that the effect of salts on the color of indicators is 
to be interpreted as shift in the equilibrium between the colored and color- 
less form.s, owing to the influence of the electrical effects described in 188b, 
c, 191a. (Cf, Buun.stkd, J. Chem, Sac , 119, .574 (1921) ) 

2 * IIauned and Buumuauuh, J, Am, Chem, Sac, 44, 2720 (1922) and 
earlier papers; see also the chapter on •‘Electroc.homistry of Solutions” by 
Ilarned in Taylob'b “Treatise on Physical Chemistry,” D. Van Nostrand 
Co. (1924). 
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additions have? on the activity coolficiont of IK'l. In olr/ 
the concentration of IICI is held constant at 0.1 OM. In Fig. 
61e both the IK.'l and KCl concentrations are varied. 



Fi<f ."»n/ 


* There may perhaps bo some slight repression of the ionization 
of certain strong (‘l(‘etrolyt(*s like IK 'I, but this factor, if it (*\'ists 
at all, is compl(*t(‘ly ovei-shadowi^d by tlie (di'ctrical elTects 



Kns "lO' 


between the ions and the solvent. Thus in a -l.OM Lid solu- 
tion, O.lM Ild would appear on the elassieal thoorj' to be 2(K) per 
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cent ionized, an obvious impossibility! It is best, therefore, to 
siwak only in terms of the activities or escaping tendencies of 
ions and not their concentrations when dealing with solutions 
(containing apprecial)lc (|uantitics of ions. When this is done the 
L.jM.A. and all its corollaries are universally valid. 

* In order to explain the increase in the activity coefficients of 
ions at high concentration, it will be advantageous to discuss 
fii-st th(» simpler case of the activity coefficient of neutral sub- 
stances wh('n dissolved in strong salt solutions. 

*191a. The Salting Out Effect. — It is well known that the 
addition of ncHitral salts to an aqueous solution containing an 
electrically neutral substance like ether. Ho, or No(.) gas usually 
results in a decn»ase in the solubility of the neutral substance. 

*The specific solubility effects, which concentrated solutions of 
Nad, (NIIi)jS()i, and Na 2 S <)4 <\xert, are made use of in the 
separation of proteins and in the commercial manufacture of 
dy(*st.uirs and soaiis. Although, in general, this phenomenon is 
a coiiii)licat('d one depending upon the specrific properti(?s of the 
malt ral mol(‘Cule and of the added salts, it has been found empir- 
ically that a linear r(4ation between the logarithm of the solubility 
ratio and the concentration of added salt often holds for a con- 
siderable range (up to about l.OAI) of salt additions; namely 

Jog = A«r, (193a;) 

•'**u 

wh(*re kgj the salting out coc'flicient, is a constant for each 
particMilar salt wh(‘n salting out a given ii»aitral substance. 
.X is the solul)ility in the salt solution of concentration c and 
»x„ is the solubility in inirc water. 

■“Now Kq. ('103/) permits the substitution of — log f for Umj 

So 

and Ki\. (I93.1*) th(*n Ik'coiik's 

—logf = k\c. (193i-') 

* From a consideration of Eq. (193f/), it may be said that the 
change ni the chemical potential of a neutral molecule is usually a 
linear function of the concentration of the salt which has been added 
to the solution. 
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♦Succinic acid exists almost entirely as the undissociated 
molecule in a saturated aqueous solution and Fig. illustrates 
the effects of the addition of neutral salts upon its solubilit}'. 
The relation between log f and the molar concentration is 
almost linear, as demanded by Eq. (193^:). AVith succinic acid, 
4.0M LiCl reduces the solubility from 0.197M in pure water to 
0.135M, or 72 per cent, while 2.4]M KI actually increases the 
solubility some 10 per cent. 



Fiis Til/ 

♦When the anion of tin* added salt is the same but the cation is 
varied, it is found that the values of k, usually form the follow- 
ing scries: 

Li Na K Kb Cs 

Increasing negative values of fc,. 

* •Taken from tlic work of K. Lindkkstuom-Lang, Com pt -rend. trav. 
lab. Carhhcrgj 16, No. 4, 1 (1924) (in KiigliHli). This paper contains not 
only a comprehensive review' of the w'oik of previous WTitcrs but also contains 
many now' experimental data. Certain aspects of the theory given below 
are developed in this paper. 
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*In Eq. (193a;) negative values of A?, represent a positive 
salting-oiit effect; positive values, a dissolving power greater 
than that of pure water. The general order of the anions of the 
potassium salts is 

S (.)4 Cl Br I S(^N 
Increasing negative values of A;,, 

i,€.y sulfates and Li salts sliow in general the greatest precipita- 
ting power, while thiocynates and Cs salts show the locost, or in 
some cases a dissolving i)ower greater than that of water. The 
absolute value of A;, depends upon the nature of the neutral siib- 
staiice as well as upon the salts. These relationships, which are 
quite general, at once recall the familiar Ilofmeister series of col- 
loid chemistry, with which phenomena they arc closely connecti'd. 

*^\'hen the activit}' coefficients of juirc solutions of LiCl, 
NaCl, ivCl, and CsCl arc plotted again.st the concentration, or, 
better,— Zofy / against the square root of the ionic strength as 
given in Fig. ol/y,^ it is found that the values of — log f follow 
almost exactly the same general course at high concentrations as 
do the values for —log fmcD for dilute solutions of IICl (O.IOM) 
to which the various alkali chlorides have been added. 

*The increase in the value of / (or more iK'gative values of 
—log f) which occurs in highly concentrated solution is almost 
invariably of the same gencu-al ordc^r as arc tin* values of for 
the same ions when acting upon neutral molecules. From this 
and other considerations it follows that ions (wercise a saltmg-out 
effect upon other surrounding ions just as they do upon neutral 
molecules. The chief difference is that the salting-out effect of 
ions upon ions, which becomes noticeable at higher concen- 
trations, is superimposed upon the primar}- electrical attractions 
cMu-ted b(‘tw('(m ions, as described in 188 b, c, while in the salting- 
out ('ffect of ions upon neutral molecules no primary electric 
attractions corresponding to Kq. (193?^") exist; the salting out 
effect in this case appears simply as a linear function of concentra- 
tion uncomplicated by other phenomena. 

*It is accoi-dingly necessary to add a salting-out term (k^c) to 
Kq. (193m") if it is d(‘sired to account for the activity coefficients 

1 * Tn Kiks. 5b/, c, fattu) f«)r those mi\tures is plotted :i(;!nnst m instead 
of —Iogf{irri), but the general shape of the curves remains the same. 
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of c*onc(*ntrat<'d electrolytes. For a general equation of the 
behavior of strong electrolyte's, then, 

-hw/iu / = ZiZtV n(^ ^ ^ + A\c. ( 193//) 

lleccnt ealculiitions by Tluckol show that the activity coefficients 
of IK’l, JAVlj Xiid, and KCl solutions as dotc'nmii(*d hy cjn.f. 
and fivezinjj;-i)oint in(‘asiir('iucnts may ho satisfaotoiily r('i)r('- 
soiih'd from infinite dilution up to the oonoontrations of tho 
saturati'd salt solution hy such an equation. 



*Thc straight, lirokcn line in Fig. Slfif corresponds to Fq. 
(193?0, or to line / in Fig. 5Ic; it is consequently the equation for 
a uniuiiivalent electrolyte when its ions are considenal as point 
charges. The curved dotted line represents the values of the 
activity coefficient when the ions have an average value of h = 

3 • lO"** cm. "ni(‘ curvature of this line is due to tho factor , ? , 

1 + d) 

' * In Fig rtUj the h M'fc*rs to the average effective diaiiictei and not tho 
ludlllR 
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in K(is. 093?/) and ( 193/yJ, t..h('SiiltinK-()Ut.off(M*t b('inK<*onsidorodas 
yci (). Tho doparturo from the point charge e(p.iatiun is, th(‘reforo, 
great(T as h l)(‘coiiies gn^ater. It is apparent that the iiiHueiice 
upon the primary electric eflect even when the ionic size is as 
larg(‘ as /> = 3 ■ 10 cm. cannot Ix^gin to account for the experi- 
mental data when the concentration exceeds O.SM. The inadc'- 
(piacy of tlie factor of ionic size on the primary electric c»ffect 
l)(‘comes more appanmt when it is notcnl at higher concentrations 
that th(* ions which have the smalh^st radii, as determined l)y 
X-ray analysis and the Bohr theory (Six*. I)), depart the most 
from th(‘ point charge equation. A theoretical consideration 
of till* causes of the salling-out effect sliows that the value of t, 
is invi*i-sidy proportional to the ionic radius, so that the last term 
in JOip (193//) hecoiiK's largcT the smaller th(‘ radius. 

*The heavy linens in Fig. olgr represcuit the tlii^oretical result 
for till* g<»neial lOq. (193//) wlicui the values given in the* h^gend for 
h and t, an' introduced. HuckeB calciilatc's the value of h 
from the I'xperiniental data- in dilute solutions by the use of an 
ecpiation hk(' Eq. (193a") and tho value's for the salting out 
(•(M'llicient k\ from tlie data for the highest concent i at ion. Since 
the valiK's of h agree with what would be expected for the 
effc'ctive ionic diameter of such ions in solution, and siiu'C' the 
('X])eii]iH'ntal data at intermediate concentrations agri'e with 
those' givc'ii by the equation, Eq. (193//) may be considered as 
established for uniunivalent electrolytes. 

*Iluckel explains the salting-out effect of ions upon ions quali- 
tatively as follows: from an atomistic standpoint it is clear 
that the electrical proiierties of ions cannot be expressed entirely 
by the simple assumption made in 188 c, namely, that ions are 
rtqitl fiphvres upon which the electricity is uniformly distributed; 
instead, the actual structure of the ion must bo considered for a 
complete picture of the thoorj' of salt solutions. From the Bohr 

1 * Phyiiik. ZpU , 26 , 93-1 17 (1925). 

2 * The experimental data represented by the jxiints were obtained 
1 hrouKh the use of c m f measurements on cells without transport: for IICl 
by Ellis, J. Am Chnn /Sor , 38 , 737 (191GI; Noyes and Ellis, ihul , 39 , 
2532 (1917); and Liniiart, i/nd , 41 , 1175 (1919); for NaC'l by Allmanu 
and Pollack, J. Chem Nor , 116 , 1020 (1919); for LiCl by MacInnes and 
Beattie, J. Am. Chem. Noc., 42 , 1117 (1920). 



346 FUNDA.\rENTALS OF PHYSICAL CHEMISTRY 

thooo' (<*/• See. D) it is evident that the or])its whieli ('Icctrons 
d(?scribe in the atom maj" be deformed to a greater or less extent 
when the ion is exposed to the intense eleetrieal iields s(?t up by 
surrounding ions. These fields arc of the order of 10® volLi at 
3-10~®-e;/?.. distance. In a medium of high dielectric constant 
like water {IJ = SI ) this phenouumoii, which appears m addition 
to the ordinary Coulomb forces between ions, will result, as a rule, 
in a repulsive instead of an attractive force being set up between 
the ions. ((*/. 361.) 

* For example, a charged metallic sphere suspended in air or in 
vacuum where D = 1 always attiacts surrounding lUMitral boili(\s, 
say another uncharged sphere or a bit of iiaiK'r, owing to the oppo- 
site charges which arc induced upon th(^ latter. That is, the 
neutral l>odi(\s arc siibjectcHl to forces which tend to drive thtun 
to a point where the absolute value of the electrical fu'ld is the 
greatest. However, the electrical charges which have been 
induced ujion th(‘ neutral body are not rigidly bound to the electric 
center of the body but arc displaced under th(‘ iiiHucmce of the 
electiic forces. 'Fhe neutral body is polarized ” and this polari- 
zation always results in an attractive force.' 

*On the other hand, if the same exi)criment is carried out, 
not in air, but in a medium like water, whose dielectric constant 
is greater than that of the neutral body, it will be found that a 
repulsive force will be ex<.*rted between the charged sph(*rc and 
the neutral body. Owing to the electric field set up by the 
charged splu're, both the water and the neutral body will be 
polarized but since the former has the greater di(?lectric constant 
it is more easily polarized and then^foi’c attracted the most. 
Water moh^cules will consecpiently congregate in the neighbor- 
hood of the charged sphere at the expense of those neutral bodies 
having dielectric constants lower than 7) = 81. The charged 
sphere and neutral body will according!}' be s(iueoz(?d apart and 
it will appear as though a repulsive force were being exerted 
between them. 

* A quite similar state of affairs holds for an aqueous solution 
of ions after we have taken account of the primary elTects 
described in 188c. 

*Thc dielectric constant of the ions dc'pends upon the ease with 
which the outer electron orbits can be deformed by an electric 
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field. The opti(.*al data of Ilcydweiller^ show that the electron 
orbits of the Cs+ ion arc more easily deformed than are the orbits 
of the smaller ions like Tji+ and Na+. Li*' ion, eonsofiuently, hiis 
the lower polarizability. Tlie dielectric constant of water is 
due not only to the i)olarizabilit 3 '’ of its 0 and II atoms, a phe- 
nomenon which is ind('pen(lont of temperature, but also to the 
distribution of the charges in the IIoO molecule. Since this 
distribution is not symmetrical, as is the case with simple ions 
like Na"*', K+, (U“, etc., which possess the structure of the rare 
gasc's, a water molecule must therefore be considered as an elec- 
trical dipole.- 

*Thc electric moment of the water dipole is the primar}' cause 
of the exceedingly high dielectric constant of water, since the 
dipolc^s must set tlKunselves in an electrical fi(4d just iis the; ele- 
mentaiy magnetons in a magnetic bodj' do in a magnc'tic field. 
It may be add(‘d that since the thennal agitation of the molecules 
tends constantly to ups(‘t the orientation of the dipoles in tlu'. 
fi(‘ld the di(4(‘ctric constant of wuiter will decrease with rising 
temiierature as accords with the expiTimental data. 

*From these considerations it is clear that a Li*’ ion should be 
“salted out” by suri-ounding Li+ ions much inor(>! than would Ik; 
tru(‘ of ('s’*’ ions in the pr(»sence of (V*' ions. The same argument 
holds true for ( 1” ions as opposed to !■" ions, since the electronic 
structur(\s of these ions corresponds to thos(' for K"*" and Cs+ ions. 
The niark(»d difference in the value of k, for CXS" ions as com- 
pared to (1” ions would appear to be due to the difference in 
symmetry of the two ions. The C'NS“ ion for this reason should 
possess a greater dielectric constant and tlKU-efore induce greater 
dissolving jiropi'rties. The salting-out properties of the SO 4 " 
ion are most likely due to it-s divalent character. 

*()n the basis of the considerations sketched above, Debye 
and ITuckel have derived a theoretical equation for the evalua- 
tion of the salting-out term which involves primarily the 
change in dielectric constant and the recipi* 0 (!al of the ionic 

^ * Ann. Physik , 41, 48, aii<l 49 (1013-10); alho Fajans and .loos, Z. 
Phystk., 23, 0 fl021). 

* * Cf L Kukrt, Z phynik. Chem., 113, 1 (1024) for a disonsMon of the 
difTcrciit varieties of polarization in complex molecules. Also D>sye, 
Makx, llundhuch dcr ItadioloKii*,” VI, pp .597 vt ^*7 , l^MpziK (102.5) 
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sizo.^ Although their equation is composed of several complex 
concentration terms, the sum proves to be an almost linear func- 
tion of the concentration as demanded by the empirical equa- 
tions (193a:, 193^). However, the data available at pn^sent 
are too scant}' to afford a thorough test of the validity of the 
theoretical equation, and it will not be discussed any furthcT at 
this time. 

192. Dissociation in Steps. — If the molecule of a weak electro- 
lyte is able to split off several ions, the dissociation usually 
proceeds in steps, /.c., first one ion dissociates at low dilution, 
as in a binary electrolyte, and the second conies off at a higher 
dilution. Diliasie malonic acid, Avhich dissociates practically 
onl}” one 11+ up to a dilution of N/lOO, serves as an example, so 
that the affinity constant may be calculated up to this point as 
for a monobasic acid. The second 11+ ion is split off at higher 
dilutions, which becomes noticeable through deviations from the 
simple formula (K(i. (193)). 

The two 11+ ions are also bound unequally in carbonic acid 
(112^)3); the dissociation at first is H 2('03 5 =± 11 + -f IK'Os", 
while at considerably higher dilution the reaction HCOj" ^ H+ + 
CO." is substituted.^ 

Stepwise dissociation is especially striking in a group of salts 
which arc classified under the term complex salts, and for 
which potassium silver cyanide (KAg(('N) 2 ) represents the best- 
known example. Over a considerable range in aqueous solution 
the molecule dissociates® first according to the scheme 

KAgi'C ^X)2 ^ K+ + Ag(( 'N)2-, • 

but the dissociation 

Ag((\\.)2-^ Ag+ + 2f(^N)- 


^ * The minute ehango in volume caused by salt additions also plays a 
minor role m the tlieoietical eciuation 

2 In many cases it is not nccessaiy for the explanation of these phenomena 
to assume that the second 11^ ion is more firmly bound through chemical 
forces or the like than the first, for the elcclnistatic attraction between them 
IS already greater for the second step yielding divalent ions than for that of 
the first step. * See Bjerrum, Z, phystk, Chem,, 106, 219 (1923). 

® * As a strong electrolyte. 
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tiiki's pluco only to a minutt* degree, so that th(* silver-ioii eon- 
U*nt of a KAgfCN)* solution is extraordinarily small. The con- 
stant of mass action is 


[Ag+-] [CN-]=* 
[Ag((’.N)*-] 


= approx. 


io-->. 


( 197 ) 


If [Ag('CN) 2 “] = 1, we get, without excess of (’N~ ion: [.Vg'] = 
[(’N"] = 10“^, hut, on the contrarj’^, if [(’N“] = 1, then l.Vg^J = 
1 () 


Ill other eases the difference lictwcen the different steps is less 
striking. Sonietinies the splitting off of Isith (metallic) ions 
n'suHs almost simultaneously. It is obvious in tins ease that 
we ar(* eoneerued either not at all or only to a slight degr(*e with 
the formation of complex ions, and, instead, this substance 
rejiresents only a mixture of two ordinary salts in a definite ratio, 
eiystalhzing together. Alum is an example of such a double salt 
who.se empirical formula is, indeed, comjiletely analogous to that 
of potassium silver cyanide, though hoi-e, in contrast to potassium 
silver cyanide, both of the metallic ions always appear in about 
equal concentration. 

193. Hydrolysis. — The ionic equilibria which appear in 
acpK'oiis solution enter into the dissociation equilibrium of water, 
similar to those cases mentioned m 181. This is known as hydrol- 
ysis and is an iniport.ant phenomenon in numerous inorganic 
naictions 

A solution of a completely dissociated neutral salt, such as 
sodium acetate, may be considcR'd, who.se cation repre.sent.s the 
radical of a strong base, and whoso anion, on the coiitrar>', repre- 
sents that of a weak acid. The dissociation equilibrium 
Na.\c ^ Na+ -f Air 

occurs in solution; the H"*" ion dissociati'd from the water unites 
partly with tlie Ac“ ion, i.e., the reaction 


HAc?:iH+ + Ac- 

jirocei'ds from right to left until the equilibrium 
[II+][Ac-] _ „ 

[HAcl “ 

is attained. 


( 198 ) 


( 198 «) 


Inasmuch as this reaction consumes II"*" ion, a corresponding 
amount of OH“ ion must be freed, according to Eq. (192), so 
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that the solution becomes alkaline, and in fact, forms almost the 
same quantity of OH" ions as undissociatod HAc molecules. 
Therefore, the hydrolj^tic reaction may be represented by the 
reaction cciuation 

Ac- + H 2 O TTAc + Oil". (109) 

The calculation of the Oil" concentration takes the followiiij^ 
form: 

Since [TI+] must have the same value in hkis. (105) and (lOSw), 
a division of both ecpiations is permissible, resulting in 

[HA(!][0H7] _ Kufl _ . 
lAc-] ■■ A'„u “ 

a relation which simultaneousl 3 ' represents the eciiiilibrium con- 
dition for reaction hkp (100), since [H 2 O] is to be considered as 
constant. It is observed that [Oil"] and [HAc] are erpiul, from 
which 

[OH-] = (2()0) 

\ A|/i, 

For a solution normal in respect to Ac" ions, from ''fable 3t and 
187 the values indicat(*d for HAc at \H° ar(‘ obtained: 


[Oil-] = • 10- 


l.S X 10“’' molc/L 


f.e., 1.8 X 10”* molc/l. of Ac" ion react according to Eep (190), 
or the sodium acetat-e is hydrolyzed to the ext(‘nt of 0 0018 per 
cent. At higher temperatures the degn^e of hydrolysis niark(Hlly 
increases, owing to the increase in Ku,p] for example, at 100°C. 


it amounts to about ten times its value at 1S°(\ The Oil" ion 
concentration is already so considerable that some metallic 
salts are precipitated from solution as hydro\id(*s. 

As the acid whose anion corresponds to that of the salt l)Ccomes 
weaker, the hydrolysis becomes greater. Boric acid {K = 0 0 
• 10"^®), hydrocyanic acid (if = 13 • 10"'®), and phenol (A" = 
1.3 • 10"^®) serve as examples of some especially w('ak acids. 


The degree of hydrolysis amounts, correspondingly, in solution 


to 1.5 per cent for sodium borate, 1.12 per cent for potassium 
cyanide, and 3.05 per cent for potassium pheiiolate. Carbonic 
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acid is even weaker than the acids mentioned — at least, in respect 
to the dissociation of the second 11+ ion. The deKrce of hytlroly- 
sis of sodhim carbonate amounts to 3.17 per cent, so that an 
acpieous solution of this salt reacts quite strongly alkaline. 

Khyd, and hence Ku^, can be calculated, if Kuac is known, 
according to various methods, by measuring the 011“ ions by 
means of indicators or by the c m.f. of concentration cells. The 
values for the 11+ ion concentration in neutral solution given in 
Table 81, column 5, have been determined by this prwedure. 
Obviously, it is exactly analogous to the procedure described 
in 181. 

Ilydrolj'sis also occurs if wo prepare an aqueous solution of a 
salt, produced liy the union of a weak ba.se and a strong acid, 
except that 011“ ion enters in place of 11+ ion in the jireceding 
discussion. Such aipieous .solutions, therefore, contain free 11+ 
ions and react more or le.ss acid; thus, Nlljt'l exhilats an acid 
reaction, the degree of hydroly.sis being about the same as for 
sodium acetate When NlfiOl is added to a weaker l)ase like 
NIl 40 ir, many indicators, such as phenolplithalein, therefore, 
show a (.-olor change, as though an acid had been added (see foot- 
note, 186). 

This pliononionn crciilcs oonsidcrablo trouble in the use of phcnolphthalein 
ill llic titiiitioii of NHiOIT with 11(8. The NlbCl foriiioil rciMlcrs the solu- 
tion more aeid throiiKh its li.vdrolj-ais, and, thcrefon*, proilures a aradual 
fnilniR out of the color. Tlic color lias :iln*adv coiiipleloly dihapiicarcd 
before an equivalent quantity of acid is added. The rlioice of another 
indicator (inotlivl oranRel, whose chaiiRO of color takes place at If*' ion 
concentrations which lie outside the range of the hydrolysis of NII^Cl, 
remedies the ditliculty.* 


When a wesik Iwise and ti weak acid tin* involved in the forma- 
tion of a salt, as is the case with ferric acetate, 11+ as well as 011“ 

* * In the titration of a weak acid, such ns acetic acid, by means of the 
stronger bases it is necessary to use an indicator which changes in the alkaline 
range, such as tmpncolin or ])lienol]>hthulcin. ftec ITiLiiBKitANn, J. II. {J. 
dm. Chrm. Soe , 36, S-1-7 (lOl.'i)) or the monographs on the “Determination 
of Ifvdrogen Ions,” bv Mansfiki.d Cl\hk (Ioc. eil), or L. Miciiablis, 
tninslated by Pehlzwbiq (Williams and Wilkins) for the various typos of 
titration curves and the indicators to bo used in each case. 
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ion arc withdrawn from the water to form iindissociated arid and 
base. 

IlAi' ^ lU + Ac-; JC».. =■ ' OW) 

'dFo((>lll.=^i.,K,.«++OH-; A-. - (im) 

C()nil)iiiaiion with K(i. (102) yields the hydrolysis equation 
1 + Ae~ + II 2 <) * ;{F(M<)H) , + HAc 




[Fe(()n)d]’*[HAcl 


( 201 ) 


lFe+-^^r*[Ac-] 

'rh<' four eciuilibriuiii eoiistaiits appearing here. K,i,o. Khyj, 
Kii i,, an«l A’yi, are n'lated to one another by the following: 

A//y> 

A I# it K jt 


Khyd = 


(201r/) 


''rivi' (U'gree of hydrolysis, i e., Kh^u therefore, beeonu's greater 
as A’l/.o iiic*reases and as AVi. JUid Kb become smaller Since 
A”//.!,, and Kb change but little with temperature, while A'//.,o, 
on the contrary, increases, the degree of hydrolysis is always 
greater at higher tem]i(‘rature than at lower. I'his be(*omes so 
large at 100'^ in tin* particular ease of ferric acetate that the 
solubility of Fe(()ll)d is exceeded and it precipitates. 

Since carbonic acid is distinctly w«*ak(‘r than acetic acid, feme 
carbonate as w<*ll as tin' carbonates of other trivalent metals are 
so highly hydrolyzed even at room temperature that it dcM'om- 
poses spontaneously into the hydroxide and carb(»nic acid. 
Ily^lrolysis, accordingly, is the reason for the instability of suiih 
compounds in acpieous solution 


b. Heterogeneous Equilibrium 

194. General. --Heterogeneous ecpiilibria are always treated 
from the following points of view: 

1. The laws of homogeneous equilibria are obeyed within a 
given phase, and thus the L.M.A. holds for gases and dilute 
soliition.s. 

2. The generalized distribution law holds for the concentration 
of the individual substances in th(‘ different phases. Thus, 
the coiicentrati(jn d in one phase is always a definite function of 
the concentration c of the same substance in a second phase as 
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well Jis of prossiiro and of toinporaiun*, /r, v = /(/>, 7\ r) 
(169). For oxaiiiplo, in tho simple case of two dilute solutions 
in diff(»reiit solvents th(' j^eneral distribution law n‘duc(‘s to the 
special distribution law of Ncriist, for which c' = Const. X c 
a siveii temperature. 

Since the distribution ratio of a substance is completely inde- 
pendi'iit of the (piaiitity present in tin* individual phases, it 
follows directly that hetcrogencoxis chrmiail ajinlibnum in 
contrast to homogenous equilibrium is not influenced bg the quanti- 
ties of reacting substances in so far ns these appear in different 
phases. A combination of the cases und(*r (J) and (2) always 
leads, theoretically, to the solution of the i)roblem. Tli(‘ details 
of this procedure may be explained by a few spc^cial cases of 
heterosein'ous (‘ipiilibria. 

196. Equilibrium between One Gas and Several Solid Phases. 
It is well known that calcium carbonate decompos(*s into cal- 
cium oxide and carbon dioxnle, / e , the reaction 

+ (^(.).> ( 202 «) 

proceeds from left to right. Now, it may be assumed that cal- 
cium carbonate vajKirizes to a slight degree in the uiulissociated 
form and that the eipiilibrium corresponding to that of Imj (202a) 
is set up in the homogeneous gas phase. Also the ( 'aO produced 
in the gas possesses a very small vapor pressure*, so that for the 
greater part it is precipitated as solid CaO. Indeed, it is ])rob- 
able that the reaction does not actually proce(*d in this rouinl- 
about manner, but, instead, the solid carbonate dissociates 
directly into the solid oxide and gaseous carbon dioxide; but the 
eciuilibrium, as has been emphasized many times previously, 
must be indei)cndent of the path by which it proceeds, so that, the 
assumption that the dissociation proceeds only in the gaseous 
phase introduces no error. 

Now the distribution law connects the two solid phases CaC'Os 
and CaO and the concentration of these substances in the vapor 
state. In this case it means that the partial pressures (vapor 
pressures) or the concentrations in the vapor state are constant 
at a given temperature. Thus the values [OaO] and [CaCOs] 
may be combined in Eq. (202a) with the constant K/, obtaining: 

[CO 2 ] = Kc or pco. = (202b) 
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Ac(*or(linj;ly, at a j*iv('n tompcraturo ailnum carhonatc pro- 
duces a pcrjvriln drjiuite partial pressure of ( -Go which is analogous 
to the ordinary vapor pressure of a substance. Some of the 
more recent values for the dissociation pressures of CaCOj at 
different temperatures are ^iven in the followinj? table: 


Tasle 42 — Hissocixtion I^ukssuhk ok Calc’ium Cakiionate 


T 

p, mm 

Obs**iver 

■1 

0 20 




2 t ‘>3 


\. Koiineu, Diss , Heilin (1011). 

■m 

52 



1073 

Itrj 



1123 

374 


Riksenkei.d, ./■ chim phi/stk ,7,501 (1000). 

1181 

7t»0 




Whilo the dissocial ion of carbon dioxide rcprcsciita a nnivariant oqiiilib- 
riuni accord iiifj; to tbo phase rule, the following reaction serves as an example 
of a divanant (‘(piilibriuin. In contract to the dissociation of (’aCOa, two 
substances appear in the reduction of iron oxide by hydiogen which exist 
only in the gas phase, and not as solid biMlies 

+ 4ir,<) - re.()4 + nr.. (2o:n 


Tlie e(|uilibiiuin eipiation for the gas phase* reads as follows* 

IFe.OdlHd^ _ .. , 

[iv]‘[n,op ' 


(2();ir/) 

I 


However, [I*V.,0,] and fFe] possess constant values for a given temperatun*, 
so that the eipiation may be writtim in the simjdified form* 


IHd 

HbOl 


= A', 

t^UiO 




(2o;ih) 


Eipiation f20:{h) was verified experimentally by Premier * For example, 
at T = 1178° he found the following values fur the ratio of the eipiilibna 

P/I 9 

pressures 

Pif.n 


13 5 
S8 


1.54; 


ISO 
12 7 


1.41; 


37 4 
25.1 


1.40 


54 1 
35. 1 


1 54; 


71.S 

40 


1.47. 


The burning of solid carbon to carbon dioxide rejiresents one of the most 
important technical reactions. The concentration of the carbon disappears 

1 Z. physik. Chan,, 47, 3S5 (1904). 
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from the original expression for the law of mass act ion = A'/, and 

wo have 

[V(h\ 

The (|iinnl itv of oxygon oxisf iiig 111 oqiiilihriiifn \\ ith solid oarhon is so niiinite 
at lomperaturi's under 2000® tliat its osliniation oaimot he acroinplisliod hy 
direct ineasiireinont of Ihc oxvgen concentration. On the other hand, 
K can ho estiina1o«l hv the comhination of two other e(piihhria (similar to 
the cases (pioted in 181 J which permit of an experimental determination 
at 1 : 100 ®. The first reaction to be considered is the so-called gas-funiacc 
reaction* 

CMid)+CA)2^2Ci), 

whose erpiilihrium ^\as first studied exhaustively hv Houdniiard. In the 
presence of solid carhon ami at T = 131M)® tlie erpiihhrnim favors the side 
of cailxm monoxide, and at 1 ntm total pressure only 0 T.l percent (*()j exists, 
fogetiK'r w ith 0tt.2ri per cent ('<). For a total pressure of 1 atm wo have for 
the (Mpiilihrmm constant 


K,n = 


P\ o ^ (0 0025)2 
/Vo, 0(M)75 


- 1:11 


'Phe second leaction to he used 111 the calculation of K is tiu* foimatioii of 
carhon monoxide from carhon monoxide and ox>gcn and whose ctpiilihrium 
V\„Vo, 


constant A'.,, 




w'ns estimated to he .‘1 tiO X 10““ at 1300® by 


Ncnist and v Wartenherg Bv division 

Kj,r __ ^'^>2 _ [ 0,1 


K = 


KrU Pro, K'O*] 


= 2 70 10 -»« = 10"“ 5^ 


(204) 


Tho (‘xaniples (luotc'cl for uiiivariant and divariant c(iiiilibria 
yield tho same result; namely, that the conccntmtion of those 
suhistanves which exist as solid biHlies arc always el nil mated from 
the equation of mass action applicable to the gas phase. This 
may be extended directly to all other het(‘rogeneous equilibria. 

196. Equilibrium between a Solution and Several Solid 
Phases. — Anthracene (ci) and picric acid (co) unite partially in 
alcoholic solution to form a loose compouml, anthracene picratc 
(c), for which the following equilibrium holds: 


C^C2 

c 


= Kc. 


(205) 


In case the rather difficultly soluble picrate is present in solid 
form, the ecpiation reduces to C 1 C 2 = Const. In case anthracene 
appears as a solid, we have 


(205a) 
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Should picratc as woll as anthracoru* exist together in tin? solid 
phase, then only = K/' remains, ? e., picric acid can n'lnain 
in solution only at a given concentration. Should little exist 
originally, then the reaction 

Solid picrate?:± picric acid + solid anthracene 
proceeils from l<‘ft to right or in the opj)osite direction if more 
picric acid exists in the solution at fii-st than corn^sponds to the 
condition Co = K/\ If Eep (205) is applieil to substances which 
dissociate into ions in solution, then the following will hold in 
the pnwnce of a solid body whose concentration c is constant; 

CiCo = Uonst = A',p, (2()(),) 

when' Cl and c-j reiiresi^nt tln^ concentration of the ions. The 
constant in tins sp('cial case is usually designated as the solubility 
product of th(' ions 

It ap[)('ared doubtful from the V(‘ry first whether K(i (206) 
would be applicable' for strong electrolytes for whi(*h the law of 
mass action in its usual form fails to work. As was shown in 188, 
the failure' e»f the law of mass action feir streing electrolyte's may 
be due in ])ait to the' fae*t that the cone'entratiem c eif the unelis- 
sociate?el jieirtie)!! is not e*e)rre'e*tly estimated by the usual me'theiels. 
lIowe»ve'r, in the' prese*iit case', whe're c re'iiiaiiis e*onstant, this 
uiK'e'rtainty ehsafipears e'ennple'te'ly, se) that the law eif mass 
aetieni in the* sun plvM form whie'h is assumeel feir the' disse»ciation 
e)f salt in the* pM'se'iice* eif enie' sediel substane*e may lay claim to at 
k'ast apptoxnnatv valielity for strong (electrolytes 

111 fact, Ke| ejOei) may he os1ahli.slieMl by i*\pcrime»iils em ve*rv ehtficiillly 
soluble salts Since very small ionic coiie*eii1iation.s are fre*eiuently involVeel, 
the', eonce'iit ration-cell motliod incut loiietl ni 183e, and elcscribeel in gr(*ator 
detail in 212, l.^ used feir the mea.siiiemiont If the .solubility i.s not too .small, 
satisfactorv ie*Milts ran be obtainc'd bv the coiuluctivit v methexl (183(1'). 
For example, for Agio.., \\ A Hotli found, according to the latter method, 
that the ])roduct CiC. gave values betwc'on 1 to and 1 60 X 10“* for an 
approximatelv sevenfold e\ce»sa of lOr ion over that of the .\g’' ion. 

The values of the snlubihtv products K,,., which are .so important for the 
application of K<i (206), inav be olitained simply from tlie saturation con- 
centration Cl) of the diflicultlv soluble salt in the pure solvent without a 
knowledge, of tlu^ indivitlual ion concentratiouR. It may be assumed that 
the total concentration Cu of the salt is the .same as the total concentrations 
of the individual ions Ci and r.>, since the undissociated portion of almost 
cornpletelv <hs.'««ociated salt is of no importance. Sin(.*e Co = Ci = Cj, it 
follows for a binary salt that. eiC 2 = Co* = K,p. 
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* Foi a salt of any valciiro Ivpo liko Av^Bv, wo lia\o 

= [*'1*^ X [*'2 = (*'!*'' V > v ‘) (' o '* 

whoru tlio ))ra('kets onrloso tlio total inolai roiiocMitiation and lu the 
molar sohihilitv of the bait. 

*\Vhcii the (lata for the solubility product arc critically 
oxaniiiKMl, it is found that the valinss arc not always constant with 
incr(‘asing salt content and that in some cas(‘s, notably hi^jjher 
val(*nce (‘h'ctrolytes, the phenomena wliich in the past has often 
b(‘('n erroiK'ouslj' called the rt'pression of the ionization of a salt 
by a (*0111111011 ion is actually revei-sed. This is due to the fact 
that solubility jiroduct principle, which is only a special ease of 
th(' law of mass action, dei>ends upon the apph(*ability of the gas 
laws when stated in t(‘rms of concentration units, and it is ch'ar 
that the constancy oi the solubility iiroduct wh(*n thus stated is a 
measure of the aiiplicability of the jcas laws, rroni the consid(‘ra- 
tions given in 149 and 188 b, c, it follows that the law should 
be obeyed (piito exactly by lunitral molecules but l(‘ss so by ions 
depending primarily upon their valence and the ionic strength of 
solution. 

* 'riius, the product for anthracene picrate is constant, but the 
valu(»s for Agl( >3, instead of remaining constant, show an increase 
on the addition of salt which s('cms to be a peifectly g('neral 
I)h(‘nom(*non with ions. l{(*cent work has shown that this 
incnxise, although small in th() case of uniunivalent salts, is 
enormous with high(?r-valence salts — 27700 per c('nt in the cas(* 
of a tritri valent salt on the addition of 1.0 M MgS().d* Hie 
effect on the activiti(\s of tin* ions in such (rast's is so gn^at that 
the (*(>111111011 ion effect is coniplet('ly obliterated and the solu- 
bility actually incn'ases. A good example is the 30 per cent 
increase in s(dubility of La(IO,,)3 (co = 0.001 M) causc(l by the 
addition of 0 I M I.a(N()3).j.- 

* A general tn'atment of solubility then must necessarily 
involve a knowledge of the activities of the ions, and, conversely, 
by studying the effects of added salts upon the solubility of otlu'r 
salts wc have one of the most accurate and simple methods for 
determining the dependence of the activity coefficient on the 
concentration. In a saturated solution the activity product of 

^ *BRoNSTEn and Peterso.v, J. Am, Chem, *W , 43, 2‘JSO (1921). 

Harkins and Pearce, J, Am, Ckem. Soc. 38, 2079 (1910;. 
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tho ions must ('(lual tluit of the solid in equilihriiim with it or, 
from the form of tho law of mass action, wc have for the 

salt 


= ia^-^r • (ct^rY' = Const. (2()(V/) 


and, introduciiif? (I93c) a = c-f, 

■ c„-« -/o '* •//,-*'* = Const , (2005) 

where c is the molar concentration and / tho stoichiometric 
activity coefficient. Since the activity coefficient of the saturat- 
ing salt / e(|uals 

/ . f ? (cf. 103/y) (2()0c) 

we have 

1 


zr ■'» * 


y = Const, (rigid). 


(206d) 


If, now, we introduce the approximate form of the Bronsted- 
Debj'C equation for / (193 m 0), we obtain 


K,p'^*e = Conxf. 


(20f>e) 


as a general statement for the solubility of a salt which is valid 
to api)roximately 0 1 to 0 2fji. 

* The value of the constant may be define<l by the solubility 
product in pure water (Ksp)o which yields the* ri'lation 




2^ 


where /uo is tlie ionic strength of the saturated solution in water. 
This equation enables one to calculate the change in the solubility 
product caused by the addition of foreign electrolytes and from 
this the molar solubility Cq of the saturating salt. Although Va{^. 
(2()Gd and c) have been established for a number of cobaltammine 
salts of varied vahmee types and for the salts' TK'l, Ag2i^()4» 
AgBrOa, CaS( ) 4 , it should be noted that there arc a few' cases 
w'here it appears to break dow'n as an exact law; for examj)le, with 
mixtures of salts of high unsymmetrical valence; the enormous 
solubility increase of AgCN in KC'N solutions is a w'(*ll-know'n 
example of another kind. The classical theory explains this by 
the formation of a chemical complex for which w'o have the 
equilibrium relation 


> Loc. ciLf 188c. 
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<Uuivs)'^ 


A'liwiiibiiiiy = approx. K)- -*. 


m,g) 


*In this case the complex ion behaves as a weak electrolyte, as 
shown by the ina^nitiule of the constant, a state of affairs which 
the theory as given above makes no attempt to include. At the 
present writing it is not clear whetlier a sharp distinction' can 
always be drawn between the elecdrostatic compl(‘xes of the 
lironsted-l^ebye theory and the complex ions of the classical 
theory, or whether tlie chemical complex ion is simply an exag- 
gerated case of the iihenomena which Uronsted calls ‘*the specific 
interaction of the ions.”® 

197. Equilibrium between Two Solutions. — The distribution 
of benzoic acid between water and benzene may be discussed 
as an example of an equilibrium between t\vo solutions. Henzoic 
acid is dissociat(‘d into ions in the afpieous layer, especially at 
low concentrations, while an association to double molecules 
occurs in benzene, particularly at higher concentrations. Now 
according to Nernst’s distribution law, the ratio of the concen- 
trations of the undissociated and unassociated molecules in 

both licjuids is constant and for room temperature: 

Cii 

= 0.7%. (207) 

Cu 

iMpiation (ISo) state's that c„ = c(l — a), where c represents 
the' teital e'oncentratiem in water, c = Cu + c, ami a the degree of 
dtsfiocKiiion. In a similar way we get cj = c'(l -- /3), in which 

we unele'rstanel ^to be the degree of asaoeiation in benzene; 


Cd is the concentration of elouble molecules. Trom Eep (207) 
it fedleiws that 

Z = rXl - 1 = ^ (I - 2 

At very low concejttratwns p is very small compareel to unity, 

while « is very nearly ceiual to unity We can, therefore, put 

( Ct® a®c \ 

= / 1 \ = -S' ) and 

Cu (1 - a) / 


‘ *Sce 362 for an electrostatic explanation of complex ions. 
i4w. Chvm »SV., 44 , 878 (1022), 42 , 782 (1020). 
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c 

get (I — a) = Hy sul)stitutiiig this vahie anti neglecting 

in Eq. (2()7a), it follows that: 

P = CoHsi. (21)8) 

Conversely, at higher coticentrations a may be disregarded, 
while assumes a considerable value; therefore = I may lie 
substituted in the d(*nominator in the eciuation of mass action 

I = = A )* so that 1 — jCJ = -%/ ,t and hence lui. 

(208a) follows from E(i (207a): 




= (onsf., 


(208a) 


an e(iuation which is identical with Eq. (208) except for the 
numerical value of tlie constants. In Table 43 the measurements 
of Hendrixson' are (evaluated according to Va{ (20Sa) ; the* condi- 
tions of application (large and small a values) are satisfactoiilv 

d 


fulfilled The last column of Table 43 shows that 


is very nearly constant, as the L M.A. reipiires for the ecpiilib- 
rium betw(‘en simple and double molecules within the iienzi^ne 
phase. The region of applicability of Eq (208) is reachi'd at the 
most minute concentrations for which no measurements exist. 


T 4:1 ■■ -niSTKIIU TION OF BkNZOK’ Aril) IU:TWKK.\ WaTKII and JiKNXKN'B 

\T liCC 


Molc.7 

Mole/? 

Iirnznu* 

lji\ri 

a 

187 

fi 

c 

vV 

♦— 

(1 - ftl'c' 
ii 

0 00792 

0 07S.") 

0 0S7 

0 S93.") 

0 0200 

0 00099() 

0 (Xloa.-) 

0 14()1 

0 07") 

0 9210 

0 02(M) 

0 000990 

0 OILV) 

0 1977 

0 009 

0 9318 

0 02(9) 

0 000987 


c 

The distribution ratio of the total concentrations , for dis- 

c 

sociated and associated substances is by no means constant, as 
‘ Z. anorg. Chvm , 13, 73 (1897). 
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pointed out in the procpdinR oxainplo, Init d(‘ponds iihstoad upon 
the state of dissociation or association Some idea can thus be 
obtained of the molecular state of a substance' in a single' sedvent 

freim nieasiirements of the e list ri but ieni ratiei at ehfTerent 

e‘e)ne!(»ntrations The simplest limiting cases may be repre'sented 

Hepiation (207): The molecular weight is eepial in l)e)th sohi- 
tiems 

Eepiatie)!! (20S) eir Kei f20Sf/): The medee'ular weight is twie'e 
as great in enie as in the either. 

The following example* of an c eiuililnium gas — solid solution, winch in 
principle may ho iiandh'd as acciiia1<*ly as an (‘epiilihriiim l>etwc<*ii se-veral 
Inpiid solutions, ser\es for the application e»f K<i (UOS) to a case wlie*re all 
ejtlier nn)li»cular-w eight measurements fail 

Platinum, and to a still greater extent pallaelium, possesses the property 
of alisorhing h>diogen in fairly consnh*rahle amounts in st>hti solution, 
'riie (plant It V of liydrogen m takem up by a giv(Mi amount of palladium has 
l)(*eii established (*xpeiimentally for the dilTeremt partial jin^ssuies p of 

hMlrog(*ii in the gas phase Thi*v gi\(* . — i'anst Sinct* m ^ p 

\ P 

C\ we airiv(» diri'ctlv at Imj ( 208 ) and fiom this wi* get the i(*sult that the 
hyhoqvn in thv sttltti snlutiofi pasHttiSis ttuv-half thv mnht ular nvujht in thf gas 
ur it la pmtoinimintlif in thf monatonur statr »// thr phitinuin ‘ 


198. Application of Gibbs’ Phase Rule to Chemical Systems. 

dibbs’ phase rule maintains its validity unchanged for hetero- 
geneous clu'inical ecpiilibna. dare is n'cjuired only in fixing 
th(' number of components in the systc'in. The minimum 
numlx'r of independent chemical constituents from which the 
entire systi'in can be formed without the restriction of a (piantity 
ratio b('tw('('n the individual phases constitutes the number of 
components. 

The minimum number in cpiestion may be determined most 
simply by adding together the coiistituc'nts appearing in the 
eipiilibrium and subtracting from this the number of reaction 
ecpiations determining the eciuilibrium. Since in every reaction 
('(piatioii the concentration of any oiu' constituent is fixed by 

‘ *Thia VKWV IS ooiifinncd by the studv of tlu^ civstal structures (sec 367 ) 
of the palladium— liydrogen system; Mc'Kekhan, VhijH. liev.y 21 , 3S1, (1023). 
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the rciiuiininK ones as a result of the L.M.A., it can no longer be 
regarded as independ(*nt. 

The appliratioii of this rule may be explained by some examples' 

1. In the disHocialiou otpiilibiium of C’aCOi the total iiiiinbor of ehomieal 
constituents is (C 'ii( '()«,< \‘i< ), ( >2') , the number of n'aetions is 1 (I0(i 2()*2a) ). 
AecordiiiKlv, the number of components is 2 If we attempt, to build up the 
system for one comiioncnt, namely, (’aCOa, then tlie quantitative relation 
of the C\'i() and phases is fixed, which is in contradiction to the lequiro- 
nient above. However, the application of Kq. (Itio) shows that the s>stem 
IS univanaiit {P = 3 , (J = 2, and, accordingly, F = 1\ which agrees with 
the result of 196 . 

2 . Ammonium chloride dissociates into IICI and Nll-i on vapori/.ation. 
As long as JK'l and Nils exist in equivalent quantities, C = 1, and tln^ 
system accordingly is univariant. On the othei hanil, an excess of IK’l or 
Nila makes it divariant (^' = 2, P = 2). Xnw, if we mix solid ammonium 
chloride powder with solid PbO, then the latter product's a compound 
PbOIK.l with the JfOl existing in the \»por, now' C — 3 Hid, XI 1 PbO), 
p = 4 fgas, Siilid NIliOl, l*b(), PbOIIOl), ainl the system is again univaiiant. 
The latter examide, however, ls highly instnictive from the standpoint 
of the law of mass action. l*uro ammonium chloride has a very minute 
vapor pressure (<0.1 ?nw.) at ami, aecordinglv, the vajior pressures 
of NH3 and lIC’l are. very small. If PbO is added to the 8\stem, then 
the partial jiressure of IICU is markedly decreased, owing to the formation 
of PbOHCl, and the jiartial pressure of ammonia must increase in the same 
proportion. The total [iressure markedly increases, since this increase has a 
greater influence upon the total pressure than the decrease in the partuil 
pressure of HCl. Designating the total pressure by 2a ami allowing the IK.'l 

to diminish from the value a to then the Xlta rises to 100a, and, 

aecoidingly, the total prf'ssure incmises some fiftyfold. In fact, the pres- 
sure over a mixture of ammonium chloritlc and PbO ])o.ssess(\s a piessunjof 
about 1 (itm. even at and, indeed, the gas iihase consists of almost 

pure ammonia* 

3 If the. four salts K( M, XajS(>4, XaC’h 1x2^04 aie mixed with one another, 
a reaction occurs according to the erpiation 

2lx('l + Xa,S()±r;2Xa('l -j- K..S()4. 

Of course, the conversion jirocet'ds verv slowly if onlv a- gas phase is present 
in addition to the foui solid phases However, a maiked acceleration can be 
produced if the salts are brought into contact with a sobent. Now the 
phase rule mav bo use<l to answer the question whether all four solid salts 
can coexist under normal circumstances. The number of components here 
(' = 4 — 1 = 3 , where the pn*sence of a solid is excluded. Provided we are 
not accidentally concc?nied with a singular point wdiere the number of degrees 
of freedom F = 0 , wdiere pressure and teinperatun* are. definitelv fixed, the 
equilibrium will be univariant and therefore a definite pressure will be 



CHEMICAL THERMODYNAMICS 


363 


produrcfl in the Ras phase at a definit-e tempernturo, t.e,, F = 1. From 
licp (Kio) ihc iminhor of phases eapahle of exist cnee ainoiiiits to P = C + 

2 — F = 3 + 2 — 1 = 4, of whieh three are solid phases. From this it 
follows that one of the solid phases must he completely consumed in the 
reaction. If we wish the equilibrium to be divarianti then the com]X)sition 
of the solid phases oriRinally present must be so chosen at the start that two 
of them disa])pcar together m the transformation. 

Thus a reaction in a heterogeneous system proceeds to the 
complete disappearance of an individual reactant so long as these 
may be represented by separate phases, which is in contrast to 
the homogtMioous reactions where the conversion is always 
theoretically incomplete. 

2. Tiik I’hkhmodynamics of Cukmfcal Kquilibuia 

The chief task of the thermodynamics of chemical equilibria 
is to calculate from physicothermal data the i)osition of a 
chemical cciuilibrium at any temperature when it is inaccessible 
to direct experimental measurement. The solution of this 
problem will be our chief concern in the following chapter. 

a. Change of Heat Content in Chemical Reactions 

199. The Heat of Reaction at Constant Volume and Constant 
Pressure. -The most striking thermal quantity of a reaction is 
the change in heat content //, i.c., th(» (juantity of heat which is 
liberatiMl when a mole of substance is transformeil in a reaction. 
We differentiate betweim the heat of reaction at constant volume 
and that at constant pres.sure. The liberation of heat at constant 
volume proceeds without the performance of any work and is, 
therefore, eiiuivalent to the change of internal energy U of the 
system. Hut since previously U has been understood to be the 
increase of internal energy of the system, while a positive change 
of heat content U' represents an energy decrease, we have 

U = -U'. (209) 

The heat content of the reaction at constant pressure //' cor- 
responds to the quantity II (see 27). However, this still con- 
tains the amount of work pu which is necessary to overcome the 



304 


F(\\l)A}rESTALS OF PHYSICAL CHEMISTRY 


external pressure' p whore the volume of the system inen'ases 
by V and we have, aeeording to Ei{ (oou), 

11 = U + pr = — //' (200(0 

ir = U' - pv. (209/0 

Since, in practice, the majority of reactions proceed at constant 
pressure, we shall, as a rule, use tlu' heat content of reaction //' 
in what follows. In certain cases, for example, such as combus- 
tion in a bomb calorimet('r, the experiments, of course', yield 
values for U\ Then'fore it is necessary to determine the' 
quantity pr to convert U' to //'. Whenever one mole of an 
ideal gas is formed or disappears in the reaction, pv = ± RT. 
II' can be set as practically ecpial to IC for naictions which involve 
only solid and li(piid bodies. . 

200. Hess’ Law of Constant Heat Summation. — According 
to th(‘ First Law, the difference in the internal eimrgy which a 
chc'inical system iiossesses before and aftc'r a change must Ix', 
independi'iit of the path by which the change occurs, for, if a 
difference U\ is obtaiiu'd from one ])at.h whih' a difference is 
given by another path, then we could obtain the energy l\ — f '2 
from nothing by changing the system back and forth upon the 
two paths, 'riiis would constitute a perpetual motion machine 
of the first class, which is impixssiblo. 

This result is synonomoiis with the law of constant heat 
summation enunciated by Hess in 1840 Viefore the general form 
of the First Law had been formulated If one time we allow' a 
systc'in to go directly from state 1 to state 2 and at another t|mo 
through a series of interiiK'diate steps, then the lu ai of n action 
from the direct change is equal to the sum of the observed heats of 
reaction for the individual intermcdiati! reactions. It may easily 
be proved that this law holds for the heat of reaction at constant 
volume U' as well as at constant pressure //'. 

The biinuii^ of carbon may be coiisidcrcti ns a siiuple example to illustrate 
Hess* law. If a gram -atom of C- (diamond) is burned to C ()2 with one mole 
of O 2 , then 94,400 cal will be liberated Now if we bum the carbon first 
to carlion monoxide and this then to carbon dioxide, the heat of reaction 
for tlie first case amounts to 26,100 cat, and for the second to 68,:i00 cal , or a 
total of 94.400 cal. 

Hess’ law is of the greatest practical importance for determin- 
ing a heat of reaction which is not accessible to direct measure- 
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incnt. Although tho heat of reaction in forming a compound 
from its elements, the so-called heat of formation Hp is of con- 
siderable theoretical interest, yet the reaction for the formation 
of a compound from its elements can rarely or never be carried 
out directly except with difficulty. On the other hand, it is 
relativelj" easy to measure the heats of comlmstion of numerous 
compounds. In order to obtain the heat of formation of a com- 
pound, the sum of the heats of combustion i)/// of the elements 
contained in the compound as well as the heat of combustion 
/// of the compound, must first be determined Hess* law states 
that 

::/// = + /// or /// = 2 :/// - /// (210 

The application of this equation may bo facilitated bv moans of a simple 
scIh'Iuo of calculation. W iito down tho choiiiical (‘ciuations which arc to bo 
coiiibinod, and put tho numoiical values of //' on tho ri^ht snlo Those 
svnibols ai>poarin|? 111 panuithosos indicate a lu'Kativo intcnial <*norKv of the 
constituent Oho sMiibols refer to tho ^as state unless otherwise noted), 
'riio First Law or Eej (’210) states that tho amounts of oiiorsv ropn»sontod bv 
tho sMiibols or numerical value.s may be added 01 subtracted us ordinary 
al^c'luaic quantities 

Tho determination of the heat of fonnation of benzene vapor inav sor\e 
as an example of this tvpe of cahailation From the heat of combustion 
of li(|Uid benzene I in a bomb caloriinetor a value of 7S1, 000 crif is obtained ; 
however, since SOOO cal are absorbed m tlni vaporization of one mole at 
constant pressure, //' for gaseous benzene ls greater bv this amount. The 
conversion from to IV increases this bv HiT = loOO ral , whic>i must 
be adde<l to U'j since in Eq. (200h) r is negative, 1 c , ’’2 mol(\s of gas disappear 
on biinung. Therefore, for gaseous benzene IVe = 7S1,CM)0 + SOOO + 
lotK) = 700,500 cal 

The following cijuations hold for the combustion of idementary carbon, 
hydrogen, and benzene vapor. 

O(CV)lid) + 0(02) = 6CX)2 + t) X *.»-l,400 cal (I) 

3(112) + = 3(n2<>hq ) + 3 X 0S,400 cal (II) 

(CAU) + i?202 = (KCOs) + 3(H2()h.i ) + 700,000 cal. (Ill) 

Subtracting (III) from the sum of (I) and (11), 

0 (( 'solid) +3(112) - (CAU) = -is,000cn/. 

O(CVolid) + 3(ird = (Cell.,) - 1S,0(K) cal. 

This gives a negative heat of formation, i e , lu^at is absorbed in 
the formation of benzene from its elements. 

We call a reaction which absorbs heat endothcnnal, while a 
process which gives off heat is designated as exothermal. There 
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is no fundamental difference between the two types of reactions, 
for example, if the formation of benzene is endothcrmal, the 
decomposition (C ■oUc) — > 6((]^aoiid) + + 18,900 cal. may be 

represented as an exothermal process, which is identical alge- 
braically witii tlic e(iuation of formation. In order to avoid the 
possibility of an error in sign, it is expedient to write all reactions 
so that they appear exothermal. 

201. The Temperature Coefficient of the Heat of Reaction 
(Kirchhoff’s Law). — As was first shown by Kirehhoff^ in 1858, 
the temperature coefficient of the heat of reaction is closely 
related to the molecular heat of the reacting substances, and for 
constant volume: 

ill " 

(IT "" 

and for constaF)i pressun': 

^dT ^ X"‘^’"‘ ~ X”®^-'’*' (2llu) 

where the expressions and represent the sum of the 

products of the number of moles and the molecular heats of the 
initial substances, and and the corresponding sums 

of the final products. 1"he differences are freriuently abbreviated, 
s/iiC,, - to or to xCp. 

To prove Efjs. (211) and (211a), assume that the system exists 
at the temperature T before the conversion and after the con- 
version at T + dT. This change may be carried out over tjw'o 
different paths: 

1. Isothermal conversion of the initial substance at the tem- 
perature T and heating of the reaction products from T to T + 
dT. 

2. Heating the initial substance through an interval of dT and 
conversion at the temperature T + dT. 

The first method requires an addition of energy of — U' + 
oi* + '^n^CpdT, depending upon whether the 
process jiroceeds at constant volume or at constant pressure. 

^ 'riu* fonmila diMivcil l>v KirchholT iiirluih^H tho kcmumhI 111 whifli not 
only temperature l)ul also the pressure and the volume may ehaiiKe (set* 
the case of heat of vaporization mentioned in 126 ). 
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The addition of energy for the second path correspoiuHiigly 
amounts to 




or - [w + ('"')/?■]■ 

According to the First Law, both amounts of eiu^rgy muht b(‘ 
the same (the energy differeneo must b(‘ ind(*p(‘ndeiit of th(‘ path), 
i c., the relations 


dT 



are synonymous with Kip (211) or Kq. (21 bi). 


besides, on thn basis of tlic First Law, (2ir» may be looked upon as 
a perimssiblc Keneralizati«»n of Kqs (17) and (ITu). The absolute value of 
the internal energy of the entire system before the eonversion amounts to l\ 

at T, uii.l at T + dT to I’, + = f’> + ^»if\''iT, wlierc f’, 

IS the sum of the internal energies of the individual initial substances and 
IS the sum of the molecular beats. At the T the intenial energy of 

01 


the system after the conversion amounts to and at T + flT to L ’’2 + 
^ ^ “ '^fiiCvifiT, Now, aecorihiig to the First Law, the heat 
of reaction f’' is al\\a\s cfiiial to the dilTcience of the absolute eneigies 

* •if’'/ 

Therefore at T, C' - f ^ - l\ and for T + c/7’, r + dT = U, + 


2:ni<\idT — Ui — from which Kep (211) follows directly. 


While wc imiy look upon the difference ^ mid, therefore, 

as constant for small temperature differences, and can then apply 
E([ (211) directly, we must introduce an integration for the 
calculation of U' or //' over a greater temperature interval, for 
example, between absolute zero and a given temperature T, 
namely, 

7 * 7 * 

U’ = fV + XCvcIT or ir = //o' +£ (212) 

where the individual values for Cv and Cp arc to be represented 
as functions of the temperature. In addition to the heats of 
reaction U' and //' at higher temperature, wc must possess a 
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knowledge of the temperature curve of the specific heat in the 
neighborhood of the absolute zero in order to doterniine the 
values Um and //o' (heat of reaction at absolute zero). 

Since Eq. (212) is of the Kreatest importance for the calculation of chcinicnl 
equilibria, let us curry out a numerical evaluation for the formation of 
aiiiinoiua from its cloinents 

3(H.) + (N.) = 2(NH3) f 21,9(10 crt/ at (W. 

The inolc(Milar heats of the leactiii}]; fj^asos may be accurately represented 
bv the following ciiiiutiuns for the tcini)eraturc interval T = 27H to about 
1000®. 

II, • Tp = 0 90 
N2 • = (» 90 

Nils . = S 02 + 0 0007{r - 273) + 5 I MTKT - 273)* 

= S 04 + 0 0()07r + 5.1 
Wo, therefore, obtain 

Hr “ '■ “ = 11 76 - 0 00147’ - 10 2 10-* T* 

Since this expression is established only for temperatures above 0°(', it 
eaniiot be applied for the etileulalion of the true value of IIu' Ifonever, 
the extrapohiti'd value of //'o. obtained by means of I'lii (212) siilfices, 
provided the eiiuatiou is used later oiilv for the higher teinpcnitures In 
Older to obtain the true value of //«', the aetual tcnipenitiir*' eurx'e of the 
iiioleeiilar beats iiiiist, of eouise, be accurately dctermiiietl down to the 
lowest teiiiperatuios 

Since the heat of reaction IPiiz measured .at 273® amounts to 21,900 cci/., 
wo obtain- 

= 21,900 70 - 000147’ - 10.2 10-*7’»)d7’ 

= 21,900 - 3210 + 52 + 68 = 18,810 cal , 

therefore 

II't = 18.810 + 11 587’ - 0 00077’^ - 3 4 10" •?’» (212a) 

For a teniperalure ol T = 932“ tliLs giv«». II't = 26,410 ml , a value winch 
Haber* was able to verify by direct calonmetnc measuroment. 

202. Heat of Reaction and Chemical Equilibria. — Wc now 
approach the solution of the task set forth aiiovcj iiaiiiely, 
the calculation of a chemical equilibrium from thermal data. 
Without doubt a reaction generally procciHls more “violently 
the further the initial mixture is displaced from equilibrium. 
This appears almost to coincide with the assumption tliat the 
magnitude of the heat of reaction is a measure for the violence 

» Z Elektrockem., 20, 597 (1914), 
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of the reaction or for its affinity (the ThoiiiRcn-Berthelot rule) 
ITonce, from this a given reaction must proceed with a greater heat 
production the further the system is from the equilibrium point 
at the beginning of the reaction, and the conversion must result 
without noticeable heat production in a system which is very 
nearly in eiiuilihrium at the start. There are numerous simple 
examples, however, which show that this is by no means the 
case. 

If we condense the saturated water vapor existing in cquilil> 
rium with lupiid water, then we liberate an appreciable amount 
of heat of condensation In chemical reactions the relations 
are just the same. In the union of NO* to N2O4. 64.50 cal per 
mole are developed irrespective of whether the NOj already 
exists at the start in equilibrium with the existing X-C >4 or whether 
it comes from pure X'Oa 

Although the heat of reaction alone does not give a direct 
measure of the position of the chemical eciuilibnuni, nevertheless 
it offers the most practical means which leads indirectly to a 
thernio<lynamic calculation of chemical wpiilibrium by use of the 
concept of maximum work. 

b. Maximum Available Work 

203. General. — In addition to the internal energy f/ or II, 
the iiia.\imuiii work At,p or At., (see 27) proves to be a 
characteristic (piantity for every thermal reaction In contrast 
to the heat of reaction these quantities, as has been pointed out 
in 30, lead directly to the following simple criterion for therniul 
ciiuilibrium; 

At.v = 0 or vlr.p = 0. (68, 68a) 

Therefore, no (.useful) work is performed by ihe conversion of 
the materials of a chemical system existing in equilibrium. 

When the work performed is po.sitive, the reaction proceeds 
spontaneously, but when it is negative, it is necessary to supply 
energy in order to make the reaction procewl. Apart from 
secondary restrictions, the process becomes more laliilt' the 
greater the amount of positive maximum work of the process, 
and therefore the greater the tendency of the system to rearrange 
itself. As mentioned in 30 the tendency of the components to 
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uiiito in dosi{rnat-cHl iis affinity in choniical roactions. It is, 
therefore, api)r()i)riato to look upon the maximum availahlv work 
as the exact maisurc of affinity. 

The task of ascertaining Ar,v or At,p from U or II according 
to Eqs. (7)2) or (56) will form th(' theme of the succet'ding 
chapters. In this we will first consider the relation between 
the maximum useful work and other physicochemical (pianti- 
ti(‘s, which are accessible to direct or indireett experimental d('ter- 
mination. As has been emphasized many times befon', it is 
im])ortant that the reaciion be conducted n'versibly if the maxi- 
mum work is to be obtained 

« TllK DKTKItMINATroN OF TIIF MAVFMFM WMI.AHJ.K 
WORK At,p JJV TIIK ISOTIIKRMAL KXPANSlON OF 
(lASKS OR SOLF'J’IONS 

204. Direct Application of the Fundamental Formula. — 

A greater part of the methods for the estimation of the maximum 
work of a process depends upon Kfj. (78) which has frcMpauitly 
been used l)eforc and which holds for the gaseous as well as for 
the dissolved state, when put in the following form: 

A = RTln^-^ = RTln = 1.986 • 2..30:3 • T h>gw o/?.] (218) 

2)2 C 2 L p2 j 

* Whenever the system does not follow the gas laws, corrections 
must first be made for its deviations, z.c., fugacity and activity 
rei)laco pressure and concentration in the general case (if 

188b.). 

The application of Fa\, (213) may first be illustrat('d by fhe 
simplest possible example, namely, the reciprocal transition of 
two allotropic modifications; except for the transition point, 
both modifications possess difTerent vapor prc'ssures and, imhiHl, 
the vapor pressure of the labile modification pi must be greater 
than that of the stable 2 ) 2 - Now' the transition may be carried 
out through the gaseous state, /.c., w'e vaporize th«‘ labile modi- 
fication, allow' the vapor to expand isothermally from ;?2 to 7 >i, 
and condense it to the stable modification at the pressure 7 J 1 . 
Now' the w'ork per nioh' i)erformed in the valorization is 2)v = IIT 
and the same cpiantity is obtained on condensation; therefore, all 
the w’ork performed is confined to the expansion of the vapor 
from Pi to P 2 , i-e., the total maximum available w'ork of transition 
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may l)e simply roprosontod by Kcp (213) if p\ and 7)2 rcj)rcscnt 
tho vapor prossuros or Ci and r* the saturation ronc(‘ntrations of 
both modifications in any solvent. 

Tlio iiioasurcmciit of Ihc latter may ])o carruMl out for tlic two modifica- 
tions of sulfur (rhuiiil)ic and inoiiocliiiic) in soiia* solvent and lt‘ads 14 > the 
results reproduced m tlic follow mg table ^ 


Taiilk -I t — T he Fhee Kneiigy op the Tkvnsition of the Two Modifi- 

e \TIO.\S OF Sl LFl Jl 


Solvent 

T 

Ci 

Ithoiiihic 

sulfur 

ei 

Mono- 

cliriie 

.sulfur 

- . 1 ;.;. == KTln 

Cl 

[ral ])cr MoleN*] 

CMiloroforiii 

273 2 

0 ()7.SS 

0 1101 

-- 1S2 

('hlorofonii 

2.SS 5 

0 125:< 

0 ItioS 

-101 

llenzene 

21)1 (i 

0 1512 

0 2001 

-101 ,5 

Benzene 

2il.S 3 

0 1S.35 

0 233.") 

-143 


3ljS t 

transit ion point C] — r 

1 

0 


' Sulfur H dHsuUcd iii the octoutoiiiic Htate in the liquids quutid 


K(|iiation (213) is directly applicable for the estimation of the maximum 
work when n salt takes up water of crystallization. The absorption of the 
walor of crystallizatum may lie eoiLsitlered as being performed .so that, 
instead of pre.sentiiig the iKpiid water directly to the anhydious .salt, the 
water is first, vapoiized, then the vapor allowed to expand until it has 
reached the partial i)ies.suro of the hvdrated .salt, and fuiallv it is coinbiiiod 
with the sjilt liv coiideiisatiuii. In the expiession (Kij. for the inaxi- 

nium woik of the leaetioii, pi therefoie represents tho .satuialioii prossMire of 
pure water and p. tin* jiartial i)re.ssure of water vapor over the hydrated salt. 
Sigg(;l (% Eh'ktiochem., 19, 340 (1913)) found, for e\aiii]>lc, that pj = 
1325 X 10“® 7nm. for the partial pressure of the w'ater over C\iS 04 .irs() by 
extraiiolation of the mcasuremeiits at higher tcnipoiaturos to T = 273®. 
Since the vapor pre.ssiire of pure water at the .s:imc tcniperatiire amounts to 

4 58 

4.5S mm., then (.t)r.p = 4.571 27.1 Itg ^ = 4415 cal. 

A point nt \vhi<-h (/l)j’.p = 0, i e, where pure wntcr and tho h>dmtcil fsilt 
exiht in (‘(iiiilihiiuin witli one nnollior, obviously does not exist in this cn.se 

206. Maximum Work of a Gas Reaction. — The detenniiiation 
of tlie niaxiniuin work which can be obtained from a giw reaction 

* Hku.nstki), J. N , jihysik. ('hem, 60, 371 (lOOd). 
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liko\\iso (loi)omls directly upon Va\. (213). L'or simplicity of 
calculation, a concrete example may he considered, such as the 
union of hydrof><»n and nitroj;en to form ammonia W(‘ havi* a 
n‘latively large sup])ly of Ha, No, and NII 3 in thiee sepaiato 
containers with partial pressures amounting to pji.y Pvt, and 
Pmi^ In addition to the separate vessels, we hav(‘ an e(iuilih- 
rium chamber in which this chemical reaction proceeds and 
in which a large quantity of substance is to be in etpiilibrium 
with the partial pressures p'//., p'x//, in the jiresence of a 

catalyzer. 

Now' it is to be assumed that Mn moles of Ha are convertc'd, 
with (In moles of Na, to form 2dn moles of ammonia (the initial 
partial jin'ssun's remaining practically unchanged owing to the 
minute (quantity converted). As a rule, the initial pressuriNs 
differ from the ('quilibrium pressiiies and therefore we cannot 
allow' the gases simply to flow' directly into the eiiuilibrium 
chambc'r, since this would be an irreversible process In older 
to bring th<‘ latter reviu'sibly from th(» stock v(‘ssc‘ls to tin* e(juilib- 
rium ohamlx'r, we may first expand a n*quisit(' (piantity of the 
initial gases for the ]nt(uide<i conversion isotlKU'inally aiul 
infinitely .slowly from the initial pre.ssure to that of the ecpiilib- 
rium pres.sure We olitain, then, the follow ing amounf s of w'ork:^ 

n.. : <hA ,)r.„ = :Wh JiT In (2i:i<0 

P Ift 

X 2 (/(.to), - (/« liT hi 'V' • C2\:y>) 

The gases under the pressures p'n, and //.n, may now' be trans- 
ferred reversibly into the eciuihbriiim ciiamber, using, if n(‘c(‘s- 
.sary, a semipermeable partition. There they react witli one 
another and produce 2dn moles NII3 w'ithout exerting a noticc- 
abl(? displacement of the ecpiilibrium and of the partial pressure 
V' sill- We sej)arate the minute (*xc('ss of ammonia w'hich has 
been formed, if nece.ssary, by a seniipermeable partition, compre.ss 
it from p'.vi/, to psih and then lead it under a pressure of psui 

^ In case d{A)T,v w determined first, we iiiiLst take into cnnsidf^nition 
that the work lidnpn^v =\\dnRT, etc. is still to be performed, in order to 
bring the gas from the storage chamber into the expansion cvlindor. In the 
transformation to At,p these quantities are again eliminated on the basis 
of Eep (53a). 
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to tho stock vessel. The work performed upon the system in 
this compression is 

= '2dn ItT hi , (2i;ic) 

P NHi 

so that it has an oi)posit<‘ sif?n compan^d to Eejs. (213a) and 
(2136) 

Now for tho sum of the work terms Eejs. (213a), (2136) and 
(213f) we got 


(lAr.f = .‘Ww IiThi^*','‘- + dn RT In^^' - 2(hi RT hi^^'' 

V II, P it, P mi> 


or 


(/.Ij..,, = dn RT 


P^Xlit P “wilt 


(214) 


Since according to ilio fundamental law* previously emphasized, 
tli(' (luantity Ar.p <loes not change during a conversion in the 
efpiililirium chamber, no work is ])erformed Therefore, Ivj. 
(211) repnwnts the maximum available' work xir.p to be 
ol»tain<'d from tlie entire process. No assumjdions of any kind 
wi're ma<le regarding the partial pressure's etc in the' eepiilib- 
rium chamber and W'o can therefore' elispose.' eif the'in as we 
che)os(' 


For (*\!niipl(\ iiinv iiiia^eine the pn'hoiice of a .'s(m-oih 1 (Mpiilihiniin 
cliainlier, in ^^!ll^h tlio pres.siiies //'//*, p"\//i prevail Now let us 

decompose the ammonia formed coinpletelv hack to its elemoiith by the use 
of thi.s second eipiilihrmm chamber, so that the work emiiloyed here obvi- 
oiisl\ am omits to 

(/.I'r.,. c/n RT I - In /'"’"y'"' ‘ | . 

[ P®A 7 /j p'-V//l J 

'Hie .s\.stem has a^aiii retiinied to its initial state. 

Hid. for such a ease tlie Second Law (iin])o.sHibihty of a /wi/vbooa mobile 
of the se^cond class) re(piire.s that no heat can be transformed into work, so 
that tlAr.p + fiA'T.p = d- This equation for the equilibrium pre-ssurea 
h'ads to the condition that' 


V'^HlP'st 

p'-sii. 


P HiP .Wt 
P A’l/i 


Obviemsly then, the latter will be fulfilled if any other given 
])artial j^ressure is choosen such as etc Erom this it 

i/ 

follows that the expression -- ^ must always be espial to a 

P 
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constiiiit Kp, ^Vc arrive at the law of mass action in this manner 
and the latter proves to be a thermodynamic consequence of the 
Second Law. iiiit at the same time it presupposes the validity 
of the laws for the reacting substances, as we ol)serve from 
the application of Va{. (213). 

In case lOcp (214) is applied to the conversion of one mole 
(dn = 1) of a given gas reaction, which i)ro(rceils according to 
the scheme nA + mli + . . . = q A' + plV . . . , and at 
the same time the constant of the L M.A. Kp is introduced the 
result is, finally: 

Ar., = (21 k) 

We can also use concent i alums inst('ad of jiartial pressures 
in (213) and in this manner the following ('(piivalent expres- 
sion is arrivc'd at: 

Ar„ = ■ • - l»K.} {.211b) 

in which the concentrations and Ke appear instead of the partial 
pressures and Kp in lOq. (214a). 

A namcrical c.alculation of llio iiiaxiiiniin available work, according to 
Eq. (21 1(/), may ])C reprosentod bv an example of the formation of NHi. 
If all tbe initial and iinal partial prcHsurcs (piitj p.v, and /).v//a) are iiiailc 
ecpial to 1 aim , then 

At,p = “4 571 T hgui K, cal (21 Ir) 

from winch the values given in Table 45 are obtained. It sboiild be noted 
that the inaxiimiiii work (A)t,p is negative for this reaction. I 


'Faulk 15 


v 

i 

lofhn Kj, 

1 

1 

; Ar.pirnl per 2 moles NHi) 

1 

77:i° 

4 SI 

-17000 

005 

0 4t> 

-21)400 

11S7 

7 44 

- 40:i50 


Altliough the formation of aiiinionia n>presents an ex’otliermal reaction, 
the latter does not proceed spontancoiisly under the coiKlitions of eipial 
pressure for all coinpoiicnts, but, instead, an appreciable quantity of work 
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iiiiist be performed upon the system in order to bring about a union of the 
cleinentSi especially at higher temperatures. 

This result is clear even without Ecj. (214c). When equilibrium is estab- 
lished, the NHa, roiiinig from the pressures p//, = pNt =» p.v//i = 1, disappears, 
since the constant /\ p is greater than unity, i.c., a decomposition and not a for- 
mation ensues spontaneously. If, on the other hand, the initial concentrations 
of Ifo and of N 2 arc increased and that of the N II3 decreased so far that the ex- 
pression IS greater than A'p, we obtain a positive value for At, pt 

according to Eep (’21 hi), i.c., ammonia formation proceeds spontaneously. 

206. Maximum Work At,p of Heterogeneous Reactions. — 
\Vc olitain K(\. (214ri) for the inaxiiniiiu available work of a 
choiiii(‘al reaction whoso conipononts are partly solid (or liquid) 
and partly gaseous. However, the pressures of those components 
disaiipear uhen the conipononts are present in the initial or final 
states, as well as at ecpiilibriuni as solid bodies, for, owing to the 
presence of solid bodies, the partial jiressures of these substances 
have a constant value in the equilibrium chamber just as in the 
initial mixture. Thus, an expansion which involves the perform- 
ance of work is impossible in this ease. 

As an example (for a univariant system), let us again consider 
the formation of calcium carbonate from carbon dioxide and 
calcium oxide. Equation (214u) reduces to 

At.p = RTdnpro: — lnp'co.)y (214d) 

since in the presemee of solid carbonate and of oxide 

PCiiCOi = p'caCOt and Pc'fiO = p'caO* 

Solid carbon dioxide, however, separates at very low temperatures 
and sufficiently high values of pco,. In this case the vapor pres- 
sure of solid carbon dioxide is to be inserted for 7 ) 00 * in Eq. 
( 2 l td). The rule that the partial pressure of every substance 
which exists as a solid body drops out in the expression for the 
maximum work is obviously not impaired by this, since the solid 
carbon dioxide is capable of existence only outside the equilibrium 
chamber, while within the same only two solid phases can persist 
according to the phase rule (except for a singular point where 
At.p disappears). 

The system carbon (solid), owgcm, carbon dio\idc scr\'os as an example 
of a two-component system with only one solid phase and one gas phase 
and which is, therefore, divariant in its equilibnum. For the ratio of 
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crmilibriuni pressures K = — we found the value for T = 

P dh 

1300° in 196 . It follows from this that .Ir.p = 92700 caL at T - 1300°, 
in case the partial pressures of the oxyf^en existing at the start and of the 

C ()2 formed are equal = l)* flic combihstion of carbon, -It-.p 

depends but little on tlic temperature, since log K is inversely proportional 
to T (see 227) and thorefoie we obtain a value for room tcmperatuie whifh is 
only a few per cent dilTertmt from that at 1300°. The change of heat, 
content of the reaction amounts to 94400 cnl (diamond), which is vc^ry 
nearly the same value as for the maximum work, t c , it is just in this case of 
the combustion of carbon to carlion dioxide that we mav extract almost 
the theoretical quantity of internal energy as maximum w'ork, while some- 
times in other cases, for example, the NII 3 equilibrium, IP and -Ir.p do 
not agree even in sign. 

(i. ESTIMATION OF THE MAXIMHxM AVAILAHLE WORK 
TIIROUOH MEASUREMENTS OF ELECTROMOTIVE 
YOliCK lE M F ) 

207. The E.m.f. as a Measure of Maximum Work. — WI kui it 
is possible to construct a rovorsiblo galvanic ohunont the c m /. 
serves as a measure of the maximum work of the reaction yielding 
the current. This is possible in most reactions in which imdals 
ajipear in the elementary state as well as in some gas relictions. 
The reaction 

Pb + 2AgC^,,,.|) = 2Ag + Pb(1o(,,,.„ (215) 

serves as an example of a reaction which (pialifies for the prep- 
aration of a reversible galvanic element. If a lead electrode is 
covered with solid lead chloride and a silver electrode with 
silver chloride and both are dipped in a potassium chloride 
solution of any concentration, they show an electrical poU nOal 
difference E which may, as a rule, be designated as the electro- 
motive force (c m f ) of the cell. 

If the two electrodes are connected with a wire, a current flows 
from the silver to the lead electrode, owing to the e 7n /. The 
following reactions take place within the element: the metallic 
lead dissolves as Pb *"*" ions which unite with the chloride 10 ns of the 
KC'l as PbClo Metallic silver plates out on the silver electro<le 
through discharge of the Ag+ ions by which a definite (piantity 
of chloride ions are liberated. Inasmuch as chloride ions are 
bound at the lead electrode and freed at the silver electrode, they 
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inigmic back through the solution and carry with thoni a definite 
<|uantity of (‘loctricity, so that a negative current Hows from the 
silv(*r pole to the lead pole within the cell, t.v., a positive curnuit 
Hows in the reverse direction. As long as the element yields a 
current, a conversion occurs according to Kep (21.")). 

Now we could use the e m /. of the element for the? performance 
of work by nutans of an olcTtric motor. In order to achieve the 
maximum available work, the element must be permitted to work 
ri'vcu’sibly, i v , only a very minute current is allowed to flow, so 
that the eciiiilibrium of the substancc^s within the ehmient is not 
markc‘dly disturbed. If too great a current is drawn from the 
cell, the chloride ions do not have sufficient time to become com- 
pensated. 'fhe element tluni works irreversibly, as is shown by a 
fall of the original e.tn /. 

If we allow the element to work so long that a mole of lead 
is displac<*d ( = 2 grain-e(piivalents of silvc^r), thc‘ (»lectrical work 
{HU'formed \\hich is e([uivalent to the maximum available work 
amounts to 

Ar.p = 257 !:, ( 21 ()) 

since 2 5 electricity are combined with one mole of lead or 
2 gram-ecpiivalcMits of silver For a process in which n^. (Mpiiva- 
h*n1s ar(* converte<l and therefore which forms an //, -valent 
inn, WT obtain, instead of hkj (21t)), the geiuTal form 

At,p = n.57i\ (2ir)a) 


If we express the v m f in the usual (dectrical units (volts) but 
desire to obtain the maximum w’ork in calories, then w(‘ must set 
(compare Table 1) - 


. 96,500-, I 

Ar.p = n, 4 = nc23,0.)0/!r mf. 


(2166) 


Since the e.m /. of the lead chloride-silver chloride element is 
estimated at 0.4889 volts at room temperature, the maximum 
available work in the conversion of one mole of lead in Eq. (215) 
amounts to 22,540 cal. in calorimetric units. 

I^lenients wdiich depend upon reactions of the scheme of Eq. 
(215) are distinguished in many cases by the excellent repro- 
ducibility of their e.m f. They are, therefore, qualified for use as 
standard elements (such as calibrating voltmeters and the like). 
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One of the best-known standard elements— the so-call(*d Clark 
cell — depends upon the reaction: 

Zn + IIg2S04f8oiid) + 7II2O = ZnSOA.TIIiOcsoh.i) + 2 IIg. 

The reciprocal transition of two allotro])ic modifications of a inctal, such 
as tin, furnishes an instructive oxuniplc for the dctcnninatioii of the maxi- 
mum work of a clieinical reaction from the e.mf. of a Kalvame clenieiit. 
\Vc prepare an electrode of gray tin and another of wliite tin; us a solution we 
will use a li([Uid containing tin ions. 

The exact measurements of such a tin cell encounters certain (secondary) 
experimental difiiculties, luitvct at a tcniiierature under 18” the current 
flows so that white tin is dissolved and gray tin is foimed, wlnle at higher 
temperatures the c?«/, is reversed. The i\mf of the cell is equal to zero 
at 18°, and acconling to K(i (21 ti; the maxiimim woik .Ir.p also disappears, 
so that tlie system must he m eciuihhrium on the basis of Va{ (()8a). Kven 
without Kq. (08a) it is clearly seen that both modifications are m ecjuililinum 
at 18° (the transitum jiamO, since a disappearance of the c.m/. is ecpiivalent 
to the cessation of the rc<*iprocal transition. 

208. The Fuel Cell. — The direct extraction of the available 
energy of a choniical reaction in the form of olectrical energy is 
not only of theoretical Intercast btit also of far-r('aching jiractical 
importance. For examide, if it were possible to make the energy 
of the burning of coal, i,c , the reaction (■ + 02 = CO 2 , directly 
available as an electromotive force, ^ then we could hope to extract 
the maximum work of a reaction; in this case it is very nearly e(|ual 
to the change of heat content (see 206). W'ith the usual heat 
engine it is possible to convert only a small fraction, at the most 
about one-third, of the internal (uiergy into mechanical energy 
The problem of constructing a practical working fued ecdl has been 
attacked in different ways, though as y('t no serviceable* solution 
has been found. In the first place the difficulty lies in the fact 
that carbon at ordinary temperatures is very non-reactive 
Although we can construct a serviceable element by using 0 
molten salt as electrolyte, its estaldishment, aside from great 
initial cost, etc., would be uneconomical, since great cpiantities 
of energy are consumed in the continuous heating.® 

^ Such an clement must possess an c.m /. very nearly equal to 1 volt 
according to Fq. (210/>), since from 206 .'It-.p amounts to 92700 cnl. and 
n» = 4. (Carbon is totravalenl.) 

*BAun, Tueadw'Ell, and TkOmpleu (Z. Elektrochcrn., 27, 199 (1921)) 
have made exhaustive experimental studies in which they have realize*! 
pract loal fuel cells. References to older lit(*rnt ure arc given here. * Sec atec 
Hideal and Evans, Trana. Faraday Soc. (1921). 
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209. The Resolution of the E.m.f. of a Galvanic Cell into Single 
Potentials. — If one shoot of silver is dipped in a dilute AgNOi 
solution and another in a concentruted AgNOs solution and the 
solutions are brought in contact with one another, a galvanic 
eloinont is likewise obtained which differs from the elements 
hitherto considered in that the electrodes are alike but the 
solutions into which they are submerg(‘d are of different concentra- 
tions; such a c('ll is calh^d a concentration cell. A chcMnical reac- 
tion cannot be the reason for the c.m /. in this case; it can only be 
due to the tendency of the concentrated solution to expand. 
Then'fore, the nieasur('in('nt of the c.m f. of such a concentration 
c(»ll also leads to a knowledge of the work of expansion of the 
solutions conccM’iH'd; this, in turn, gives a method for the deter- 
mination of unknown ionic conc*ent rat ions (183e). 

A method of depriving th(* formula for a c(‘ll of the type 


Ag 


AgN().i Solution 1 I AgNOj Solution 2 Ag 
eoncentrat(»d j dilute 

Cl 1 ^2 

I II III 


follows from a consich'ration of the origin of the c.mf in the cell. 
Since no ('lectrical jKdential difference can appear within a homo- 
geneous^ phase, w(? must look for the origin of the in 

the surfaces of th(' different phases, z c , a potential difference 
will be formed at the interfaces. We are concerned with the 
following: 

1. Metal— Solution 

2. Solution 1 — Solution 2. 

3. Solution 2 — ^Tt'tal. 

It appears, in general, that all thn'e inb'rfaces contribute in a 
noticeabl(‘ way to the total r m f. 

210. Liquid Junction Potentials. — 'llie determination of the 
potential difference between the two solutions is important. It 
may bo explained quaUtativcIy as follows: 

^ *(3iemn*Ml honiogj'iifitv nloiu* is net siifrincnt, for ciTtain metal elec- 
trodes, such as copper, often show different potontinls if one portion has 
boon given special trentments, such as electrical deposition, hammering, 
rolling, polishing, and anneahng. 
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The osmotic pressure drives the positive and negative ions of 
the concentrated solution into the dilute solution. In case the 
migration velocities of the two ions are uneciual, one ionic species 
attempts to hasten ahead of the other, but, since the ions are 
oppositely charged, a very great potential difference would 
develop if complete separation occurred Therefore, the ions 
separate only so far that the forces of electrical origin suffice to 
hinder the faster ion somewhat and a(?celerate the slowc'r ion a 
little, so that both ions migrate finally with an eiiual velocity 
Now the (piantitativc application of this consideration leads 
directly to an e(iuation which permits us to determine the magni- 
tude of the electrical force formed by the diffusion process and 
therefore also the potential difference l)etween both solutions 
from experimental data. 


K(iuiiliuii (‘JS/fi agjun forni-s tlio Imsis of tin* i‘:ilnilatioii V — 'j 

We will consider a volume eleiiieiit of leiiKtli dr in a c\lindiical veshcl of 
cross-secfiou q ami, therefore, of \olume f/dr, the iiunil>(*r of ions of one kind 
present amounts to A" Then the molar concentration in this volume 
element is given bv 

A’' 

c - (217) 

Nr/dx 

The force ,H' upon the A'' ions is composed 

1. Of the force of osmotic pressun\ this amounts to qtlll for either ion, 
where (III represents the increase of osinotn* pressure for the distance ds 

2 Of the electrical force acting in opposite directions, on both ions, 
occasioned bv the dilTusion as pictured above. I'he hitter is eipial to the 

(IE 

unknown strength of the hchl multi])lied by the charge of A'' ions, wdiic^ 
amounts to N'ue 'riicrefore, we liiive in total 


,/j. 


The fri(‘tional foi<‘e of the individual ions may be expressetl according to 
Eq (ISO) in terms of the iiioliihty ami the friidional force which is 
effective for A" ions amounts therefore to 


, _ SAT' SA" 

~ u+v ir-Ji 


For the velocity which the ions assume on iliffusion wc obtain liv consider- 
ing E(j (217) 


Cation . 


Vu^ = 
Vo- = 


/Nf/dll (IE\ _ f / 1 dll 
\ ^ (lx ) R/ir \c (lx 

U- /N(/rni _ (IE\ _ V' ( 1 dll 
V A" ^ dx) S/*. \ dx 



Anion : 
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Since the ions can be separated from one aiiotlior only to a very iniinito 
dt*>;icc, Vn"*" and Vo” must be equal to one another. From this it follows, in 
case both ions an^ of ecpial valence, if we substitute the concentration in 
plactf of the osmotic pressures according to K(| (140), that 
^dE ^ _ r/*- -JJ- 1 dll 
l7+ + t/-cdx 

^tlE U* - U- RT lie 

+ r- e ilx 


SiiiiM‘ the (iiiantilv lU iiiuy lie uo olitiiin on inti'KiiitinK 


A’,., 


- r- RTj 0 , rt c, 

+ U- ■ «,S + U- ' "* c, 


for fh(' |)Of(‘nti!tI ililTort'nce Ijotwwii Iho concoiitriitctl ri anti the dilute cj 
aohition, or hv Miil>.s|itu(ion of iiuinerieal valius for li (elect rical uiiita) and 


if aa well as introdueini; diM'iulie loganthnia wr ftet 
U*- - V- 1 9S3 10 
U->- + U- n/ 


A’,., = 


* T Avio '■* 

Cl 


(218) 


Accordingly, the concentrated solution is negatively chargefl if > f’“, 
1 .# , if the cation precedes the anion. 

If we place tw'o diiTenyiit solutions of any given concentration next to one 
another, the Inisis of ttie calculation remains tlie same as above, tluaigh it 
leads to considerably more* complicated results* partieularlv since the 
quantity dx cannot alwa\s be ehiiiinated, ic, the jiotential difTerence 
depends not oiilv upon the eonceniration Ci and c* but also upon the nature 
of the boundary between the two solutions 

In onler to avoid the troublesome and fre(iuenlly uncertain calculation of 
the boundary ])otential between two dilTerent iKpiids w'liieh, as a nile only 
plavs the r61e of a correction term, it is expedient to eliminate it by experi- 
mental precautions. This is most simply accomplished bv connecting 
the two solutions with one another bv means of a siphon which w lilleil with a 
concentrated solution of KCl or NII 4 NO 3 ,- instead of allowing them to 
touch one another directly. 


211. Potential Difference Metal-solution. — The oocurreiice 
of a jioientitil (iilToreiiee at the interface inettil-sohition \vas 
idetured by Nernst (1889) as follows 

* Sec Planck, M., Wied Arm , 40, 501 (ISOO), Jaiin, 11., ‘*Clnindri.ss dor 
Klektrochemie," 2 (1905), Henoeiisun, Z. phystk. Chem , 69, IIS (1907), 
63, ;i25 (1908) * Fales and Vosbukuh, J. Am Chtw. Noc., 40, 1291 (1918), 
MacInnes and Yeii, J. Am. Chem. , 43, 2503 (1921). 

* 'riie efliciency of this ilevice depends upon the fact that the K ^ and Cl“ 
ions as well as the NII 4 '*' and N()s~ ions migrate at approximately tlie same 
speed, so that = U~ and, therefore, according to Eq. (218), no notice- 
able ])otential difference originates at the surface of contact of the siphon 
iKpiid and with the relatively dilute (assumed) solutions 1 and 2. (See 
Bjerrum, N., Z. Electrochem., 17, 58, 389 (1911).) 
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The metal has a definite tendency to pass over into the ionic 
state. It sends a number of positive metallic ions into the solu- 
tion and therefore assuinc»s a positive charj^o; hence an eh^ctrical 
double laj’er (Fig. o2, (a)) exists at the interface nictal-solution, the 
formation of which opposes any further solution of positive ions. 
Tlie formation of the doulde layer in solution involves, however, 
only an extremely minute ciuantity of ions, and ineasuralde (jiian- 
tities of metal dissolve only when the result! c‘l(»etrieal charj?e is 
continuously destroyed. We designate this tendency of the nu»tal 
to into solution as ions as ^^electrolytic solution tension.”^ 
On the other hand, the ions have a tendency to leav(? the solu- 
tion, owini' to their osmotic jiressure, and 1o jiass over to the 
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metallic state. This tcuulency is greater the higlun* the concen- 
tration. The eh'ctrolytic solution huision of the mclal and the 
osmotic pressure of the ions work against one anolh(»r. The 
latter influence predoiuinat(‘s with the noble nu^tals, so that a 
minute quantity of ions is precii)itat(Ml upon the m(*tal and the 
latter becomes positively charged while the solution remains 
negative (Fig. 526). It is only when the eh'ctrolytic solution 

^ The rcftl reason for the elect rolytic solution tension can only be sought in 
the existence of an attractive force between the iiiolocules of the solvent and 
the ions of the metal. It is to be oliservcd that, according to the modem 
conception of the metallic state, the majority of the atoms are loiuzod even 
in the metals (see 370). The essential reaction in tlie electrolytic dissolution 
of a metal consists, therefore, in a hydration of these ions. 

*Lanqmuir (7Va?2S. A?/i. Ehctjochern. *S'oc., 29, 1S2 (1910)), believes 
that the source of the potential ditTcrcnce can bo exidained more satis- 
factorily upon the basis of the Volta effect (the tendency of metals to lose 
electrons at the surface of contact) than upon the basis of Nemst's solu- 
tion pressure concept. Butleu {Trans, Faraday Soc,^ 19, 729 (1921)) eon- 
siders the \enist concept kiiictically and considers it adequate. 
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tension and the osmotic pressure of the ions just C/ompensate 
one another that a zero potential difference prevails between 
metal and solution. 

Since we can vary the fugacity (osmotic pressure) ^ of a given 
ion, let us specify an %onic activity Jor every metal Aq for which 
the solution tension will be abolished and, therefore, the potential 
difference between the metal and solution becomes C(|ual to zero. 
\Vc can look upon this characteristic ionic activity as a measure 
of the solution tension of tlie metal. The greater we must make 
this ionic a(?tivity the greater is the solution tension of the metal. 

In order to obtain a relation l>etween the difference of potential 
K at the interface metal-solution, the ecpiilibrium activity 
and a given activity o, we will consider two metal electrodes 
(I and II) of the same inatt'rial submerged in solutions of 
activity .lo (1) ami of activity a (II) and both solutions arc 
connected so that no licpiid junction potential exists. Now a 
reversible dilution of l-gram-ion of solution Ao to an activity 
a can be followed in two ways: First, let us expand the gram-ion 
isothermally from an activity Aq to a; the work performed 

amounts to -li = ItTln On the other hand, we can dissolve 

a mole as ions at electrode II and allow the same quantity of 
ions to be plated out on cle(!trodc I whereby the quantity of 
electricity coml)ined with this (piantity of ions falls from the 
potential of electrode I to the potential II. The electrical w’ork 
extracted amounts to A 2 = where K is the potential 

difference between I and IT. From the second la\v, Ai = A*, 

Z.C., 

7?w,5 = KTln^" 

CL 


or 

,, KT, /lo 1.983- 

E = ~ In = 

M.O a n. 


10-%, .In 
— Tlnff- = 
10 a 


1.9 83 ■ 10 -* 


Tlog}- 

10 Aq 

(219) 


In order to ooiiforni with the trciitment given in (188b, c and 191) 
the translators have replaced the author's terms of osmotic pressures of the 
ions and ciiiicentralioiis of the 10 ns in what follows by the terms fugacity 
of the 1011 s and activities of the ions. The substitution was not made in 
(210), because it seemed best to use the term concentration for develop- 
ments which are not purely thermodynamic. 
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Therefore, electrode I, which has the same potential as that of 
the two solutions, becomes positively charged and electrode II, 
which dips in solution a, becomes negativclj" charged. If (i< 
Aq and the ions arc positively charged, Kq. (219) indicat(‘s 
the difference of potential, aolutton (a) — clectroflc, for positively 
charged ions and the potential difference, vhrtrode — mluUon ((/), 
with negatively charged ions We write therefore 


A’ = + ■ 


1 0S3 • 10 


Thg 




(210/1) 


This equation is valid for the potential dijfvrencv electrode-solution 
with positivch/ eharged ions and the potential difference solution- 
cleetrode for negntm lij ehaiged ions. 

212. E.m.f. of Concentration Cells. — (Concentration cells of 
the typo quoted in 209 yield the value of the e m f directly 
We obtain, by addition of relations, Kqs (21S) and (219) deder- 
niining the potential differences, I, II, and III if we proci^etl from 
the electrode dipping in the concentrated solution a\ 

yj, = / lot — ,^.Jf>g + log 

Ue • -to I • + L Oi ^ ai I 


1 083-10-»,„ 2r" , a^ 

- — / yr. , fr_lOg • 

n^ I ++ I - a» 


( 220 ) 


Wh(*re potential 1 1 is suppressed, w(‘ obtain 

.to) 19S3 
Ih ' -t„ 02 


,, 10S3.10-»Tf, r/. , .lol 

yi = I if,g ^ + Jf,g = 


roll 

Uc U) ^^2 


The exjiression 


1 9s;i . io-» 

n. 


( 221 ) 

f 

assumes the value O.OoS volt 


for T = 293° and univalent ions. '^Fherefore, when we enqiloy 
two solutions of univalent ions against one another having 

activities which differ by a power of ten (jogu/^^' = I ^ then 

the e.inf. of the cell amounts to 0.058 volt; for a different' of 
two powers of ten we obtain 2 X 0.058 volt, etc. 

213. Electrodes of the Second Type. — When a metallic el(»c- 
trode, such as silver, is coated with a difficultly soluble salt 
such as Agf^l, the silver-ion concentration determines tin; 
potential difference at the interface metal-solution, just as above. 
But in this case the silver concentration is determined solely by 
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t)ic solubility iirodiict A'„, (spo 196) and tin* activitips of 
tlu* cliloride iinis, i <• , \vp o)>taiii in place of Krj (21!)n} 

K = 1 ‘)S3 10 ' T /or/ 10 . 

Av ■ (let 

If \v(» coinhino two such ch*ctrodcs dipping in solutions of difhu’ont 
chlorulc-ion concentrations, then, when the Inpiid junction 
pot.(*ntial is omitted, wo obtain 

!•: = 1 983 10 'T log = -1 983 • 10 log I"'"' !'- (22lrt; 

l«.r( Ji •' |rlpi Is ^ ^ 

The same formula holds here (if si^ns arc disregarded) as for 
(dectrodes whicdi dip in unsaturated solutions of thc»ir own ions 
\V(‘ fn^cpiently call th(‘ latter electrodes of the first class; the 
d(‘sij*:iiation electrodes of the second class is usually made for a 
metal whicli is (jovi'I’cmI with a difficultly soluble salt of the same 
metal and whos<» potential ilepends upon th(‘ concentration of the 
anions of the dinicultly soluble salt in solution. 

Inasmuch as sindi el(?ctrodos aie easy to repioduc<‘, they .are 
fnapKuitly employial as standard cdectnxh's, i r , as the pole 
opposing the unknown electrode whose potential is to be 
nieasiiied. The normal (‘alomel electrode* is fre(juently used, 
2 € , mercury, which is covered with caloimd and a normal 
potassium chloride solution.^ 

The j)ot(‘ntial difference of this electrode against the normal 
hydrogen el<‘c1rode (see below) amounts to 0 28() volt, 

214. Potential Series of the Elements. — W hen we combine 
(liffen'iit (‘b'ctrodes with each oth<*r, such as a copjier electrode 
in a ( 'u^‘+ ion solution with a zinc electrode in a Zn++ solution 
or a so-called Daniell cell, the t(*rm *lo which is proportional to 
the solution tension is not eliminated, and we therefore obtain 
apart from the potential difference at the lioundary of the two 
li([uids the suiii of the potential differences (’u/('u++ and 
Zn^ ‘ /Zn for the c./a / of the cell. According to Kq. (219) when 
we keep the signs in mind this gives 

K = ^ 983 'JO:* j, \ ^^ 22 ) 

Z \ *l0Cu + + 


^ * Tjately, the saturated KCl calomel cell has come into extensive use in 
this couiitr\', owiiiK to the ease with w'hich a definite concentration may be 
produced and inaintaincd, and to its relatively low teinporature coefTicient. 
(See Fales and Mudqe, /. Awi. Chem. Soc , 42, 2434 (1920).) 
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Kor the coin])i nation of an iodine electrode, whose ions arc nej^a- 
tively cliarged, with a I(‘ad electrode we obtain the following 
expression: 


E = 1.983 • 10-* 2’ - h>g 

\ 0 / - 



(223) 


When E written in this manner assumes a positive value, it 
signifies that the electrode in the first position null be positively 
charged. Now we may expediently substitute o for the constant 

quantity ± " ■ 'I' log | , where the positive sign holds for 

positive ions and the negative for negative ions. lOcpiations 
(222) and (223) then assume the following form. 


74’ = 1 T log + E,cu - E^-,n, 


E = 1.9S3 • 10- ‘ 2* lag 


«/ • 


+ /-II/ — E{ 


OPo. 


( 222 «) 

(223a) 


Therefore, in order to calculate the c,m /. of such a galvanic 
element, the difference Eq, — A’o, must be known in addition 
to the ratio of the ionic activities. It is not important to estab- 
lish the absolute values of Eo, which arc difficult to estimate with 
certainty, but, instead, only their differences which we can 
arbitrarily establish for a definite normal electrode of the value 
Eo = 0. According to a pniposal of Nernst, this is done for a 
normal hydrogen electrode, i.e,, a ])latinum foil bathed with 
hydrogen under atmosjiheric pressure which dips in a solution 
normal in respe(?t to hydrog<*n ion. ^J"his hydrogtui (‘lectrode 
represents the zero point for the Eo value. When we place* the* 
Eo values in the order of their magnitude, we get the so-called 
potential series of the elements (Table 46), whose numbers are 
directly obtained experimentally according to Kq. (222a) as 
the potential difference between an electrode dipping in a normal 
ion solution and a normal hydrogen electrode. A potential 
scries of the elements measured in volts against the normal 
hydrogen electrode in aciueous solution^ are given in Table 4(> 


^ It is conceivable that dilTcronccs may very well exist between tlie 
potential senes in a non-aqueoiiH solution and those indicated in Table 4(1, 
though, as moasurenionts coneeniitig this sliow, they do not appear to he 
very considerable. Sec, among others, Neustaut, Z. Elvkirochvm,, 16, 
800 (1910). 
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Th(i use of the numbers of Table 40 for the ealeulation of the 
c.7n.f. of a galvanic element may bo explained by the following 
example: let aru^+ = azn**. Then E reduces to 

Eocu - A’ozn = + 0 34 - (-0 70) = 1 10 volts. 

Every tenfold decrease of Cu++ ion activity reduces E 

exactly - .>* - = 0.020 volt; every tenfold decrease of Zn++ ion 

activity raises E by an (Mpial amount.^ 


TAliLK Hi.* PoTKNTIAL SkUIKS OF ElKMENTS IN AgrBOUS SoHTTl«)N8 

Me\SM(KI) in V<»LTS A<JAINST the NoUMAL HmUIOOKN ELErTUODK 


Li/Li' 

-2 ari7s 

jr./2n+ 

±0 0000 


' - 2 92 12 

(‘u/ru»^ 

+0 31 IS 

K/K« 

— 2 (>22 1 

(u/Cu*- 

+0 51 

Na/N:i»- 

-2 7125 

Ak/Ak*- 

+0 7905 


-1 55 


+0 70S0 

Zn/Zn** 

-0 75SI 

Au/Au*- 

+ 1 5 

Ee/Fe’’"*' 

-0 41 

Anion formation 


(\1/(M**- 

-0 40 

S--/S rsohd) 

-0 55 

Tl/TP 

-0 330 

4<)II-/<>2 + HaO 

+0 41 

NVNi' + 

-0 22 

21 -/I 2 rsoiid) 

+0 5357 

Sn/Sn-*-* 

-0 130 

2 Hr/Hr 2 (liquid) 

+1 0059 

Ph/Pl)^»- 

-0 122 

2(1-/(Mo (Kas) 

+ 1 3504 

Fe/lV* » »■ 

-0 015 

2 F-/F 2 (Kas) 

+ 1 9 

Nuiiicnr.il vuliicB rcvisc<l liy tr!iii<iIa1or*i 

The com cntiiin in bikh is that of the oriRinal, 


viliirh lb upposito to that by some wntvn in America 


lOtluation (222) and Table 10 arc of importance in purely 
chcMuieal r(*speets, because with their help wo may calculate 
whethtT and how far a (base) metal which is introduced into an 
aqueous ionic solution of another more noble metal may preeiiri- 
tate the latter as metal. A trace of the nobler metal is precipi- 
tated upon the less noble metal the moment it is introduced 
into the solution, and wo then have a galvanic element, noble 
metal = solution = base metal, which is short-circuited within 
itself. The c.in.f. originally present is, therefore, (piickly coni- 

* 'Hic addition of anfRciniit (luaiitity of KCX to tlio roppor solution of a 

Danicll cell reduces t he copjier-ion content so much, oi\ ing to the formation of 
complex ions, that the cell reverses the sign of its potential. 
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pcnsated, since the ionic concentration of the baser niotal 
increases and that of the nobler metal decreases. Equilibrium 
is set up when £ = 0 according to Kqs. (222«) and f223a). 


216. The Equilibrium of Ions of Difference Valence. — Tins result- ninv ho 
applied to tlie fpiestion, What is the eqiiihliiiuin between cupro and euprie. 
ions in the presence of inetalhe copper? JinuKino a st rip of cupper dipfiinK 
in a solution containing some ciijinc ions and another in oiu* containing 
cuprous ions and the two electrodes conne<*fcd. The same lesult is obtained 
if a single strip of copper is intro<iuced in a solution which contains cupiic 
ions as well us cuprous ions. For equilibrium at room teinperatuic w c ha\ e 

E = 0.058 Itg + 0.51 - 0 34 = 0. 

When - 1, then nru"* ~ 10“’; on the other hand, w hen nfu'*'*' = lO"’” 

«(•«■* = 10“*. The cupric ion ls in excess for erpiilihiinm in higher nmic 
concentrations while at lower conci»iit rat ions, such as in potas-sium cyanide 
solutions, the cupro ion exists m e\ce.sa 

216. Amalgam Electrodes. — While the solution ten.sion .in or A'o has a 
definite x'ahie for pim* <*onipaet metals, it mav bo markedly reduced if the 
elect romotivelv active metal is dissolved in a more nobh* li(|md metal 
(mercury). The solution tension of pun^ mctallK* sotlium is so consich^ralde 
that it liberates Hj violently in the pr(‘.seiice of water < )n the othiT hand, a 
dilute .sodium amalgam .Milution is not decoin))(xsed appreciably bv water, 
due m jiart to the considerable overvoltage of on mmcnrv. It is cli»ar 
that the soliilion tension of an amalgamated metal will be proportional to 
the aetiv'ity fi' of its dissolved monotoiiiic metal atom.s, since tin* higher the 
fugncity of the metal atoms in mercury the greater will be tin* tendenev for 
tlieiii to go over into the ionic state in the solution from the inciciiry 
Therefore 

Ao = Const tt' 


When the metal who.se concentration may In* e\picssf*d bv the activity 
forms predominately m-atoinie muleeules in mercury then tin* folhiwing bolds 
within the mercury according to the L M A 


Un 


K' or rt' = -v K'an 


-lo 

Con^t 


ITic cmf of a single amalgam eleetiode (of a nmval(*nt metal) at nwim 
temperature is. tlierefore, 


E = 058 log 

-.So 


0 (WS log -r'!' , =. 0 058 - K„'. 

a Const ^ \ an 


w'hen we set the expression 0 OoS log Contsl v = E^I If we make a so- 
called amalgam cell by inserting two ainulgain electrodes of diiTerent con- 
centrations in the same solution, then the ion activity a, ami Eu disapi)<*ar 
and we obtain: 


E = 0.058 fog , = — log — 
ai m ” an, 


( 224 ) 
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A coiiipansou of this forinuhi with oxpcriinciital data loads to the result that 
w ■- 1 for most inotals Thcav meiala mr tht reforv (hasolvnl in thv monatomic 
slate in mercury. 


217. Gas Electrodes. — For gas electrodes, which can be 
produced in many cases by bathing a sheet of metal (platinum) 
with a gas, the reflations are similar to those for amalgam elec- 
trodes. The condition necessary for the a])pearance of a definite 
potential of a gas electrode is that the gas forms ions and that 
th(f ions appear in noticeable quantity in the charge^d state within 
or upon the el(fctrodc. These conditions are not fulfilled for a 
number of gases (N 2 , CO, CO 2 , ('H 4 ), but they are approximately 
fulfilled for oxygen, and sufficiently so for hydrogen and the 
iialogens that we may obtain electrodes of good reproducibility. 
If we now consider a hydrogen electrode, according to the L M A , 
w(' have within the metal for the equilibrium between hydrogen 
atoms Ifrn and hydrogen molecules //,« (see 197) : 

= Const, or ~ Vp//, 

<ln^m 

Kut from the distrilnition law a//jm is proportional to the partial 
pn^ssure of the gaseous hydrogen. Further, the solution ten- 
sion .lo' IS [irojiortional to the concentration of gas atoms in the 
metal just as with amalgam electrodes. Therefore. 

At) ~ V aiiitn ^ V Put 

We, therefore, substitute in place of Ao in Imj (219a): 

Ao = Ao'p^'*//, 

For a single liydrogen electrode the n^sult is: 


K,„ = 1.983 • 10-^ T = 1.983 • 10"* T (225) 

-1() P'‘U2 

.. . 1.983 -lO-* , 

I hen the expression — 1 u)g Ao = Ao has a value 

He 

of zero in the preceding case, since the potential of a normal 
hydrogen electrode (an* = 1, /)//, = 1 attn ) has been estab- 
lished as the zero point of the potential series 

When we employ two hydrogen electrodes operating under 
different pressures p 2 and pi, but dipping in the same electrolyte, 
we obtain for the e.tn /. of such a ‘*gas cell” simply: 




1.983 • 10- ^ p, 


/ooa\ 
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For an oxygen electrode in an 011“ ion solution wo can put: 
Ao (loll ~ ~ 

since the relation ao, = fc' “ (flo#/ neutral)^ must hold for the 
concentration of the hypothetical substance OH, which in aii}^ 
case is present in exceedingly small amounts according to the 
equation O 2 + 2TT20 = 4011. In place of Fa[s. (225) and (220) 
we obtain, on taking account of the negative charge of th(‘ OH 
ions, 

Eo, = 1.983 • 10 -« log ^ + Eo, (22r»i) 


where Eq = 0.41 volt from Table 4G; it follows for two oxygen 
electrodes in the same electrolyte that 


• 4 />2 


(22Gu) 


For a combination of two gas electrodes which form different 
ions, for example, a hydrogen-chlorine coll, we obtain in connec- 
tion with Eq. (225) that: 

E = 1.983 • lO-^T j - log - log "f-l + E,>oi, - 0 
and from a consideration of Table 40 


E = 1.983 • 10-^r{ log ~ log ac« «// .} + 1.30. (227) 

An increase in the partial pressures of the gases, therefore, causes 
thec./w /. of the cell to increase, while, on the contrary, an inen^ase 
in the ionic concentrations decreases it. 

The application of H('l as electrolyte in the chlorine-hydrogen 
cell yields a gas-cell of the type of 13(i. (220), since the IK’l 
existing as a gas over the solution is dissociated into Ho and (.^2 
only to a minute degree. The electrode bathed by the chlorine 
is, therefore, similar to the hydrogen electrode and the partial 
pressure of the hydrogen amounts to 


Put = A' 


P^licl^ 

pet* 


We may substitute the numerical value of A = 1.3000 volt in 
Eq. (226), W'hich is that found for the H 2 /C'l 2 cell in normal 
HCl at 298®C. and 0.987 atm., and obtain pi = Ph, = 5.20 10~^^ 
atm. as the partial pressure of hydrogen in the chlorine electrode. 
Since puci can be estimated directly as 2.90 X 10“^ atm. and 
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Pel, amounts to 0.987 aim., we find K = G - 10“®^ os the dissocia- 
tion constant of gaseous IlCl at room tein{)erature. 

We obtain p](i. (228) in a manner analogous to liki. (227) by 
the union of lOqs. (225) and (225a) for the ordinary H 2 /Oa 
cell, whose Oa electrode dips in a U+ ion solution. 

E = 1.983r (log p^^o,p%, — log On^aou-) + 0.41, (228) 

Where both electrodes dip the same solution, the product 
aiiiOoH- has a value of about 10~‘* at room temperature accord- 
ing to Table 34, and for the e.m.f. of the oxyhj'drogen cell 
we find; E = 1.234 + 1.983 . 10r*T log (228a) 

The e.m.f. of the cell falls when the gas pressure deerea.ses. 
Theoretically, the partial pressures of the Oa and the Ila may be 
decreased to that of the eiiuilibrium concentration in water vapor, 
and in this limiting case no work can be extracted and E must 
drop to zero. The equilibrium partial pressures jh, and pu, of 
saturated water vapor at room temperature therefore may be 
obtained from the expression 

1.234 + 0.0.58 log = 0, (2286) 

from which it follows that 

piuh>V^ = 0.6 • 10-®‘ (229) 

and for pure water vapor, where ;///, to po^ are in the ratio of 
2 to 1. 

Pih = 3.4 • po, = 1.7 • 

Hinec the partial pressure of water vapor which is equal to the 
vapor pressure amounts to 0.0191 atm. at T = 290°, the equilib- 
rium constant K for the formation of water vapor amounts to 
1 // 

K = = 5.39 • 10-»» = 10-»» (229a) 

Vu^ 

218. Oxidation-reduction Potentials. — In the past reduction 
of a chemical substance has usually meant the taking up of 
hydrogen, and oxidation the taking up of oxygen. 

However, all reduction reactions (or oxidation reactions) may 
be separated into two groups, of which the following reactions 
are typical: 

1. Reduction of ethylene to ethane. 

2. Reduction of FeClj to FeCU. 
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The first c'as(^ involves merely the taking up of a neutral 
hydrogen atom hy a neutral molecule. However, the secoiul 
case involves an ionic reaction, fur. if we write the reduction of 
FeClj to FeC'U analogous to the preceding case in the form 

FeCl, + } alio = Fedo + IKI, (230) 

then the characteristic reaction, namely, the loss of a positive 
charge on behalf of the metal, is brought out more eli^arly l>y 
the ionic eciuation 

Fo+++ + 1.2112 = Fe++ + II+. (230) 

We understaml by reduction in such cases not merely the taking 
up of hydrogen but the change of an attnn or ion from a state of 
higher to one of lower positive valence and, accordingly ^ oxidation 
u the change to a higher positive valence. 

In the case first inentioiu'd the reducing action of hydrogen 
(elementary) is dependent only ujiun its partial pressure An 
ecpiilibrium is set up for a given partial pressure of hydrogen, 


i.c.. 


PCtilA ‘ Plii _ T- ’ Pf'iU* 

--■ = A. or Put = 


PCiIIt PCilti 

Therefore, for the case where equilibrium is actually set upi an 
ethylene-ethane mixture which bathes a strip of platinum 
dipping in an acid solution behaves as a hytlrogeii electrode and 
we have, according to Eej (225), 

E = 1.983 • lO-^T log ""t = 

1.983 10-" T log 


in which the constants appearing in the term Kxf have been 
combined. 

The relations in the second type of oxidation-reduction reac- 
tions arc somewhat different. The conversion of an ion into one 
of lower positive valence depends not alone upon tin* concentra- 
tion of dissolved H 2 but also upon that of the hydrogen ion. For 
the reduction of FeCU (Eep (230)) the L M.A. yields 




(230f0 


‘ In these oases it is very difficult to produce an ecpiilihriuin experi- 
mentally. 
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i r., a (lefinito ratio of the ferric to ferrous ions in solution is 
produeeil only if the concentration of the neutral H 2 as well as 
that of the hydrogen ions possesses a definite value. 

In an aqueous solution which contains f(»rrous and ferric ions 
and, of course, also II ^ ions, a certain activity of neutral H 2 is 
set up in the solution phase and in the p;as phase we have a 
certain fu^acity pm according to Henry’s law. 

A platinum electrode dipping in a ferrous-ferric ion solution 
will th('r('for(» always Ixdiave as a hy<lrogen electrode. We have 
for th(‘ potmitial of this electrode, when we keep in mind the 
proportionality of //|/, with pi/, as well as KcjS. (22;)) and (230«): 

E = 1.983 Kr'r //if/"''' (2306) 

in which tin* constants are again a.»-sembled in A’,)'. In this case 
th(' hydrogen-ion concentration is oliniinated. Now, since Eq. 
(225) may be brought into the form 

y<;=i983 10 *7’ % 

U|/ 

in which an repn'simts the activity of the extremely small 
coiKxmtration of H atoms in the solution, it is recognized that the 
same relation holds for Fe++ + 155 = as for the reaction 

II + 155 = iVA 

A numlier of /in' values for such oxidation-reduction electrodes 
are to bo found in Table 47. From Table 4() we can determine 
in which din'ction the current wdll flow' for a combination of two 
electrodes in which the ion activities are equal to unit\’^ in 
all cases, / c , w+ich (dement or which ionic species, in the s('nse 
of the s(»cond group of oxidation-reduction reactions, will be 
oxidized and w'hich will be reduced. 

* A simple lelntioii ^\as discovercMl l»v Lutlu^r between the ])oteiitial, 
inetMl///e-va 1 cnt 1011 (Ei 2), iiietal/w,-valeiit ion (A’1.3), and the potential, 
n-valent lon/w-valent ion (Ei, i), naniel> 

n^Ei,2 + (ffte — Ur)Ei,ji = WIaAl.3. 

This n^lafinn depends upon the eon.sideration that the eleetneal work which 
IS necessary to convert an atom into an t/i-valeiit ion must be independent 
of tlic path. 
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Tablk 47. — Oxidation' Reduction Potentials 


(a) Charged ions 


(b) Other oxidatmift 


Cu+/ru++ 

Sn++A"«n+^"* * 

+0 18 
+0 2 

NO + 21I,0/NO; + 411+ 

Cr+++ 4- 4H,0/lICr0; + 711* 

+0 95 
d-1 3 

Fe(CN)r"/Fe(CN)r“ 
Fe++/Fc++ *■ 

+0 4() 
+0 75 

Mn++ + 2H20/Mn02 + 411* 
Pb++ + 21l20/Pb02 + IIP 

fl 35 
-hi 14 

ngr/ 2 Hg++ 

T1+/T1+++ 

Co++/C’o+-‘ + 
Pb+Vl’b*"*-*- 

+0 92 
+1 24 
+1 8 
+ 1 8 

Cl- + 3Il20/riO; + 6IP 

Mn++ + 4H20/MnOT -|- 811 
MnOa + 2H20/Mn0'4 + IIP 

O 2 + IW/On + 2IP 

+ 1 u 

-hi 52 
-fl 63 
+ l 9 


If, for example, the h^rroiis-fcrne electrode i)assess(‘s the value En = 0 75 
voltj this means that a positive current will flow from such an electrode* to a 
normal hvdrogeii electrode or that the ferric ions w'lll give their charges to 
the ferrous ions, while at the hyelrogcn elcctroele elementary hydrogen will 
be converted into its ion. Therefore, hydrogen under atmospheric pressure 
reduces ferric ion. On the other hand, a current w’lll flow' from the silver 
electrode to the ferric-ferrous electrode w'hen w'e insert a silver electrode in a 
normal solution against the ferrous-ferric electrode and the potential will be 

0 80 — 0 75 ~ 0 05 voltj ?.c., the ferrous ions will be oxidized to ferric ions 
by the silver ions. 

The partial pressure put over a ferrous-ferric ion mixture which w ould be 
approached by the action of a neutral reduction reaction^ may be calculated 
directly from Eo by means of Eq (220), in w'luch w e shall consider tlie ferrous 
ferric electrode to be opposed to a normal h>drogeii electrode (i c, p-, = 

1 in Eq. (220)). When all the concent rations, including that of the hydrogen 

ion, are equal to 1, wo obtain 0 029 log = 0.75, or pm — 10“-® (itw for 

the ferrous-ferric electrode. This partuil pressure of 112 is onlv a little 
greater than that of the dissociation pressure of hydrogen in wati*r vaiior 
(sec Eq. (229)). Furthermore, the ferrous-ferric electrode may also be 
cxmsidercd as an oxidation electrode on the basis of: 

Fc++ + HO 2 + hlW = Fc+‘ + 011 - 
The application of Eq. (228a) with pm = 1 or Eep (229) with pi /2 = 10“®® 
leads to the value pu 2 = 10“®® a/w., which is somew'hat smaller than that of 
the equilibrium jiressure. Therefore, a normal acnl feirous-fernc solution 
represents a weak nMlucing agent for neutral rciluction reactions. 

Tlie reducing potential of the iiiixture may bo x'aricd if we choose other 
values for the ionic concentrations If the hydrogen-ion concentration is 

1 * In an acid-base cipiilibrium neutrality is represented by p//*" = pnrr 
or f//+ = Co//’*’ = V iO”*® = 10”^; ami, correspondingly, neutrality in an 
oxidation-reduction equilibrium in aqueous solution would be represented 
by Pm = 2poi = about KT”, as given m Eqs. (229) and (220a}. 
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OF#'*’ 

kept at a value of 1 and the ratio made ’^^ ++" — 15, we arrive at a partial 

proHSure of II 2 oh well aa of O 2 which corrcK])ond.s to the disbociation cquilib- 
riiini of water vapor, t r., the ability of ferrous-ferric mixture to oxidize or 
to reduce is now the same as that of water vapor. If the hydrojron-ion 
concentration is increased the reducing; action is increased (see Kq (2:i()(z)). 
If the acidity is diminished, the oxidizing action increases Therefore, a 
ferrous-ferric ion mixture in neutral or weakly alkaline solution represents a 
weak oxidizing agent for neutral reactions. 

A number of reactions combine both types of oxidation or 
reduction, ? e., a change in charge occurs at the same time with 
the taking up of hydrogen or oxygen. Therefore, the concentra- 
tions of 11+ ions or Oil” ions do not completely disappear from the 
expression corresponding to lOq. (2305), for the potential of such 
electrodes, as it does for neutral oxidation-reduction reactions. 
The corrcsi)onding values JSo' for such cases are given under (5) 
in Taljle 47. 

* 'riie transition between the two types may be exjilained as 
follows: the fundamental reaction in an oxidation-reduction 
process is the taking up of electrons: viz,, 

Oxidant + n Q ^ reductant'^~‘ {potential base), (230c) 
by which the reductant becomes negatively charged and there- 
fore tends to act as a base by attracting hydrogen 10 ns (simple 
positive charges) so that we have the acid-base equilibrium.' 

Base^~~ {reductant) + a © ^ acid {reductant //„) (230(i) 

superinqKised ui)on this. 

* "I'lie (luestion wdiether an oxidant will take up hydrogen on 
reduction, as in ethylene, or will remain ionized, as Fe+++ + 
© — > Fe++ or I + 0 — > !■“, depends entirely upon the magnitude 
of the acidic dissociation constant of the reductant and the 
[11+] of the solution. Thus, the ion (' 2114 " is a powerful base 
(the residue of an extremely weak acid, ethane), while 1 “ is an 
extremely weak base (the residue of a strong acid, HI). The 
older concept of reduction, namely, the taking up of hj^drogen 
atoms, thus becomes a summation of a true reduction Eq. (230c) 
and a neutralization Eq. (230d) and should be designated as a 
hydrogenation to distinguish it when the latter step is irre- 
versible, as is the case with ethylene (Conant). 

' Soc footnote 3, p. 308. 
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* This point of view has rofontly Im'imi testcnl aniotiK inoiiil)cra 
of the ({uinon<‘ series, where it is found that the primary rea<’tion 
in alkaline solutions may be represented by 


Q + 2©?iQ= (23(V) 

and in aeid solutions by 

Q + 2H+ + 2© ^ QII, (230/) 

Here Q refers to a (piinone and Qlls to a hj'droquinone. Now 
the hydro(iuinones l)ehave as weak acids (m the ease of benzo- 
hydroipiinone A'„i = 10 ■‘® ami A',.s = 10 and in sufliciently 
alkaline solution thej' exist entmdy in the form of the ion Q = . 
The complete ecpiation takiiiK account of the stepwise ionization 
of the hydroquinone then becomes 


.. / I 0 OoO , «o 

h =7io'H — - %•, 

Z (Zg//, 


0 059 
2 


log 1 + 


A,, I 

(hi' 


+ 


A f,i A II, 1 

«■;#' I 


(230(7) 


For neutral and aeid solutions where the reduc(*d form exists 
almost entirely as undissociated QHj, K(( (230(/) may be simpli- 
fied by collecting the acidie dissociation constants and li',, into 
one constant A’o, yielding 

E = Ko + ^ ^ (2:J0fi) 

^ (iQHi <hi*- 


In the case of benzoquinone Eq = +0.0990 at 2r)°C\ Since a 
dilute eqiiiniolecular mixture of quinone anil hydroiiuinone 
can ]je obtained by saturating the solution with their difficulty 
soluble addition product, quinhydrone, the term involving 

quinone and hydroiiuinone vanishes ^log j = 0^ and thi' hydro- 
gen ion activity may then be calculated directly from the 
observed potential, by the eiiuation 


Pa. = log 


dii*^ 


.0990 - 
0 059 


{2m) 


Which follows from Eq. (230/i). The quinhjdrone elerlrode 
has certain advantages over the hydrogen electrode for the 
determination of acidity, in that it is capable of giving accurate 
results in the presence of unsaturated compounds like fumaric 
and maleic acids (Biilmann) and salts like CuSO^ (LaMer) 
which poison the hydrogen electrode hy their oxidizing properties. 
It reaches equilibrium rapidly and eliminates the necessity of 
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using gaseous hydrogen, but unfortunately is unstable in solutions 
more alkaline^ than au^ = 10"^®. 


For nxainplo, consider the pcrmanKanato-manKiinoiih elect ns io, * r , a 
strip of platiniiiii dipping in a ponnangnnalc-inanganoiis ion solution. 
According to tlie reaction. 

MnOr + 311'- + = Mn++ + 411,0 


'I'lie following equilibrium is set up in .solution 

K . n au^ 

_ - + = fl'iJ/a ^ p 2//2 or , , 

flMnOA fl^ir 

From tliLs we obtain 


n^^MnOi oHh^ 


E = +1.52 

o aAf,.++ 


(231) 


fur the potential against a normal ele<*trode. Making all concentrations 
efpial to unity anil sub.stituting the value E = \ 52 remaining in Eq (22Sa) 
l0-“ IS obtained for /jo, when p//, eipiaLs unity, ic, this electrode 

exhibit.s a marked oxidizing action llv a corre.sponding change in concen- 
tratioii.s, Mich as on increasing the h\drogcii-ion (‘oncent ration, the effective 
jiartial pro.s.sure of the oxvgcn can be increabcd even further. That oxygen 
does not develop directly and e.s<*ape as a gas in these simple conditions 
ilepeiids upon the phenomenon of “over\'t)ltage,” which will be discu.s.sed in 
detail later in E(i. (25:1) 


c. The Relation between the Change of Heat Content and 
the Maximum Available Work 


219. Calculation of the Heat Content of a Process from the 
Maximum Available Work. — liquation (ob), which depends upon 
tho Second ]..aw and which is valid for isothermal and isopiestic 
processes, forms tiie basis of the connection between the heat of 
reaction and the maximum work -dr.p. Here it assumes the 
form 

.l,.., -//' = (232) 

if the h('ai of reaction IF is introduced in place of II. 

From this wc can calculate IF for every temperature so far 

as .Ir.p and, therefore, known as a function of T. 

1 * For a detailed di.scussioii of oxidation potentials and nciditv, sec 
('LAiiK, \Vm M., and co-workers, V S Pub Henlth Repts , 38, ftOO, 9:i3, 1669 
(1923), 39, :iSl, S04 (1924); also ('onxnt, rt til , J. Am Chvm Soc , 44, i:i82 
(1922). For a more detailed di.scus.sion of their application to the qiiinh}'- 
dione elc<'tro<le see L.xMkk and Pausons, J. BwL Chnn , 42, 613 (1923), 
and IjaMeu and Kideal, J. Am. Chan. Soc.f 46, 223 (1924). 
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If, therefore, the maximum work of a procosa can bo measured 
directly as the c./a./. of a galvanic element, we have from Eq. 
(216a) that 

ir = 23050 «,[ A’ - ] atl (232a) 

Equation (232a) has been the subject of frequent and careful 
experimental work (first by 11. Jahn), and, in so far as the ele- 
ments used were reversiWe, it has always been confirmed. 
Some of the Jahn’s numerical results are reproduced in Table 48. 

While c\hil)its only the character of a correction term 

in the first four cells, it is of so much importance in the calomel- 
mercuric oxide cell that the maximum available work = 23000 
iicK and the heat of reaction actually possess dififerent signs. 


Tablk 4S. — Thk I Ik ATS of Rkactio.v of Somk Galvanic Klkmknts 


Element 


E HI volts 
at O^C, 


: i)EfvoU 
dT 


I n. 2;i()r>() 


5 ( 5 ) 


(ml i 


W 
ohs 
U'til ) 


Zn/ZnSOi .sat ) 

C\i/CuS04 sat i 

Cii/C:u(Can,()2)2ac| 1 

Pb/Pb(C2U302)2 lOOIIaO / 
Ag/AgCJl . 1 

Zn/ZnCU • 5 II 2 O . / 

Ag/AgBr 1 

Zn/ZnBrs • 25 H 2 O / 

Hg/irg2Cl, + KCl . 1 
Hg/Hg,0 + KOII . . I 


1 0031 (IfV) 

0 4764 

1 0171 
0 S1005 
0 MS3 


-1 3 lO- 
+3 S5 10-' 
-2 1 10 -' 
-I 06 10- 
+S 37 10- 


56000 

17120 

lOfilO 

•10100 

-3710 


5.5200 

10.520 

lOOSO 

30910 

-3:3(SO 


220. Integration of the Fundamental Eq. (232). — While I/' 
can be calculated directly by h]q. (232) when the absolute value of 
Ar.p and its temperature coefficient arc' known, the reverse 
calculation of At,p from //' and its temperature curve cannot be 
accomplished without further a.ssumptions. 

When ir is given as a function of temperature, the differential 
Va\. (232) meredy states that at every point the value of //' 

increased by equal to Ar.p. But, as Fig 53 shows, 

an infinite number of ilr.p-curves correspond to one //'-curve. 
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This result is represented algebraically os follows: If the 
expression identical with Kq. (232) is integrated, the result is at 

2U.pdT - TdAr.p ^ j/'lr.pX ^ Il'dT 


constant pressure, so that the indefinite integral is first obtained: 




+ ConHt , 


(233) 


which may be calculated except for an undetermined constant, 
when W is known as a function of the temperature. 



rurther, if is given for one temperature, this integration, 
ami therefore the entire .1 T-.p-curve, i>(>eomcs absolutely deter- 
mined. For example, if we .set Ar.p = -I j’.pi for T = Ti, we get: 

T.P 

T 
or 


- - - - - J 1 ,|# I 

-n ' - x> 


(23.3«) 


221. The Connection between the Heat Content and the 
Equilibrium Constants of Gas Reactions. — .\n exceedingly 
import.'int relation between the heat content ami the eiiuihlirium 
constant A'p for gas reactions is reached, if the value for .4r.p 
given ill E(i. (214a) is substituted in I'k}. (232) ; 

AX"'.-- '■ " 
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Smco the expressions eontainiiig the initinl and final partial 
pressures are to be handled as eonstants in dilTereiitiatioii, and 
therefore drop out, we have 

w = (2:U)* 

Therefore, if Kp is known as a function of leinperatun*, //' 
follows diri'ctly. 

Kquation (2134) Mates that a positire (exothermic) heat of reaction 
always corresponds to an increase of the constant Kp with an 
increase of temperature. Since, every reaction may be consid- 
ered as exothermic by writing* it in that manner, Kp must always 
increase with increasing temp<»rature in the example's K*ven 
(numerical j)roofs are oontained in Table oO and elsi'\\h(*re). 

It should be noted that E(j. (234) may l)e looked ujxin as a 
geneialization of the simjdified (.4aj)('yron-( 'laiisius Jm| (13b/), 
for in vaporization or solution Eq (13b/) is obtained directly 
from Kq. (231), when we set Kp = p and //' = A. 

Eepiation (234), first derived by van’t Hoff, is freepK'iitly 
(pioted as an expression of a geiuTal law, the' Le Chatelier-Braun 
principle, which may be formulate'd as follows 

Every external influence (such as heating oi eompie>Mon) upon a 
mobile system pioduces a change in such a (liiectLon tliat. the i(‘sist- 
anec of the system tow aids the external influence is inci(\*ised as a 
result of this elianj;o 

Now according to E(p (231) the (Mpiilibrium of a ch(»niical 
system is displaccMl by heatinir, so that a jiart «>f tin* ln*at of n^ic- 
tion //' is absorbed, as a result of the increase of Kp Ib'iici*, 
such a system uses more heat for a temperature increiuso, and 
therefore in such an act jiresents a ^^reater resistance against it 
than does a system w'hose ecpiililirium is not displac(*d on heating. 

The Le Chatelier-Jlraun principle may be consid(»n*d in con- 
nection w'ith the S(*coiid Law', but, since it leads only to a (piali- 
tative statement of this law', it yields much l(*ss than does the 
latter. Further, since it w'orks correctly only when th(* variables 
of the state of the system are correctly chosen, as (*mphasized 
by the critical studies of Ehreiifest,- a dirc'ct ap])lication of the 

^ The Hamc equation holds for I'', if A”, is substituted for Kp, 

»Z. phyaik. Chrm , 77, 227 (1911). 
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Second Law is distinctly preferable to the Le ChatelKT-llraiin 
principle for obtaining this formula. 

In order to use the differential K<|. (2:14) for calculations, it is 
e.\iK*<lient to intograic over a small tcunperature inteiwal (between 
T 1 and T«) within which 11' may be regarded as constant. The 
result is then: 

7 1' I A' _ 1 1 \ //' (r. - Ti) 

hiKpi lnK„2 . 

imd if (h'cadie lo^arithnia and the value of I{ in licat units are 
introduced, tins ec^uation becomes: 

U,g A',. - log ^ (234a) 

'rhe formation of NIT3 may be discussed again as an example 
of the application of this equation. Mxperimcntally. A', amounts 
to 0.:{ • 1()», for T = 89:i° and 2 10 • ]()« for 97:i°,‘ 

,,, 4 '>71 893 97:1 (W 2 1«M0« - b«7 ():M0') , 

" = i)T.i - 893 - = ' 

while direct calorimetric measurement at 9132° yields 29, 300 cal. 

In order to integrate Kcj (234) over any ranj^e of temperature, 
//' IS r(»pr(‘S('nt.(‘d as a function of temperature by means of 
KirchhotT’s law (Kq (212)) and then 


= 2(.)r).30 cal , 




(2346) 


where the moh^cular heats are split uj) into a portion independ- 
(*nt of tenqieratun* (\,n and a portion chaiifjiiiK \\ith tc'mperature 
f'/'. \V(* obtain, tlH*n, analogous to Kq (1316) by integrating 

with /f = 1 9S(i and introducing decadic logarithms* 

i,H, A',. = unt T + 


4. >71/ r-M + (234 c )> 


‘ IIakku, Z. Elckirochtm , 20, r)ns dOH). 

® The iisMiiiiption involved 111 this form of the equation is that T/ rises 
more ra])i(llv than in proportion to T to the first power in the immediate 

1 CTdT CT 

neiKhhorliood of the absolute zero, since the int.ef;ral ^12 L ^(\'dT 

w oiihl he infimto for the lower limit. As far as previous expcnciice extends, 
this condition is always fulfilled. 
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An integration constant also enters here which, in contrast to 
Eq. (233), must possess a definite numerical value, but its deter- 
mination lies outside of the domain of classical thermodynamics. 

222. The Nemst Heat Theorem. — The task of choosing the 
correct curve from the multiplicity of ^Ir.p-curves correspond- 
ing to an //'-cur\'e, without previous knowledge of a point on 
the same, maj*^ be solved by the help of a new principle — the 
Nemst Heat Theorem. 

The latter, like the two classical laws, is founded upon 
experience. It depends upon the fact, discussed previously, 
that solid bodies, in general, approximate to an ideal limiting 
state in which their pro])erties become independent of the 
temperature. Therefore, the maximum work -Ir.p must also 
become constant in the immediate neighborhood of the absolute 

( d *l \ 

d^/ C(iual zero, just as 

the differential (luoticnt ( ) disappears there according to 

E(is. (211a), (60), and (88). Now, since //' = At,p at absolute 
zero on the basis of Eep (232), it follows as the essence of the 
Nernst Heat Theorem that the /A- and A r.ii-curves converge 
and fuse into one another just above the absolute zero, and 
proceed parallel to the T-axis. 

It dear that this result holds only for such substances which 
cuisumc the properties of ideal solid bodies in the neighborhood of 
the absolute zero, and therefore the Nernst Heat Theorem refers tn 
its simplest wording to condensed systems, i.c., systems in which 
exchange occurs only between solid and liquid substances.^ * 


1 A oomplotc prosontfition of the basis and application of the Nemst Heat 
Tlieorein inny he found m Pollitzeu, F., “Rerechining ('lieinischor Aflini- 
taten nach dein Nomstchen Warinetlieorein,** Stuttgart (11)12), Knke, 
Nernst, W., “ TheorctLsche und Experiment cllc CJnindlngen des ncuo.n 
Wannesatzes,’* 2nd ed , Halle (1922), further, Eucken, A., Eryebn. d exokt. 
Naturinaavnarh., p. 120 et aeq , Berlin (1922). 

* Since 1917 a number of valuable jiapers have appeared in English by 
G N. Lewis and his associates Gibson, Latimer, Uodehush, Eastman, and 
others, which fully confirm this phase of Nemst 's principle. I'lie reader 
interested in this important phase of thermodynamics will do well to read 
Chap. XXXI et aeq. of Lewis and Randall’s ‘’Thermodynamics,” as well as 
the articles referred to above, as he will gain a further insight into the causes 
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The cases in which a complete disappearance of (" j can be established 

by niciisureiuciits at accessible Iciiiperaturos arc not iiuinerous, yet there arc 
a Rreat number of examples where it always becomes smaller with decrease 
of tomperalun*, so that an extrapolation to the limiting state is scarcely bur- 
dened witli anv assumptions of an arbitrary cliaracter. Of the examples 
beloiiKiiiK tc) this class we will discuss at this point only the transition 



Flit ol 


of white into gray tin, mentioned above, which was exhaustively studied by 
Hronsted (Z. physiJ:. Chem,, 88, 479 (1914)) The atomic heats of both 
mollifications were measured between T = 80® anil T = 300®, from which 
the temperature ciirx’e of IV was establhshed by means of KirehhoiT's law. 
'fhe ilitTercnce of the atomic heats could be lepnxsciited by the formula (valid 
only for the temperature interx’al given above*) 

f - Cg * 0 40 + 3 25 10-«(300 - 7’)=* 

(C„ refers to the white, and Cg to the gray modification). Since IV amounts 
to 532 cnL at T = 273®, it follows that 

of the limitations of the principle to solutions and mixed crystals. S(*o also 
p. 190 and Eastman, J, Am, Chem, <8oc., 46, 39 (1924). 
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IIt' - Hm/ = - C,)dr - + 

».25 10-* (300 - T)*dT 

273 

or 

ir = 331.4 + 1 . 365 r - 4.37 lO"*?’* + 0 75 IQ-^r® - 8 1 lO-»r<. 
Now, At.p = 0 for the transition point T = 2»*2. Therefore*, .siibHtituting 
this value for . 17 * pi as well as 2U2 for 7'i, it follows that 

At.p = tJ^ 

= 7’[-'*^y'^ + 130o/Mr-4 37 10-*r + 4.87 10-*7’= - ‘2 7 10-»7” j^ 

= 331 4 - 3.1437’ log^„T + .5 6777’ 

+ 4.37 • lO-’T** - 4.87 10-*r» + 27 l()-“7’*. 

From this it is clear, as show n in F ig 5 1, that the course of ! he I'lii vc (ilepend- 
ing only upon the Second Law) joins the 7/'-(*urve 

It .shows that the //'- and the dr.p-eur\'e in fact always approaidi one 
another at low temperatures, and it appears highly piobahle that !he\ fuse 
with each other at not only T = 0, but even somewliat above tins tempera- 
ture, as shown by the (lotted lines. This equality of the nia\imum work 
At.p with the change of heat content //', not only at the alxolute zero itself 
but for a defiiiite temperature range above the same*, represents, as alrc»ady 
stated above, the characteristic rccpiiremoiit of the Nernst Heat Theonmi. 


It is necessary to know the //'-enrvo in tho iininodiate 
ncighliorhood of tho absolute zero to tost whedhor tho fuiida- 
inoiital ro(juiroinoiit of tho Nornst Iloat Thoorom is in harmony 
\vith tho observations in all cases. However, only one point 
at higher toinporaturos on tho -Ir.p-curvo need bo known, as in 
the example of the transition iwint of the tin modifications. 
Now, instead of coiistriicting the .'lr.p-<'iirve tit low(*r tempera- 
tures by means of the Second Law, in so far as tin* 7/ -curv'o jier- 
mits, as was done above, it is easier to choose a definite curve 
from the multiplicity of .dr.p-cun'os by the condition of its 
fusion with the //'-cur\^e in the neighborhood of the absolute 
zero and then see whether the At.p values actually observed at 
higher temperature lie upon this curve. 

In order to obtain the correct -d^.p-cur^^e analytically or, 
what amounts to the same thing, to fix the undetermiiKMl integra- 
tion constant of Ktj (233), we have the characteristic condition 


hm 

r-o 


dtV 

dT 


= lim 
r-o 


dA T.p 
dT 


= 0 


(235) 


to unite with Eq. (233). 
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On tho basis of Kirchhoff’s law we first obtain the definite 
integral in i)lacc of K(i. (233) for condensed systems, 

= Ih' - 

ill which the integration constant Jt possesses for the present 
a fixed numerical value. The assumption is made in agreement 
with the experimental data previously givcm for tho molecular 
heat of solid and liijuid substance's at very low temperatures 
that the molecular heat Cp rises at least proportional to T, 
since otherwise the integral expression contained in Eep (23Sb) 
would be infinitely great for 2' = 0 similar to the above. 

AVe obtain from Va{, ( 2 »YAb) by differentiation 

Since tho two integral expressions must vanish in the neighbor- 
IkmxI of tho absolute' zero, owing to the assumed and experi- 
m('nt.ally established tempeiaturc curve of the molecular heat, 
it follows first that 

r.-=o fir 

Then in orde'r that the condition of lOq. (235) be fulfilled the 
following must hold: 

Jk = 0. (237) 

Tlu'refore, if the //'-curve of a condensed svstem is regarded as 

(UV 

given ('iiipirically (in which the condition = 0 must be 

fulfilled), then the* requirement that the inteijration constant 
vanishes suffices for establishing the correct AT,p-curve,^ Hence we 

* .last as llic sum of tho spooifio heats of the roaoliiiK substances may bo 
added loKolher according to Kirclihoff’s law, we can think of as being 
n\solve«l in an analogous way into a sum in winch each member represents 
a characteristic constant for the participants in the reaction. (./«, = n + 
?2 + /a + — — ?2' .) While the original Nemst Theorem 

demanded onlv that Jk vanisht'd for every reaction in a condensed svstem, 
Planck expnvssed t ho conjecture that the values ti, ts ^ i' • would 
be e(iual to zero for the individual solid bodies. 
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have for the inaximuin work of a process in a condensed system 
the expression 



According to this the calculation of Ar^p for a given tempera- 
ture T rofpiires a knowledge of : 

1. The molecular heats of the reacting substances and iheir 
temperature curve from the temperature T down to the neighbor- 
hood of absolute zero. 

2. Th(‘ heat content of the reaction for a t(Mnperature bc'tween 
absolute zero and 7', from which // o' may be calculated by means 
of Eq. (212). 

In numerous cases an exact test of Eq. can be carried 

out, i.e.j a comparison of the calculated values with those 
found experimentally. The result is that in all cas('s iij) to this 
time the agreement between the calculated and the observed 
values of Ar.p is the more complete the more accurately the 
data (//', (’,,1 At.p) can be determined. Larger discrepancies 
which were evident in certain cases from the very first can 
without e\e(»ption be traced back to errors of e\perim(»nt or 
calculation. The(‘xaet empirical proof of X(‘rnstV Heat Theorem 
indicated above can thus bo considered as prov(»d. This result 
signifies a confirmation of the fundamental theorem that all 
properties of solid bodies are indei)endent of the temperature at 
very low temperatures 

T\hi.k in 
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223. Practical Application of the Nemst Heat Theorem to 
Condensed Systems. — Now, certain difficulties of calculation 
interfere with the practical application of Ecp (233c) because 
the dou))le integrations to bo undertaken in Eq. (233c) frequently 
lead to complicated formulas, the use of which, to say the least, 
is laborious and time-consuming. It is to be recommended, 


/ TdT 

r- / expres- 

sion ^ ^(\AT necessary for the determination of //o' be first 


split up into its individual terms corresponding to the different 
reacting substances 


(I) 

(ID 



^2 = 
r<i>.> = 





and these valiu‘s estimated in the form of tables. 

If it may be assumed that the temperature curve of is repre- 
sented with sufficient accuracy by Debye’s function (sec 78), 

which may be abbreviated in what follows as fhe expres- 

sion «I> is obtained simply by means of Table 49, and the expres- 
.sion ^ by means of Table 51, in which in the argument ^ we must 

put the value of 0 dc'termined from the temperature curve of 
the molecular heat, and for T w’c must jnit that temperature for 
which the calculations are to be performed. Ilow'ever, since the 
Debye function holds for Cv while Cj, is to be applie<l here, the 
difference Cp — Cv must be carried along as a correction term, 
which freciucntly has much w’eight at higher temperatures (see 
64). 1 rhe Debye function does not render the temperature 
curv^o of Cv w'ith sufficient accuracy with only one 0 value for 
substances of complex molecular constitution, though in such 
cases it freciuently permits a satisfactory representation with 
several values (see 61). 


As im example of the ovnluatioii of Eq. (2.S3r) by means of the tablc.s, 
the iiiaMiiium work may be calculated for the reaction already mention<»d, 
Pb + 2AgCl = I’bCU* + 2Ag, which may be ascertained at the .same time 
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oxponinontally as t lio ^ m f of tlio load ohlorido-Hilver clilorido <'oll Tlio 
lioat of the roactioii iiicaMircd oaloriiiictrically amounts to 21,820 cal at 
290° aha. The molecular lieate Cp arc reprcHCiitcd with some approMination 
through the following cxpn^sion, in winch Cp — Cv 

i*b + 7 

2.VkC1 2| + 22 10-'7'»«| 

ITjCI, + IS I0-‘7'>' 

2\f[ L'l + a 10-»7’*'| 


Thoreforo, it follows that 

= '<?) + -(T) ^ KT) - «(¥) - H 

+ 2S 10-“ 7’*i, 


270\ 
T ) 


-HT) 


and fiom this, according to Table 49, for 7’ = 290° the roMilt is 
r 2 :*V = I = 15:9) + 2 x 1492 + 2 X 12:i2 - 1515 - 2 X 1200 

- 2 X 12s:} + H X 23 X 10 “ X 290‘» = 001. 


'riiis amounts to //o' = 24820 — 001 = 24219 cal 
riirther, for T = 290° according to Table 51 

J 'TdT CT 

0 T^Jo ^ + 2 X 8 59 + 2 X 4 70 - 9 92 - 

2 X 4 30 - 2 X 5 20 + 9 2 X 10"“ X *3 X T** = 7.60. 


ami, therefore, for Eq (2:3:Jc) 

Ar.p = 24219 - 290 X 7 liO = 22010. 


Now 11. Miething' ha8 determined the expressions ^ and ^ 
numerically for a great number of substances whose molecular 
heats are knowui down to low' temperatures and has assembled 
them in comprehensive tables. These data were obtaineil by 
means of a graphic procedure. The (.*p-curvc found empirically 
w'as first plotted upon coordinate paper. The integral of the 


function T«l> = / CpdT w'as obtained by measuring the surface 

1 r 

area of the figure (see 10). The function yo J 


'T ^ 

C ndT = m 


was 


first represented in a similar w^ay as a curve and then integrated 
graphically. Now' the use of Miething’s tables is very much 
simpler than that of the Debye function. 


^ Ahhandl, Dent. BunaengeaeU., Nr. 9. 
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We obtain directly for the case of the lead chloride-silver chlonde cells 
for T = 290® 

= 1593 + 4 X 1390 - 3 X 135f> - 2 X 13H) = 477. 
Thereforei II J = 24343 col. Further 

SS^29o = 9 91 + 4 X 0 i\7 - 3 X 0.49 - 2 X 5.33 = 6.43 
At.p = 24343 - 290 X 6 43 = 22483 ctd. 

Experimental measurements give 0 4SS9 volt for the e m.f. of the lead 
chlondc-Bilver chloride cell which corresponds to a free energy of 2 X 
23050 X 0.4889 = 225-10 caL The agreement of this miinbcr with the 
value calculated from Micthing*s tables is excellent, while an error of some 
hundred calorics is given b}' using the Debye function. 'I'lio result that. 
Miething's method points to a definite superiority is not surprising, sinei* 
the Debye function does not always adapt itself completely enough to tlu* 
course of the molecular heat of polyatomic substances even when .several 
0 values are used, while the graphic process always operates with the same 
accuracy even though it is only moderate. Also, the correction term for 
Cp — produces some inconvenience m the formal representation, while 
in the graphic process it is automatically taken care of. 


In general, therefore, it is rocoiiiinended that the maxinuini 
work of a reaction, for tvhich the Debye function with a single 
0 value does not suffice for the representation of the molecular 
heat of all reacting participants, be calculated, where possible, 
according to the graphic process if the necessary data are not 
contained in Aliething^s tables. 

In conclusion, the following point deserves consideration in the 
determination of the maximum work of a condensed system. 

The function passes through a maximum, since it increases 


faster at low temperatures and slower at high temperatureS 
than does T, As a rule, this point lies b(‘low room temperature. 
Therefore, special care must be exercised in the evaluation of the 


integral ^ = 



dT in this temperature range and it is to be 


especially noted that this also comes into marked prominence in 
the calculation of the maximum work at higher temperatures. 

224. Complete Thermodynamic Calculation of the Equilibrium 
of Gaseous Systems. — The transition from coiidcmsed systems 
to gaseous systems involves no theoretical difficulties. The 
system is first considered at such a low temperature that all 
reacting participants are present not only as gases but also as 
solid or liquid bodies. When it is considered that the reaction 
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proceeds directly between the solid bodies, the maximum avail- 
able work A T.pUoiid) of the reaction is represented by Eq. (233c). 

The operation may also be performed in a roundabout way 
through the gas phase. Since in the vaporization of the initial 
substances and in the condensation of the final products no work 
is performed, the expression (Eq. (214a)) holds for the total 
reaction 

in which the pressures Pa nnd etc. repn'sent the vapor pres- 
sures of the reacting substances in the preceding case. 

On the basis of the Second Law- the conclusion is, as usual, 
that /lr„aa) = -loozid) and that, therefore, 

• - ItTlnK^ = //„' - T 
Pi' • Jo ^ Jo 


Wo can oliininate the vapor pressure of the solid l)o(ly direetly 
by use of the general vapor-presstire Eq. (Hil/) and, by intro- 
ducing d(‘cadi(r logarithms at the same time, obtaining: 


lo<j Kp 


II n "I" W.\ni *1“ MlAn» . 

115717 ’ 



•I 



miB 


Cpo log T -]r wia + 
... - (/«V . . 


I 


in which Ct and refer only to tlu* gaseous substances, since 
the t.(Tms with i\ (aoitd) etc. have disappeared. Now the 
expression //o' + wAoa + wAqb . . ^Aqa' . . . , i.e,, the 
heat content of the reaction of the solid substances increased by 
the sum of the heats of vaporization of the reacting substances and 
diminished by the sum of the heats of vaporization of the result- 
ing products, is to be set ecpial to the heat content of the reaction 
in the gaseous phase If'oo according to the First Law and, there- 
fore, it is simi)ly found that: 


loff Kp - ^ i ^ + 


_i r^dT n 
4.57iJ, T*J^ 


SCr'ir-1- mU + mia . 


-qtA’ 


.(234d) 
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sin cqusition wliich is identicsil with Imj. (2114c) if the previously 
unknown into>»rsition constant J is set eipial to: 

J = niA + tniji . . —q\.v • , (2:1S) 

Z.C., the inhyuition conaiant J of the differrnfiol Kq. (2;U) /// ijns 
ivactinns is equal to the sum of the chemical eoustauts of the (jas 
moleeuleis disappeai mg diminished by the chemical constants of 
those which ate formed (taking account of the number of motes 
mrolred), 

4'he cours(‘ of Kp is ostaldished, as a ruh', by th(' ('stiiiiation 
of the integration constant J sit a low tcunperature Kquahon 
(2I14d) IS, theiefore, independent of the presence of solid Indies and 
also holds for any given high temperature 

226. The Independence of the Chemical Constants upon the 
Nature of the Solid Phase. — As the pn^ceding consid(Tsitions 
show, the specific nature of the solid body with which the gsis 
eriiiilibriuni at low’ tenipersitiire is established reipiin^s no further 
discussion, 'fheoretically, it is quite the saiiu*, whether wo w’ork 
iit a somowhsit hijrher temporsiture where the substsince is 
luiui<l, or at si lower toiniiersiture W'here it is solid. The final 
r<\sult is that Ivi (2A4d) must be independi^nt «»f these considc*ra- 
tions, i (*., the constant, J = iua + tniu —qiA , 

iiiiist possess a definite* value, iminflu<*nce*d by the nature of the 
solid l)odies chosen. Obviously, this is only possible? if the te»nu 
7 pe>ssesses tin* same value feir all c(nide*nseel phase»s. The* impor- 
tane*e* of this result may bo confirmed in the folle^wing way 
(\)nside»r two e*e)nelense*d phases, such asliepiiel and crystal, whic^i 
will, in Kcne»ral, peisse'ss different vapor pressure's p anel // e^xcept 
at the*ir transitiein (melting) point. The maximum we)rk eif 
transitieui is, therefore, representeel by K(p (213). AVe then 
obtain, at the same time keeping Kq. (131/) in mind, that: 

Ar.p = RTlnp — ItTlnp* = Ao + CpoTlnT + 



or 


r^dT 

Ar.p = pq — T j / (Cpinohd) — C\n8oiuh)dT + i — i', 
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siiico pu = An — An represents the transition or melting heat at 
th(‘ absolute zero. Now the application of the Nernst Heat 
'rheoreni rocpiires for the direct intereonversion of condensed 
systems that the integration constant disappears; therefore, 
I must o(pial i', 7.C., the value of the chemical conMants is inde- 
pendent of the nature of the solid body (see translators’ note, 
page 190). 

226. Numerical Calculation of Gaseous Equilibria. — The 
practical application of K(j[. (234d) takes the following form, 
rirst, //o' is determined^ by means of Fa\, (212). The individual 
values for /i, ? 2 , etc., which unite to form J, are taken from Table 
24, and the integral ^ is evaluated either by direct calculation 
f rom tables or by graphic methods. Now for the rigid calculation 
of the //o' value's as well as the integral Sk, the specific heats of the 
gases must be known accurately down to the absolute zero. In 
general, however, this is not possible, so that the true value of 
//o' cannot be determined. But in spite of this the calculation 
can be carrie<l out, ?/ all claims to the true value of II n are 
renounced. Then it is only nece.ssary to see that the same value 
is us('<l for //o' in hkj (23 Id), even though it is fictitious, as was 
us('d for the estimation of the i value from the vapor-pressure 
curve. Therefore, the corresponding (fictitious) values of (\n 
ar(' giv(»n next to the i values in Table 24.- 


IlfMK'crnrtli, :m .'ipplicatiuii of Kc| VlSAd) to the Nils (M]iii1il)rniin raisos no 
(htlirnltics of any sort in connortion with Kcj We uhtain 


log K,. 


1S,S10 II 70 _ 0 00077’ _ 1 7 10 -«7’2 

4 5717’ ^ 1 0sr> 4 .57 1 4 57 1 

- 3 3 SO + 0 -f 2 2 2 

* + 5 !W h>gT - 0 (MM)15r - 0 .‘{7 10-' T‘ - « 7. 


‘ Tho index g will ho dropped in what follows 

^ It may bo assninod with coiiaidernblo eonhdonco that all gases lose their 
energy of rotation at siitliciently low temperatures, and, therefore, attain 

g 

a molecular heat of f’p = 2 ^^ heeoino thermallv monatoniie, an<i, 

therefoie, i can be thcon^tieally determined at very low' tenipcnitun»s 
according to Eq (133o), valid for monatomic substances. However, this 
calculation is for the present without significance at higher temperatures, 
since the increase in the heat of rotation Cj,r is not known, and therefore it 
18 impossible to evaluate the integrals ^ and ^ for the heat of rotation. 
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Table 53. — Equilibrium Constant Kp op Ammonia for Different 


Temperatuuks 

T 

log Kp calc. 

log Kp obs 

773 

4 80 


S34 

5 33 

5 34 

904 

5 89 

5 880 

995 

0 45 

0 47 

1071 

0 91 

0 90 

1187 

7 43 

7 40 


In tlic prccoditig tabic several of the values fur Kp (‘alculatcd in this manner 
arc compared with the values measured directly by Haber. The apphi'abil- 
ity of the formula proves to be very satisfactory. In judfj;in{j; the results, 
it must be borne m mind that the chemieal constant of XI [3 is not (‘alciihiled 
from the vapor-pn\ssure formula, but back from the XI Is cciiiilibiiuin. 

When g:iseous C(|uilibria at temperatures higher than 1200° are inves- 
tigated, the change in the specific heats of the gases H^, X>, O^, etc. with 
temperature must be borne in mind. As an evample of tliu iiianiarr of 
carrying out this calculation, consulcr the water-vapor equilibrium 2114 + 
02 ^=^ 211 . 0 . 

There is given" 

IP = 115,0f’i0 cal at 273° 

II, : C, = G.9f, + 

Oj.r, = fi96 + 

11,0. C, = 7 9.5 + 

where represents tlic I’lanck-PhiihtiMii fiiiKttion J'ki (9SnI. The % 

values are again taken from Table 2 1 ^ 

Since the function tp is of no importance at low' fcinpiTatures, we obtain 
then for the absolute zero. 


//o' = 115,000 


(2 C 90 4- 0 00 - 2 7.95)273 
~1300 


1 13,700 caZ. 


Therefore, 
log Kp = — 


113,700 4 SO 

4 57 IT 1 9S5 4571 


1 fTdTfT 
571 Jo T^Jii 

+ - 7 ^ + 0.7 + 4., 




and for the special case of 1000°, 

(log K, = -24.97 + 7 50 + ^-gy-j(0.026 + 0.0.36 - 0.44 - 0.0.52) 

-2.6 = -19.96, 

if the integral is evaluated according to 1'ablc 52. 
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Tlio coiiiputatioii for acvoral other teni]>oratiircs leads to the Table 64, 
111 whioh tlic degree of dissociation a(for p — 1) obtained acconling to Kq. 
(1816) by means of the calculated Kp values are placed next to the a values 
ilirectly observed. 


Taijlpj 64- -Dissociation of Watbu Vacofi 


T 

Ing Kp 

100a o.ilr 


Mi-(hf>il 

2‘»() 

-S2 21 

0 4‘iri 10-55 

0 17 10 M 

Hi, O, coil ( 117 ) 

KNM) 

-l‘» ‘M, 

2 h 10 • 



1.TI7 

-12 I..1 

7 S 10 * 

7 S 10 • 

.S(n>:iiiiiiif; riiftliod ( 179 ) 

iro.'i 

- 9 2'l 

10 2 10* 

10 2 10 2 

Soiiii-pcriiifiiMf: iiii'iiihriino 





( 41 ) 

2iri*i 

- (i ()•) 

1 IS 

1 IS 

Sfiiiipi-riiip.'ihlc 1111 ‘iiibrano 





( 41 ) 

2‘inri 

- 1 12 

1 l.'i 

1 r, 

K^plosioii nii'lhiiiP 

27.11 

- li Vi 

7 0 

s 2 

Kvphision iriothod* 


1 For tho applip.'ifinn of the cxploHiiui mi>tlioil, hrn-n^ in 55, to (hr osliiii.ition 

of rliriiiicul rqiiihliriii lit hiKlirr triiipfraturcs. nee Sikukl, Z pht/tih Chem , 87, 011 (1914) 
This paper cites the older literature 


227. Heterogeneous Equilibrium. — It is easy to show that Vai. 
(2lMd) as wdl as the L M A. and Hq. (214a) also hold for hotero- 
goncoiis cciuilibria under the following conditions: the partial 
pressures (in Kp), the eheiuical constants, and the expression 
Cpo log T of all substances present at the sanie time' as solid phases 
are lacking; the integral 4^ contains the molecular heats of the 
solid bodies as far as these arc present as well as the f'V value of 
the gases; //' represents the heat content of reaction observed 
directly in the heterogeneous system. 


Tlic dissocial ion of calcium carbonate scr\Ts as an oxainpio of a univariant 
system in which the partial pressure of the carbon dioxide (pcoj) enters in 
place of A'p. 

The heat content of reaction amounts to 30700 ± 700 cal at T = 200'*. ‘ 
The Cp values for the solid carbonate and ox'ide, as i\ell as the integrals 
derived from them, are taken witli .slight changes from Miething's tables 
It IS assumed for gaseous carbon dioxide tliat^ 


C,. = 0 00 + 


We first obtain' 


K7) 


<T) 


//o' = :i«7(K) + - «!M!'/' - T1>,0, + 

= :«)7(M) - 1530 - 2030 - 150 + 3500 - 30500 cal. 


*Soo VON Koiinkk, “i)i»sert(i<ioti,’' Korliii (1014) 

* Sve Eucken, a , Z. physik, Chem , 100, 150 (1922). 
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Fm«lly 

, , 39r)00 , 696 

log Ap - log prm ^ ^ 


+ 4 CTl/.’’'?!/.'''---""' 


Since MietliiiiK's tables extend only to T = 600® for CaCOa, mid only 
to 700° for (\‘iC) mid the lowest temperature for which a dissoLMation pnxssure 
for C'nCOj lias been measured is 7.S7°, it us necessary to undertake an extra- 
polation. We set 5 S7 for the integral for (*aC()* at 7S7° and 12 37 for ('aO, 
from w'hicli it follows from the formula for the dissociation pressure that 
= 0 10“S while the ineasureinenta give the value 3S 10"* atm, 
(see Table 42). In consideration of tin* uncertainty w itli w Inch the values in 
the calculation arc affected tlie agnuMiient may be consiilered satisfactory. 

The combustion of .solid carbon to gaseous ('<>2 may be chosen for a 
divariant .sy.stem The cahailation ls carried out for the diamond, as its 
.sjK'cific heat is liettor known than that of amorphous carbon. Since the 
effect of tlio greater lii*at of combustion of amorphous carbon and it.s greater 
spocihc lieat c*»mpared to the diamond partially compen.sato, the calculation 
of the final re.sult for the diumond will not be far from that for amorphous 
carbon 
Here 


//' = 04,300 cal at 290° for Cp (graphite). 


(See 'Fable 2 in Miething’s tables ) 

CO. 

//«' = 5)4, aiM) - a.5.S - ti (Xi 2<)0 + «5 06 25)0 + 

snoo '2(H)n 

942()0 


loO 




+ 


CViinputatioii for T = 1300° gives 


+ 

0.7 - 0.80. 


log Kp = -15 85 + 0 80 + 0 020 - 0.565 - 0.066 - 0.10 = -15.77. 

Here the agreement with the experimentally determined log Kp = 15 54 
(see page 355) is such that the difference can be explained simply bv the 
eoiisidcTable uncertainty w'lth w'hich the individual numerical values appear- 
ing 111 the ecpiatioii ns w'(»ll as in the experimentally determined A',, value are 
affected at 1300° How'cver, in this example the first member is of very 
much more importance than all the rest, w'hicli for the greater part com- 
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poiiHato oiio iiiiollior. At room tompoiatiin* lln* fiibl iiirmhor is of still more 
iiiiportaiicc than at higher lompi^atums, for T 2t)0° ue obtain 
log Kj, = -71 11 +0 11 - 0 ai - 0 10 = -71 i:i 
At this tcMiiporaturo only a vanishingly small fraction of the oxvgon remains 
unb'iriicd in the union of enibon with oxygon 

228. Derivation of an Approximation Formula. — While the 
heat of reaction of //' can, as a rule, be assiuiied as known, the 
molecular h(.‘ats as well as the chemical constants are lacking for 
numerous substances. In such castes any claim to an exact solu- 
tion of the problem must naturally bo nmounced. However, by 
introducing some simplitications, \ornst was able to put Kq. 
(2:i4r/) in the form of an approximation formula, which, as a rule, 
yields tin* correct order of magnitude of the 0 (|uihbrium constant 
Kp and, therefore, gives an iilea of the stability n^ations of the 
eepulibrium. 

The simplifications are as follows. 

1. The heat of reaction //' measured .at room temperature is 
use<l directly m place' of //o'. 

2. The following an' put in place of the' true moh'cular heats: 
the value S.o for every gas molecule and the value 0 for all solid 

T 

therefore', 

is elimin«*it('d and the tc'rm with log T re^aels: 

A/I ^ A// I 7r>logT, 

111 whie'h the expnxssion In repn'seaits tlie» eliffere^nea* in the number 
of gas meile'e'ule's disappe'anng minus the number e)f those 
appearing. 


TaULK .50' — roWENTIO.WI. ('lIEMli’M. f'O.N'STWTS ? 


H,.. 


1 () 

UCl 

3 e) 


3 1 

CH4.., 

■ . . . 

2 .5 

in 

3 1 

XHi 

3 3 

N,.. 


2 () 

Ne). 

3 .5 

H,() 

3 e') 

o. 

. . . 

. 2 8 

NoO 

3 .3 

(’(’1 

3 1 

('(). .. 

..... 

.5 

HaS.... 

3 () 

('IIC’U 

3 2 

cij. .. 


3 1 

SOa.. 

3 3 

(’cir.. 

. 3 0 

li. . 


3 0 

C()2... . 

3 2 




> For tho atoms Hi, Ni, etc , half the value given for the iiiolei'ules is to bo substituted 


and li(|uid suhstancos. The* torm 


1 njT r 

n j tJ, 
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3. In order to compensate as far as possible for the simplifica- 
tions (1) and (2) the convf'utional chemical constant i' will be 
used, which may be cm piricall 3 ' estimated from f^aseous ecpiilib- 
ria (see Tal)Ie iV)) in jdace of the true values of i determined 
by the vapor-pressure formula (M(i. (131/;). Therefore, in 
place of Va\ (23*4d, pa^e 411) we obtain: 

log A'„ = - , /f' ,, + Aft 1.75 log T + Si'. (239) 

The value of 3 o given above for the molecules of gaseous 
substances is arbitraiy' within certain limits; however, it s(‘ems 
rather better to retain the historical value 3.5, as it is doubtful 
whether a change in this value would lead to an improvement of 
the formula. In all cases it is to be observed that cver^' change 
in K(i. (239) also recpiires a similar change in the empirically 
determined conventional chemical constant 

229. Application of the Approximation Formula. — As the 

influence of the expressiems hg T and 

which have undergone the most simplification, decreases, Eq. 
(239) becomes more serviceable. This is icH, par.) all the more 
true the smaller the difference between the disappearing and 
appearing numl)er of moles of gas molecules. Ecpiation (23!)), 
therefore, jdelds relatively exact values for reactions in which 
An = 0, i.f.j in which the mole number remains constant. It 
is still applicabhj for An = ±1, but it should be used with caution 
in case An < —1 or > +1.- 

A number of e\ampl(»s, llie greater part of wliich are taken frlnii 
the excelhmt monograph of Pollitzer, are giv(»n Ikmh* as i)roofs: 

1. An = 0. 

Table 56 shows very clearlj'^ that Kp increases more markedly 
with increasing temperature the greater the heat content of the 
reaction, as predicted l\v Eq. (231), but at the same time it shows 
that the magnitude of the heat of reaction also influences the 
absolute value of Kp and, indeed, a large heat content of reaction 
corresponds to a small Kp, a result which is quite obvious, since 

' See ]). 2S3 of the monograph of Pullitzcr and Nemst for the reasons winch 
led to this choice. 

’ This classification prcsiippos(\s that no fractions of one mole appear in 
the reaction equation. 
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•-I .-I CO O ^ 

I + I I I « 


I f I I I 


o Cl I-H 1-1 

I + I + I 


i?58§| 

»>. <^1 '^1 o 

Cl O CO 
i-i Cl -o* 


o 

^ - 

a ® S ® w 

« 1 V? 1 

a®« ,0 
+ ^■^0 + 
jrSwSw 
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a large heat content of reaction points to a firm combination of 
the moleeiiles fornuMl. 

The influence of the chemical constants is greater the smaller 
//' 

the term therefore the higher the temperature and the 

smaller the heat content. An application of J^q. (230) to v(‘ry 
high temperatures would lead to the result that Kp is nc'arly 
independent of the temperature. However, this comdusion is 
in no way binding, since' it is just at high temperatures that the 
terms, which are completely ne'glected and which contain the 
molecular heats, must become most prominent. 

nie combustion of carbon to carbon dioxide, which has 
already been treated exhaustively, serves as an example of a 
heterogeneous reaction which pioceeds without change in the 
number of moles of the gas(‘s The calculations carried out in 
227 show the small influence of the terms which contain the 
specific heat and therefore the justification for applying (Hq 
(239)) directly, 

2. Aw = +1 

Since also in numerous cases the conventional chemical constants 
are not known, it is necessary to introduce a unit value for i' 
in Eq (239). The value chosen as such as = 3 for moh'cuh's 
and i' = 1.5 for atoms. Equation (239) then takes the form: 

log Kp = ilyp + 1 75 log 7 + 3 (or + 1.5) (239a) 

according as di.ssociation takes place into molecules or atoms. 

In order to facilitate a comparison betw(?eri obsi'rvation and 
the resulte of Eq. (239a), it is expedient to compare the observ('d 
temperature Tk with the calculateil for a given Kp value instea<l 
of the Kp values. A';, = 3 3 was chosen as a normal value which 
corresponds to 50 per cent dissociation for a total pressure of 
1 atm. in a reaction according to the scheme A + B —> AB, and 
to about 27.7 per cent for a reaction according to the scheme 
2A — > A2 (see Eqs. (180a) and (178r)). 

The applicability of the approximation formula also proves 
to be thoroughly satisfactory here. For the dissociation of 
diatomic gases into their atoms this result is due only to thi* 
choice of 1.5 for the i' value of the atoms. Moreover, as a ruk*, 
the application of the exact formula (Eq. (234d)) involves 
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'I'ahle 57. — Dissociation Tempkkvtitues of Some (Jvskm Dissociatin<; 
INTO Two Molkcim.es oil Two Atom.s 


Reaction 

ir 

Tk oI)s 

Tk calc. 

2XOj = NjOi 

12450 

S27 

314 

2IKXK)It = OK'OOIDi 

147SO 

410 

410 

2(:il,(.'(X>Il = ((’ir,(’(K)iI)j.. 

IGOOO 

425 

450 

+ ('b = PCI. . 

18.500 

4S() 

5(K) 

n.() + so, = iitfSo.. 

21S50 

02:1 

599 

21 = 1. 

35(MM) 

1:1 10 

900 

li 

470<M) 

lti50 

1150 

2 (n = n, 

50000 

:il>out 19S() 

1900 

211 = II. 

about 95000 

ahoiit 3S50 

3150 


relatively few diflicultios in the dissociation into atoms, since the 
specific heats for tlic atoms as well as the chemical constants on 
the basis of hsp ( may 1x5 assumed as known. For example, 
one obtains th(‘ formula 

log = ^ + 1.50 /<«; T - 


1 

4.571 




for tho dissociation of hydrogen according to Kq. (2;Uf/) for the 

values IFq = 95000 ^ (\h = 4 90; (\,H 2 = 0 90 + 

= 1.00; ?//, = —3.70 (according to Table 24), w'hich yields 
Kp = 0.3 at 3350° (in.stead of Kp = I3) in excellent agreement 
w’lth the observed value. 


Of the het(*rogeneous reactions which proceed with the forma- 
tion of a mole of a gas, the dissociation of a number of carbonates 
may be considered. Here iV-e, = 3.2 according to Tabic 55 and 

l<yg Kp = log P ^ 5717’ 


If we desire the temperature T at which 1 atm. pressure is 
reached {log p = 0), \ve get the relation: 

y' = 4.571(1.75 log T, + 3.2), 


which reminds us of Eq. (125a). 
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The decomposition toinpcraturos caleuljitcd from this arc given 
in the following tabh^: 


Tahlk as --D jssoi’ivtion Tkmi*kii\tuueh of Some Cauhonatks rNDEii 
Atm ( M pii KKK * 1 ’kessi j h k 


C'arbonate 

IP 

T calc 

T ol)S. 

Ag^COa 

22000 

54S 

49S 

PbCOa 

225S() 

010 


MnCOj 

23500 

032 


Can >3... 

39700 

1030 


Sr(^(),. . 

55770 

1 103 



The agrecnu'iit i» satisfactory cxcc'pt for calcium carbonate. 
That the results in Table 08 are moiH» satisfactory than those in 
Table 57 depends primarily upon tlie fact that in this case wo are 
concerned with the dissociation of the same gas (C'(^ 2 ), so that 
the uncertainti(?s involved in the chemical constants are elimi- 
nated to a large extent. 

3. An > 2. 

Somewhat greater eaution is necessary in the application of 
Vjq. (239) to reactions in which more than two gas molecules 
appear or disappear, since, as mentioned b(*fore, the simplified 
second member becomes of more importance than if An is eciual 
to 1 or 0 .^ j 

If the values of the chemical constants are not accurately 
known and arc to bo estimated only by rough appraisal, the 
approximation formula may also yield values which are at least 
qualitatively correct estimates for the position of the e(iuilibrium 
W'hen An ^ 2. For example, some observations have been made 

1 Since the greater number of tlic coiivontial chemical constants given in 
Table 55 have been estimated empincally by the aid of Kq. (239), from only 
a single known eiiuihbrium, the application of this equation to the same 
equilibrium does not lead to a result which can be used to judge the formula 
with respect to the absolute value of Kp. This explains why almost the 
same value is obtained for Kp in the ammonia cciuilibrium by means of 
Kep (230) and the t' values given m Table 55 as with tlic exact formula 
(Eq. (234)). 
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that the dissociation of heavy metal nitrates into o\id(»s and 
NO or NO 2 and O 2 ' proceeds with a very much higher heat of 
reaction than the dissociation of the carbonate, although a 
dissociation pressure of 1 atm, is reached at approximately the 
same temperature with the nitrates as with the carbonates. 
The explanation is that in the dissociation of the nitrate the 
number of gas nK)lecules resulting is greater than in the dissocia- 
tion of the carbonate; accordingly, the s(*cond and third numibers 
of 10(|. (239) become of distinctly inon; importance than for the 
car1)onates. In this manner, the first term, which is greater 
owing to the higher lieat of reaction, is compensated in the 
nitrates, so that, finally, at the same temperature about the 
same value of Kp results as in the dissociating carbonates which 
have the smaller heats of reaction and for which the Utiu 
A n 1.75 log T is of lesser importance. 

II. CHEMICAL REACTION VELOCITY 
1. FaIPIUK’AL PUKSENTATUIN OF TIIK FUNDAMENTAL LaWS 

a. Homogeneous Systems 

230. General. — As has already been shown in 8, the considera- 
tion of the time course of a reaction leads to the introduction of 
the idea of chemical-reaction velocity wlinth was defiiuHl there as 
the change in the quantity or the concentration of the reacting 

substances in unit time or 

The example mentioned in 11 and 13 from the field of radio- 
activity treats the simplest conceivable case of a reaction, 
since the initial material consists of a single substance. Now 
the task of the remainder of this section will consist in extending 
thc^ considerations stated above to complicated reactions and 
learning more about the properties of the constants determining 
chemical-reaction velocity. In oriler to have the simplest 
possible relatioTis it will first be assumed that the course of the 
reactions be entirely in one direction, lc., the exchange proceeds 
completely in one direction just as in a radioactive decomposi- 

^ For example, lead nitrate decomposes according to the equation 
Pb(NO,)2 = PbO + 2N02 + 
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tion. '^rhis hypothesis may always be considered as praetieiilly 
fulfilled so long as Ihe chemical sj'stem under consideration is 
still far from its position of eciuilibriuin. The results so obtained 
may be applied to the course of the reaction in the neighborhood 
of the eciuilibrium point without difficulty (see 233). 

231. Unimolecular Reactions.- The inversion of cane sugar 
(C\ 2 ll 220 ii + Il'iO = 2 C' 6 lIi 206 ) serves as an example of a 
reaction wiii(*.h starts with a single molecular species and may, 
therefore, be designated as unimolecular. In this case one biose 
molecule (cane sugar) is split up into two monoses (fructose and 
glucose) by the addition of water. Strictly speaking, there are 
two initial substance's (cane sugar and water), though, in general, 
the water exists m such great excess that its effect upon the course 
of the entire? reaction remains practically constant and there'feire 
the (relative) reaction veleicity elepends only upon the number of 
cane sugar iiioleculcs existing at the moment or upon the momen- 
tary concentration eif the cane sugar. Therefore, just as in 11, 


1 dc _ 
cdt 


or 



(240) 


Nenv the concentratie)n x of erne of the memoses may be intr(')elu(jed 
in place' of the cemcentration c of the cane sugar. Since one mole 
of monose always results from one mole of cane sugar, the sum of 
the nioiiK'ntary conc(*iitrations eif the cane sugar anil of one of the 
monoses must ri'inain constant anel be equal to the initial con- 
centration a of the cane sugar, tlieri'fore, 

c + X = a or a X = c and at the same time 

dt fdt 

Equation (240) may, therefore, also be written as follows: 

= A-(a - x), (240«) 

whose integration gives. 

i = \ln " , (24W,) 

k a — X ^ ' 


when it is kept in mind that j = 0 when t = 0. 

The course of thi' inversion of cane sugar may be followed very 
easily and accurately experimentally, since the dissolved cane 
sugar and the mixture of the resulting monoses, wliich is desig- 
nated as ‘‘invert sugar,” rotate the plane of polarized light in 
different dir(?ctions. One por cent sugar solution rotates polar- 
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ized sodium light about ao = +0.665° (to the right) for a tube 
of 10 cm. length, while a 1 per cent invert sugar soluthni rotates 
about /Jo = —0.215° (to the left). In case the solution contains 
V per cent cane sugar and x per cent invert sugar per liter, the 
total rotation observed is 

a = cao + = ciao — Xao + xfio = aao — x{ocq — /J,,) angular 

d(»grc»es, 

from which x can be calculated and substituted in E(i. (2405). 
Keeping in mind that the initial rotation, directly obs('rved, 
amounts to = «««, and the rotation at the end of the reaction 
amounts to /Jo' = O/So, we obtain linally in place of Jup (2406) 
that 

1 / a _ 1 . ,/ - /Jo' 

* do' _ rt./ - k « - /J..' ' (210c) 

Ofo «|) — fj.i 

an e(iuation in which, ('\cept for / and k, \\t have only tin? angles 
which are to be read on the polarization apparatus.^ 

If the values of k in such an inversion experiment arc calculated 
from the individual t an<l a value's corresponding to it, then k 
must be constant for the (*ntire sc^ries of readings. The following 
table, which is taken from the first exact investigation of the 
cane sugar inversion (Wilhelmy, 1850), shows that this reiiuire- 
ment is, in fact, fulfilled in a satisfactory manner: 


T\HLK oO - (‘(H UM.: OF \ (‘\NK Si'iJXU T\\ KKMO.V 


t, niiniites 

a 

a - fi./ 


0 

40 75° (ao') 

tM .50 (ao' — jrf'n) 


;io 

41 00 

.511 75 

0 ooi:w 

00 

:to 75 

ni .50 

0 (M)i:i.5 

150 

22 00 

40 75 

0 ooi:i 2 

:m 

2 75 

21 50 

0 00140 

two 

-10 00 

s 75 

0 001 :c.) 

s 

— IS 7.5 Otu') 




* It amII be kvokmizcmI tliat a» — (i/ i(»pmsoiit.s the tol.'tl from the 

initial to the fiii.nl value*, miicc' tlio (luotiont _ ^ , iinist. (Mit(*r in place of 


«-/V 

tll.J 

corresponds to ao' — and a given concentration c to a — /to' 


the (piotKMit ^ ^ ^ ^ l‘'*l (-tO/i), tlioicfon*, tlio initial (‘oneci it ration a 
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232. Reactions of Higher Order. — In order to obtain an expres- 
sion for a more complicated reaction we can proceed likewise 
from Eq. (240). If a reaction of the scheme 

[A] + [Ii] + [C]->[AT + [B'] + [C'] . . . 
is considered it can be reduced to the simple scheme [A] — > 
[A'] + [B'J . . . , in which first [A], then [B], and then [C] is 
kept constant in individual experiments l)y means of suitable 
experimental precautions. This can be achieved most simplj' by 
putting in the reaction chamber a great excess of those substances 
whose concentration we wish to hold constant.^ If we hold the 
concentration of the substances [B] and [C] constant one time and 
then that of the substances [A] and [('], etc., we find the series: 

1. Reaction velocity = ki [A]. 

2. Reaction velocity = h [B] 

3. Reaction velocity = A'3 [C], 

These equations, which hold Rir the same reaction, can be united 
with one anotluu* when the following is set, in general, for the 
variables [A], [B], and [(^]: 

Reaction velocity = k[A] [B] [(']. 

The three special cases given above follow uneipiivocally 
from this and cmly this equation. For (‘xample, in the first 
special case in which [Bj and [C] remain constant, k is to be set 
equal to /.[B] [(']. Since the conversion of the sul>stances pro- 
ceeds in equivalent quantities, it is immaterial whether the 
reaction velocity is expr(*ssed by the decrc'ase of [A], [B], or [C] 
with time or by the increase of the concentration of one ^of 
the reaction products, z.c., 

_ d[A] ^ _ d[B1 ^ dlA'J ^ d|H'] 

dt dt ' ' dt dt 

A-[A] [BJ [Cj. (241) 

Ester saponification, namely, 

RCOOK' + OH ■ — RCOO- + H'OTI, (242) 

Ester Anion Alcohol 

may be briefly discussed as an example of a higher-order reaction 
proceeding in one direction where It and K' may signify different 

^ Tins case has alroa<ly been realized 111 the cane sugar inversion, hen* the 
water always exists 111 such great excess that its concentration remains 
practically constant. 
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or similar organic radicals. When the initial <roin;cntration of 
the ester is set equal to a, the OH” ions to b, and the concentra- 
tions of the anion and of the alcohol to x we have: 

dr 

= A-[RCO*R'J [Oil-] = Ha - x){h - x). (243) 

For integration this equation takes the form 


kdt = 


dx 

{a - x)(b - x) 


dx / _1 1 \ 

a — b\h — X a — X/ 


from whieh it follows, analogous to I'kj. (240tt), that 

b(it — x) 

h a{b - X) 


kt = -In " ) = / In (24:k/l 

a — h\ b — X a — xJ a — b '' 


The experimental verification of Eq. (243«) for the reaction of ester 
saponification may be carried out in different ways. An especially simple 
and satisfactory procedure depends upon the clianf^e in electrical conduc- 
tivity of 1 he mixture The conductivity de(*reasos duriiiK the reaction, since 
the speedy OH” ion is exchanged for the slower anion of thf» organic salt. 
Just as the concentrations in the final formula for the su^ar inversion can 
Im» comjdetelv replaced bv the angles of rotation, so mav the initial conduc- 
tivity, the filial conductivity, and tlic momentary eoiuluclivitv of the 
mixture bo introduced in Eq. (24«hi) in place of the concentrations a, jr, 
at least for the ca.se where the Oil” ions exist in excess. 


When the ester and the 011“ ions are pri‘sent in eciuiinolecular 

(lx 

quantities at the start, Eq. (2-1:1) reiluees to = h(ii — a:)-, 

whieh permits of integration by K(|. (l-lw) if r/ — a: = is sul>- 
stitutod and, therefore, dx = —dy. In this way 

^ CifUsL 

y a - X 


is obtained or, since a: = 0 when < = 0, 


kt = 



1 X 

a (a — x)a 


(2436) 


233. Incomplete Reactions. — The treatment of reactions xvhich 
do not proceed to completion in one dire(*tion depends upon 
the assumption that the reaction 

[A] + [B] + [C] . . . [A'] + [B'] + [C'J ... (I) 

and the counter reaction 

[A'] + [B'] + [C'J . . . [A] + [B] + [C] . . . (II) 
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procoe<l ossentiiilly indopoiidoni of one iinotlu'r. '^I'he iiicirojiso, 
say, of the substance [A'J therefore amounts, according to reac- 
tion (I), to 

but according to the counter reaction (IH the decrease in con- 
centration of [A'] at the same time is 

- m [c'l . . . 


Therefore, the increase of [A'J amounts in toto to 


[B] IC] - hlV] [IV] l( •'] (244) 

The rate of change ^ decreases with time and iinally 

becomes eclual to zero, the composition of the mixture then remain- 
ing constant. The system has reached its e(iuili})rium state. 
The following, therefore, holds for the chemical eciuilibrium: 


dlV\ 

dt 


= A-,[AJ IB] [C'-i - A, [A'J [IVJ [C'l = 0 or 


As_ 

A* I 


Since the L.1^^.A.^ in the present case possesses the form 

nv/ [bVS'j ^ ^ 

}.; = A', (245) 

I 


IV, the equilibrium ron.sfant K of the L,Af A. ia rcprcNvntvd hij 
the uitio of the velocity eonutantfs of the reaction for the two oppomfig 


1 * The author s form of cxprcssinR llic law of mass action in terms of stoi- 
cliiumctric concentration.^ instead of in lorins of activities has been retained 
for the discu.*<.‘*ion of reaction velocity. This proccilure is jiLstifiofl for the 
cases undcT consideration wliere all the coinponents obey tlie ga.s laws with 
onlv noKliKible deviation Ifowcver, when ionic .species aic involved the 
activity should be used whenever an equilibrium state is iiivolveil in some 
staKO of the process. For details rcKanhng the important question of the 
use of activities and of stoicliiomctric concentrations m the study of reaction 
vcdoi'ity reference should be made to the recent papers by Bjeukum (Z. 
phymk. (hem , 108 , 82 (192*0) and by Bkonsted and Teeteii {J. Phys. 
Fhvni , 28 , 579 (1921)) where references to earlier papers of Ilarned andotliors 
are Riven and wliere the various inodifi(‘ations of positive and negative 
salt catalysis are discussed. See also Buonsted, Z. physik. Chem , 116 , 
387 (1925). 
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(hreclions. If, therefore, K has a very small value, as in the 
water-vapor equilibrium at room temperature (see Table 54), 
this states that the velocity of formation A'l has under all circum- 
stances a ver^" much higher value than the velocity of decomposi- 
tion A '2 

The important relation (Eq. (215)) depends, on the one hand, 
upon the law of mass action and, on the other hand, upon JOcj. 
(241) for the reaction velocity, both of which may be considered 
as completely established empirieall}’' from numerous studies on 
different reactions. In spite of this, it is of interest that in 
certain cases (215) can be established directly. 

For example, Knoblauch^ succeeded in measuring both veloc- 
ity constants A i and A 2 as well as K for the reaction : 

("llafW Wb + HoO ^Cir,C()()II + (\U,i)U C212f/) 

lie found the velocity constants Aj and Ao to be 0 ()0()()S15 and 
0 000258 respectively when measured individually at a great 
distance from the equilibrium point where the counter reaction 

/;•> 

is of no measurable importance. The ratio of is 2.92, which 

A’l 

was in very satisfactory agreement with the value of the eciuilib- 
rium constant K = 2 84 at 20®. 

234. The Temperature Coefficient of Reaction Velocity.- l-p 
to this point no further specifications of anj*^ kind liave been 
made concerning the value A appearing in tlu' basic equation of 
chemical kinetics (Eq. (241)), except that it was assumed that A 
represented a constant so long as the conditions of the experi- 
ment remained the same during the reaction. However, differ- 
ent values for A are obtained if some of the conditions of the 
experiment arc changed. First of all, temperature exercises 
a very considerable* influence in numerous honieigeneous redactions. 
Redactions in which the temperature coefficient is small do ne)t 
often proceed in a truly hennogeneous manner. As sheiwn by 
the following table, the re'actieai velocity in the majority of 
hewneigeiieems reactiems increases two-tofourfedel for a temperature 
inerement eif 10°, and occasionally in bieicheniical reactions 
sevenfeild. 


phy.\ih Chem , 22, 2GS (1897) 
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Tahiti: 00 — Katio of the VELoriTY Constants for a Tp:Mi*ERATruE 

Tn('re\se op 10® 


Itcacticm 

k'T 

i 

I’FT, -» nv, + 

1 s 

CMlaCOjCaHj + NaOII 

1 S9 

KClOs + EeS04 + ir2S04 

2 44 

NaOCsHft + cqr,T j 

:i4 

Sugar invt^rsion . | 

a r>.3 

(^OS + Tr.().. 

m 

Enzyme aclioii 

7 14 


Assuiuing = ;3 average, this means that the 

h'T 

velocity of a homogeneous reaction is increased or diminished 
about 3^® fold, /.c., about 100,000 fold for temperature change of 
100° or about 10^” fold for a temperature change of 200°. "Fliese 
values are in good agreement with general chemical experience, 
for numerous reactions proceeding brisklj” at higher temperature 
come to a practically complete standstill by cooling a few hundred 
degrees. 

Different empirical formulas have been proposed for the accu- 
rate representation <»f the temperature coefficient of the k values.^ 
According to Arrhenius, the equation 

I 

hxj k = -J, + li, (21(5) 

which contains only two constants, A and /?, is applicable in a 
number of cases. The decomposition of monochloracetic acid to 
glycollic and hydnadiloric acids may be offered as an example of 
the usefulness of lOq. (246).- 

^ A bliort suinniary of tlicso is to be found m Cioldschmidt, JI , Physik, 
Znt f 10, 207 (1009;, *!il.so Mellou, “Statics and Dynamics," Longmans, 
Circeii it Co (1901) 

* Invohtigatcd by Schwab. Sec van’t Hoff, “Etudes do dynainique 
chiiiiiquc,“ p. 114. 




CHEMICAL TIIEEMODYNA MIC^ 


431 


01 — Decomposition VKLocrn of MoNocHLoitM’Knc Acid 
A = —5771, E — 101)05 


T 

k ol).‘s. 

A calc 

27:i + so 

2 22 

{2 22) 

ftO 

(i (» 

() 27 

100 

17 » 

10 7 

no 

4:{ it 

42 4 

TJO 

lOTt 

102 

i:io 

2:17 

(2.47) 


236. Kindling Temperature.- Due to thi.* marked tconperaUirc 
eo(‘ffieieiits of the velocity constants, the ehange in a inixturo 
eapalile of reaction, such as ox^diydrogen gas, is often so minute 
at low temperatiir(‘s that no progress is iletectalik" in years If 
the temperature is raised, the reaction velocity gradually assumes 
a perceptible value, and, owing to the hc'at of reaction, the 
t(*mperature of the mixture is raised a little more The further 
Ix'havior of the mixture depends upon wludher the major por- 
tion of the liberated heat of reaction is allowed to (‘scape to the 
surroundings hy radiation and heat conduction, or whether 
the loss of heat is so small in rc'spect to the hc‘at developed that 
the temperature keeps increasing further. In the first cas(‘, the? 
reaction will proceed slowly, but will return again to a standstill 
if the tcunperature is lowered. 

Jn the other cas(‘, reac^tion v(?locity always iiuTeases, due to 
the automatic temp(‘rature increas(‘; therefore, the t(‘mperature 
increases further and the rc'aetion velocity increases still more, 
so that it is completed in an exceedingly short time, 'flic 
mixture kindles and Imrns or explodes. As a rule, at ordinary or 
low toniperatur(‘S the losses of heat ari‘ v(‘ry much gr(‘ater than the 
minimum heat proiluction from the minutc‘ n'aelion velocity. 

If the mixture is heat(‘d the escape of h(‘at usually incivases, but 
the reaction velocity and, therefore, the heat production increase 
in a very much higher d(‘groe. Finally, a point is reached at 
which the heat production overbalances the loss, and at which 
the automatic increase of the temp(?raturc of the gas mixture 
begins; combustion, therefore, commences. This point is desig- 
nated as the kindling temperature. Since this temperature is 
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fixed by the conditions such that the quantity (rf heat given off 
tr) the surroundings in a unit of time is a little smaller than the 
(luantity of heat developed within the mixture in th(‘ unit of time, 
it can be S(?en that the kindling temperature docs not alone repre- 
sent a chemical property of the gas mixture, l)ut depends also 
upon some of its physical properties (such as heat conduction), 
as well as uixin the experimental conditions (such as tin' size* 
and the material of the (experimental vessels). Since it is not 
possible to define the alisolute kindling temp(‘rature of a gas 
mixture, only those? kindling temp<*ratures which arc obtaiiKHl by 
the use of a given nu^thod of procedure for different explosives 
gas mixtures can be comparcxl. The following is a convenient 
method for the measurement of kindling temperature's An 
explosive gas mixture is rapidly and adiabatically compressed 
from an initial volume Vq to a smaller value r })y allowing a weight 
to fall upon the piston of the metal cylinder containing the gas. 
The temperature T at any instant ma}” then be calculate'd from 
l‘]q (80). The occurrence of an explosion is shown by a violent 
backward thrust of the piston. liy variation of o or T a point is 
reached at which an explosion still occurs. This represents the 
chanicteristic kindling temperatures for the procedure and mix- 
ture chosen. 

C'asselP established the kindling temperatures for different 
oxyhyelrogen gas mixtures according to this method by using a 
metal cylinder holding about 0.2 L The results showed that a 
mixture of 21 To and 302 ix)sscsscd the lowest kindling tempera- 
ture, al)out 070° abti i 

236. Propagation of Explosions. — If an explosive gas mixture is 
heated locally inste'ael of throughout, the reaction, according to 
the extent to which the kindling conditions mentioned above are 
fulfilled, will eitlu'r take place only at the peiint at which the? 
heating occurs or will sjiivad out through the entire gas mass 
from this point. The propagation of the reaction above the 
kindling temperature must obviously result in such a maniieu* that 
the burning layer of the mixture heats the still unburned neigh- 
boring layers up to or above the kindling temperature 

'^rhere are two varieties of propagation, according to the man- 
ner in which the heating is effected. In one kind the heating 
» Ann Physik., 61 , 085 ( 1916 ). 
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results solely through conduction of heat from layer to layer, 
'^rhen the propagation velocity of the reaction is relatively small. 
It amounts at most to a few meters per second. This variety of 
hurning is designated, as a rule, as a deflagration (“verpuflfung'’) ; 
also sometimes as an explosion; an example is the striking back 
of the flame in the tube of a Bunsen burner which is burning with 
too great an air supply. 

Tla* second vara'ty of heat transfer leads to a violent jihenoin- 
(‘iion which IS designated as th tonafion If the reaction ^])roc(MM Is 
in a layer with a very high velocity and, therefore, endeavors to 
spread out (quickly toward the sides, it will exercise a pressure 
upon its neighboring layers. Under some circumstances, the 
diffusion velocity of the reacting layer is so great that the neigh- 
boring laycT cannot be turned aside and is, therefore, adiabatic- 
ally coinpr(*ssod. llic limiting velocity with which the particles 
of a l)ody can still be elastically turned aside is the velocity of 
sound; th<‘ lattcu* themselves are therefore lirought to the kindling 
temperature and now act in turn in compressing the next layer 
adiabatically. The propagation v(‘locity of such d(*tonations is 
extraordinarily great and amounts to 2(X)0 to 3000 ?/?. p(‘r second, 
according to the nature of the gas mixture 

As Dixon^ sIiowimI, the detonation velocity is about equal to 
the velocity of sound in the burning gases at the explosion tem- 
IHjratiire itself. Since the velocity of sound increases propor- 
tionally to the square root of the absolute temperature, the 
detonation velocity is, in fact, conshlerably gnjater than th(5 
velocitj'' of sound in the unburned gases at room temperature. 

llowevi'r, a sharp distinction cannot always be drawn betweim 
an explosion and a detonation. A detonation wave frequently 
develops by a gradual increase in velocity from an explosion. 

237. Catalytic Phenomena.- In numerous cases the reaction 
velocity depends to a high degree upon substances which are added 
to the reaction mixture but which do not partake in the chemical 
exchange as judged by the usual gross reaction equation. 
Such substances are called catalysts; there arc ‘‘positive cata- 
lysts” which accelerate the reaction, as well also as “negative 
catalysts” which retaril the reaction. Out of the great mass of 

> A fnnnniar.v of the oxpeniHciilal mnilts of Dixon me to lie foiiinl in Bvi. 
Diut. chem , Geacll., S8, 2119 (19051, ’also J. Chem Hoc, 99, 5SS (1911). 
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experimental material upon catalysis^ only a few typical cases 
will be emphasized. 

11+ ions exert an accelerating action upon a great number of 
reactions in organic chemistry, and it appears that the velocity 
constant is proportional to the H+ concentration. The best- 
known examples of such reactions are the inversion of cane sugar 
and the saponification of esters hy water (Kq. 

The saponification of esters proceeds faster in alkaline as well 
as in acid solution than in the neighborhood of the neutral point. 
The reaction proceeds according to Eq. (242) in alkaline solu- 
tion, ?.c., the velocity of saponification is directly proportional to 
the ()H“ ion content. In acid solution Eq. (242a) holds; here the 
velocity is proportional to the H+ ion concentration, owing to its 
catalytic action. However, the direct influence of the Oil” ions 
outweighs that of the 11+ ions as much as 1000 fold. Therefore, 
in a neutral solution, the action of the 011“ ions is practically 
the only one of importance. 

In numerous gas reactions at high temperature, and especiallj" 
combustions, the presence of traces of water vapor exerts a 
decisive influence. For example, it is impossible to make an abso- 
lutely dry mixture of the gases CX) and (>2 explode A car- 
bon monoxitle flame, which is maintained by very dry carbon 
monoxide, burns in ordinary air, but is extinguished as soon as 
it is introduced into an atmosphere from which the water vapor 
has been carefully removed. 

Where certain initial substances can react with one another in 
dilTerent ways, catalysts are frequently found, which noticeab^^ 
accc*l(‘rate only one of these reactions while other catalysts pro- 
mote another reaction. Oatalysts thus exhibit a specific action 
in these cases and the same initial mixture can be changed into 
entirely different end products. In biological chemistry such 
phenomena play a most important r61e. The catalysts acting 
specifically here are designated as ferments or enzjmies. From 
a chemical standpoint they have been but little investigated. 
Most probably they are of very complicated molecular constitu- 
tion The fermentation process servos as the best-known example 

1 Sco, for example, Woker, (iertrude, “Die Katalysc,*' Stuttgart. (1910); 
• lliDEAL and Taylor, Catalysis in Theory and Practice," Tlie Macmillan 
Company (1919). 
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of specific enzyme action; for example, certain types of sugars, 
trioscs, hexoses, anil nonoses are fermented by one enzyme, 
zymase, to alcohol and carbon dioxide and by another enzyme to 
lactic acid. The enzymes are closely related to the life functions 
of certain bacteria, although from the investigations of Buchner 
they can l)e separated from the bacteria without losing their 
activity. 

An inorganic reaction in which a siMScific action of catalysts clearly appears 
IS frivoii by E. Abel.' The thiosnlfatc ion is oxidizuil lo tetriitliionatc l)y 
hvdroKon peroxide in the prosencu of iodide loiw, but, on the contrary, to 
sulfate 111 the presence of iiiolybdic acid. 

If the same reaction proceeds m diffenmt solvents, then, in general, clifTcrent 
values are found for the reaction velocity. For example, Menscluitkin 
investigated the course of the reaction 

NCCallOa + CjHtI = NCCalTs^d 

in dilTerent organic solvents. He found Eq (24S«) holding for biniolecular 
actions to be coufirincd in all cases, though tlie velocity (‘oiistants increased 
from fc = 0 00018 fin hexane) to 0.133 (m benzyl ali‘ohol'1 

A general iclation betwc<»n the values of the velocit v constants with other 
physical properties of the solvent which should be suitable for the theoretical 
cxpluiialion of the hitherto existing materials has not as yet been disclosed 

238 . The Interpretation of Catalytic Actions by Means of 
Intermediate Reactions. — A greater part of the catalytic phe- 
nomena may be explained uniformly by the assumption of inter- 
mediate reactions. The conversion of initial substances into 
end products can follow different reaction paths. The reaction 
actually proceeds predominantly over the path which presents the 
l(?ast ol)struction and therefore upon which the conversion will 
proceed the most rapidly. The way appearing most direct 
according to the gross reaction equation is frciiuently not the 
most rapid. 

The so-called Landolt reaction^ serves as a carefully investi- 
gated example of such a case: 

SUsSOa + 2HIO3 5H2SO4 + H2O + I2. 

According to the gross reaction, one would expect that the sulfur- 
ous acid would be directly oxidized to sulfuric acid and therefore 
liberate iodine. 

» Z. Elektrochem., 18 , 705 (1912); 19 , 480 (1913). 

Deut chem. Oesell , 19 , 1317 (1886); 20 , 745 (1887), see further 
Eggert, J., Z. Elektrochem,, 23 , 8 (1917); 27 , 455 (1921). 
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The liberation of iodine should begin immediately after the 
starting of the reaction and gradually increase further, liuf., 
actually, one first observes a period of time during which no 
iodine is liberated, after the mixing of the initial substances. 
Iodine appears very suddenly after some time. This astonishing 
behavior is best explained by the following assumptions: The 
actual course of the n?action does not occur according to the above 
gross reaction, but can be resolved into the following stages. 

3 H 2 SO 3 + HIOs 3 H 2 SO 4 + HI slow ( I) 

5HI + IllOa -> 3 H 2 O + 3 I 2 faster (II) 

II 2 SO 3 + I 2 + II 2 O -> H,S 04 + 2111 rapid. (III.) 

Hydrogen iodide is first slowly formed according to (1), which 
is oxidized to iodine hy the excess of iodate with a somewhat 
greater but still finite velocity. But the liberated iodine reacts 
practically instantaneously with the sulfurous acid and is again 
reduce<l to hydrogen iodide (hkp (III)). Therefore, io<line can 
first be liberated in noticeable quantities if the sulfurous acid is 
used up and thus if the recurrent reaction (III) no longer comes 
into play. The more hj’drogen iodide there is the faster reaction 
(ID proceeds at first and, therefore, the faster the total reaction 
comes to an end owing to the rapid course of (III). But now 
reaction (III) produces III and, accordingly, the reaction acceler- 
ates itself in its course ( auto catalysis) . If one adils some 1 1 1 to the 
initial mixture, then the reaction is highly accelerated from the 
start. The hydrogen iodide acts as a positive catalyst. It 
should be observinl that this docs not appear in the origiiuj/ 
gross eciuation for the reaction. 

We see immediately that the slowest partial reaction deter- 
mines the velocity of the entire process. 

The oxidation of sulfurous acid to SOs or 112^04 in the Icad-chninber 
process represents an especially simple and siifliciently clear example of 
positive catalytic action, which proceeds only by means of NO or NO^ as 
catalyst and in the following stages: 

»S(), + NOs + IW = ir2S()4 + NO (I) 

NO + ^202^N02 (II) 

while in the gross reaction 

SO2 + J2O2 + II2O = H2SO4 

the catalyst does not appear. 
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As 3'et no final dccLsion has been reached in regard to an explanation of the 
catalytic action of water vapor upon the burning of carbon inonoxnlc. 
Two possibilities exist. Either it first represents the water-gas e(iuilibriuin 
and the hydrogen appearing thereby is again oxidized to water 

Ci) +II2O — CO2 + II. 

211 . + 0 .-> 21 £.(), 

nr it forms lixdiogon poroxale as an interineiliate which is doubtless more 
stable at higher teniporatures than at lower. 

‘ 2 TI 2 O + Oo = 211,02 
II2O2 + CO = CO2 + 1120 . 

In numerous other cases, as, for example, in the catalysts of cane sugar 
inversion bv II’*' ion, it has not yet been possible to clear up sat isfaet only 
the tnie reaction mechanism and the interx'ention of the catalyst, though 
an mter])rcti\tion through rapid intermediate reactions is also probable 
here. 

Also the action of negative catalysts ‘ may he explained for 
the most part by the theory of interinodiatt' redactions and, indeed, 
ill the way in which the nt'gative catalyst concerned reduces the 
concentrations of the products which are necessary for the course 
of the doteniiinative intermedialo reaction. For examples, 
ions act as strong inhibitors on the' course of the Landolt reaction. 
The nnist probalile reason is that the concentration of the I" 
ions which arc imlispcmsalile for the progress of the reaction arc 
reduced by complex formation with the II g"^”^ ions. 

Not infrequently, homogeneous reactions proceed so slowly in 
their own phase that even a roundabout way on the boundary 
surface of another phase leads to an end product more rapiilly 
than docs the direct conversion within the homogeneous phase. 
For example, the velocity of union of oxyhydrogen gas is practi- 
cally zero at ordinary temperatures without a catalyst (^n 
the other hand, a lively reaction takes place on the interface when 
oxyhydrogen gas is brought in contact with finely divided plati- 
num. The platinum and its surroundings are hc'ated so high by 
the heat liberated in the reaction that tlic reaction also assumes 
a finite vedooity in the gas space and propagates itself then;, 
'^rhe fact previously mentioned in 197 that hydrogen and probably 
oxygen are dissolved in the monatomic state* in platinum is the 

» •Seo Tax LOU, IT. S, J. Phys Chrm , 27 , 322, 1»23, ('iiiustianskn, 
J. A., ibid,, 28 , 145 (1924) for more details. 
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reason why the reaction proceeds so much more rapidly on plati- 
num than in the gas space, for it is clear that a formation of water 
from hydrogen and ox 3 "gen atoms must take place much more 
easily than from the molecules existing exclusively' at lower 
temperatures in the gas. However, recent investigations of 
Langmuir^ show that the rc'ason for the acceleration in the reac- 
tion consists in a special activation of the oxygen molecules on 
the platinum surface (sec 172). 

239. Ostwald’s Rule of Successive Reactions. — It may he 
assumed that a direct (gross) reaction leading from a number of 
initial substances to any stable final products proceeds with 
almost infinite slowness, so that the reaction must take place by 
the roundabout way of intermediate products if a reaction is to 
occur at all. Now if at the same time the velocity of some of the 
intermediate reactions is relatively*^ slow, the reaction will remain 
for a greater or less time in one of the labile stages. This phe- 
nomenon is so frequc'nt that Ostwald could represent it as a 
general rule, the so-called rule of successive reactions. 

If the intermediate reaction also proceeded with extraordinary 
slowness, just as did the gross reaction, then the stable end 
products could not be reached within a finite time, and the reac- 
tion comes to a stop, ydolding a labile intermediate product. 
Numerous reactions, particularly of organic chemistry, serve 
as examples for the latter cases. For example, the stable end 
product of the oxidation of methane under all conditions is water 
and carbonic acid, though an entire series of oxidation products 
lying between (alcohols, aldehydes, and acids) may be realized} 
according to the conditions of the experiment, which also exist 
for some time in contact with oxygen at ordinary temperature. 

b. Heterogeneous Systems 

a. CHEMICAL ItK ACTIONS 

240. General. — The initial substances in a heterogeneous s.vs- 
tem exist, originally at least, in part in different phases. The 
rapidity of the exchange therefore depends upon: 

1. How rapidly the substances reach the different phases 
where the reaction really takes place. 

1 Trans, Faraday Soc , 17, (>07, G21 (1922). 
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2. With what velocity the true chemical reaction proceeds 
in the place of reaction. 

3. How rapidly the reaction products formed are transported 
away from the place of reaction. 

The influences mentioned under (1) and (3) are, in principle, 
of the same type and, therefore, may classed together in what 
follows. The speed of a heterogeneous reaction is determined 
by that phenomenon which proceeds most slowly, just as the 
slowest intermediate reaction determines the entire conversion 
in a homogeneous reaction occurring in diflFerent steps. There- 
fore, according to whether the velocity of transport exceeds the 
chemical-reaction velocity or vice versa two theoretically 
different phenomena are found. 

For a chemical-reaction velocity which is relatively slow in 
comparison to the transport velocity, the substances always have 
sufficient time to equalize their concentrations within a single 
phase. The reaction then proceeds, as a rule, in one definite 
reaction phase (the gas or a liquid phase), according to laws valid 
for homogeneous systems. It is very infrequent that a reaction 
occurs at the same time in several phases. 

W’ith greater chemical-reaction velocities the concentrations 
within the given phases and (‘specially in the reaction phase itself, 
are no longer completely equalized. Ixjt us consider the reaction 
of a gas with a solution such as the union of oxygen with pyrogal- 
lol dissolved in water as an example On the surface the liquid 
will be saturated with oxygen and, on the contrary, be relatively 
poor in pyrogallol. But relatively little oxygen reaches the 
interior, since it will be used up on its way there, and, on the 
contrary, the pyrogallol concentration remains relatively high. 
The slower the oxygen and pyrogallol molecules migrate for- 
ward and the greater the chemical reaction velocity the smaller 
will be the range within which the chemical reaction proceeds. 
A conversion will only occur in a thin layer in the immediate 
neighborhood of the interface of the two phases for reactions pro- 
ceeding rapidly. If the reaction proceeds very briskly, this 
reaction layer is confined to a thickness of molecular dimensions. 
Instead of calculating such cases as homogeneous reactions, it 
appears expedient to look upon them as a special type of reaction 
and to designate them as surface reactions. It is probable that 
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such reactions occur considerably more freciuently than was 
previously believed. 

In addition to the true surface reactions, it is also necessary to 
take account of those numerous reactions in which an adsorlx'd 
gas covering the surface with only a single layer of molecuh's 
(see 172) reacts with another gas in which the surface of a foreign 
phase acts catalytically by the activation of the molecule's 
absorbed by it. 

241. The Predominant Influence of Diffusion Velocity. 

In numerous heterogeneous reactions, the chc'mical-reaction 
velocity (homogeneous or surface) may be regarded as relatively 
large comparc'd to the transport velocity. The (luaniity trans- 
formed depends exclusively upon the velocity with which the 
materials taking part in the reaction reach one another. 

A dilTusion process alone can effect the transport of a reactant 
in a system which is homogeneous and is not subjected to any 
mechanical influences, an<l owing to the minuti'iiess of the diffu- 
sion coefficients, especially in solution, this generally procec'ds 
cpiite slowly. In case motion is produced in a single phase by 
mechanical devices (stirring) or temperature differences (con- 
vection), the concentration differences formed by the reaction 
will be very rapidly eciualized. By this means the transport of 
the reactants, and therefore the chemical convorsi(»n, will be 
powerfully increasi'd. But, in spite of th(^ most brisk stirring, 
an adhering layi'r will exist at the interfac(^ betwe(*n the two 
phases, which does not move with the bulk of the solution, and 
which can only be penetrated by the aid of diffusion, so that| 
in the lad analydSj dtffuswn determines the velocity of the chemical 
change (Nernst). 

The dissolution of inngncftia in an acid, invostigatcd by Hninnor,' iiiav 
now 1)0 considered as an example of a lieterogeneous reaction in \\ Inch the 
Inie cliomical reaction procreeds very rapidly, and the entire course of the 
reaction depends only upon the transport of the reacting substances by 
ditTusion. 

MgO + 2JlCa;=± MgCM, + 11,0. 

'riic experinieni may be carried out bv putting a pic»ce of magnesia of 
definite surface in an acid solution which isstiired violently. 'Fhe progn*ss 
of the reaction can be measured in difTeront ways, such as weight of the 
magnesia, concentration of the acid, etc. 

1 Z. physik Chan , 47, 5ft (lOai). 
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As.*! lOMili of (lio HtirmiKf the* (‘t>iimHi;i1ioii of IIil! acid witliin the soliilion 
m:i V lie rcKaidcd ms constant r. ( )n llio contrary, in the iininediate ncifrhlior- 
hood of tlic inaKncMji surface ilui acid is iiiiniediatciv used up and its con- 
cfMitral ion, tlicrcforo, remains very small (co) Now the <iuaiitify of acid dn 
roafdiiiifi; the solid niaKiiosia, upon the amount of whicli the inaKUitudc of the 
clieinic.'d cliaTi^e depeinls, may be calculated fioiii Kick’s first law ( K(| bSo) ) 

J„ = I)q" df, (2t7; 


uheie rt' indieafos llie thickness of the aflliorinyr l:i\cr tlmnigh wliieli llic 

dilhision oeeiiis ami the quotient ^ is substituted for 

'riieiefoK*, tin* deciease in concentration of the liydiochloin* ai‘id in a unit 

of time .‘inionnts to — -- Xow it is assumed that Cu is small com- 
rdt lit 

])ai(‘d to c, so that, finally, 


—dc _ l)q 
dt ~ rS' ‘ 


(247«) 


This <‘(iuation aKiees in form with the difTercntial Kti f21t)i \ahd for a 
homoireneous unmiolecular leaction, if we set k = 

Mqu.'ition (2t7) has been confirmed bv oxjieriment for numcious hotero- 
Ki'iieoiis i(‘actions, and especially for the solution of salts in water ^ In the 
lattei e.isi's a saturated solution always exists diiectiv upon the cr\stal 
surface and the salt dilTuses from here thiout^h the adhering 1a\er into the 
unsat 111 a ted solution. 

Sometimes, howe\er, Eq. (247) does not prove to be ilirectly applicable, 
as, foi example, in the crystallization of some salts from their supersaturated 
solution,- an ovidcnce that the difTusioii velocity does not ahmc deteimine 
the coiiise of the total ])iocess but that a further time-«*onsumnij5 inter- 
mediate piocess IS to be bonic in mind, which, obvioiislv, concenis the 
aiianKiMiM'iit of the molecules in the space lattice durinir the crystallization. 

Kieipientlv, secondary inthicncc.s exercise a powerful effect upon the 
course of heterogeneous reactions. For example, the oxidation of yellow 
phosphonis by gas(‘0us oxygen conies to a standstill if its partial pressure 
exceeds a value of 730 mm at IS^C. It is ])ossible to assiiim* that the 
obsfiuction of the reaction consists in a lavi'r of the final, or perhaps also 
ot an Intel mediate, reaction product which is imperineable to oxygen, and 
whose foimalion is favored by a higliei partial pressun* of oxvgeii * 


» Xo^Kri and Whitney, Z. phyaik. Chrm , 23 , (539 (1897). 

® Mako, Z physik. Vhem , 79, 71 (1912). 

* * Jfowevei, JoiussEN, \\\ P. (/?cc. trm\ chim. Pnys-Bas, 40 , (4th series), 
530 (1921)) considers that it is duo, instead, to the fact that no combustion 
of phosplionis vapor occurs wlien the ratio of the concentration of oxygen to 
phasphonis vapor exceeds a critical value corresponding to the lower limit 
of (*xp1osion in the gas phase. 
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The temperature oocflioiciit of tlioso licteroKoneotis renctioiis whoso 
velocities are conditioned by dilTiisioii elTects must obviously be the same as 
the clifTusion coeflicient. Since the hitter increase on the average only 
about 2 to 3 per cent per degree, they are considerably less intluenccd by 
temperature than are most homogeneous reactions. 

ELECTUOCIIEMICAL KEAC'TIONS 

242. Primary and Secondary Electrochemical Reactions. — 

Electrochemical reactions, i e , such reactions as take place on the 
conduction of current through an electrolyte (electrolysis) on or 
in the immediate neighborhood of the ele(*trodes, form a special 
class of heterogeneous reactions 

Here also the total quantity converted depends, as above: 

1. Upon the velocity of transfKjrtation of the reacting partici- 
pants, and 

2. Upon the velocit}' of the chemical change. 

The true reactions taking place in an electrolysis consist, as 
a rule, of a primary and a secondary i)rocess. The primary 
reaction consists in an electrical charging of the atoms or radicals 
or in a discharge or recharging of the ions. 'J'he secondary proc- 
ess consists in an exchange between the primary products 
themselves — say, following an association-- with the cloctrod(»s, 
or with a substance existing in the electrolyte. 

While the reaction velocity of the primary electrochemical 
process probably is always extraordinarily great,* the secondary 
reactions, as a rule, possess the characteristics of ordinary chemi- 
cal reactions, and proceed with varying velocities. 

In what follows only those electrochemical processes in which 
only primary reactions and rapid secondary reactions take place 
will be exhaustively discussed. The electrochemical exchange 
depends upon the rapidity with which the ions arc brought to the 
electrode from the solution, just as in the heterogeneous reactions 
considered in 241, or, in case soluble reaction products (ions) 
are formed in the reaction, w’ith the rapidity with which the 
latter are removed from the electrodes. 

If a slow reaction is couiiccted with the primary reaction, thou the total 
exchange will depend not alone upon the transport of the ions but also upon 
the velocity of the .secondary reaction. In general, tlie laws of homogeneous 
reactions hold for the course of the latter only when the concentrations are 

' Eucken, Z. yhyBik. Chem., 64, 562 (1908). 



CHEMICAL TIIERMODYN AMICE 


443 


not uniform throughout, just os in the example in 241 . Roganling an 
electrolysis, the course of which is detcrinmcd by a secondary reaction (the 
saponification of osier by <.)H“ ions), and whieli has been quantitatively 
worked out, (see Kucken, A., Z. Tphysih Chem , 71 , 550 (IftlO)) JIaher and 
Hubs treat the limiting case of a very slow chemical reaction {i^nd , 47 , 257 
( 1001 )). 

243. Direct Ionic Transport by the Current.- -The transport 
of ions from the solution to the electrode generally takes place 
in dilTcrcnt ways, according as the current acts for a short or 
longer time. It will be assumed that the two electrodes in the 
solution are of the same nature throughout at the start. If a 
direct current^ is permitted to flow through for only a very 
short time it will produce no marked changes. The only force 
acting upon the ions, then, is the electrical field, which is due to 
the potential applied to the electrodes from the outside. As 
already derive<l above in 183, one olitaiiis for the conductivity k 
of the solution under this assumption, 

K = A.c = r/-*- + U-)c. (190)2 

upon which the strength of the current for a given potential 
and, thc'refoH', the magnitude of the electrochemical conversion 
dir(‘ctly depends. 

Now the quantities and which are designated as the 
mobility of the corresponding ions, are frequently substituted 
hir or Although for weak electrolytes the migra- 

tion velocities ?/+ and U~ are considered constant, and a has 
been regarded as changing with concentration, it is more correct 
for strong electrolytes (r/. 188) to consider a as a constant equal 
fo unity and U or u as variables. Now for a large number of 
strong eU'ctrolytes — for example, for all binary salts of the type 
NaCl- the imlividual values of U and, therefore, also of m, 
show nearly the same change with concentration in every com- 
bination. The empirical formula for a" may be directly applied 

r 

to u, in which lx” = is substituted analogous to (Eep (191)). 

^ 00 

' Svnuiiotrionl altoniatiiig curnMita call forlli no changes in the electrolytes 
with expenmenia of long duration, becau.se the ai'tion of every current force 
directed towanl the left is anmillcd by the current force directed toward 
the right following upon it. 

* In thi.s fornnihi the concentration c expresses gram equivalents per liter 
instead of the usual moles per liter. 
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Therefore, in these cases can be calculated from the equation: 
Ac = C'-+ + C/“ by using the definite values of u given for a 
number of ions in Table 62. 




Ion 

Mobility u at l.S°P 

Tcmpcraluio 
coefficient 
in per coni 

m 


■ 


TP 

0 :ii to 

0 31 IS 

0 3070 

0 2014 

1 51 

LP . . . 

0 o:i:J3 

0 o:U3 

0 0301 

0 025S 

2 1)5 

Na+ 

0 0i:i5 

0 0123 

0 0100 

0 0351 

2 14 

K+ 

0 0()15 

0 0b3l 

0 ObOl 

0 0551 

2 17 

Cs'. . 

0 ObS 

0 Obb 

0 0(135 

0 05X0 

2 12 

Ak+ 

0 0.)43 

0 a')2b 

0 OoOO 

0 0140 

2 20 

?aZn+- 

u ai(i 

0 0120 

0 035 

0 021 

2 51 


0 o-ltj 

0 ai2 

0 o;jb 

0 020 

2 51 

Oil-. . 

0 174 

0 171 

0 lb7 

0 157 

1 SO 

F-. ... 

a u4<>o 

0 0430 

0 0403 

0 (WO 

2 3S 

(n- 

0 ocir>r) 

0 

0 0C)2() 

0 05(50 

2 lb 

Br- 

0 ()C)70 

0 0057 

0 ()(')31 

0 0579 

2 15 

I- 

0 Obtio 

0 0tS52 

0 0(529 

0 0574 

2 13 

X().r 

0 OCilS 

0 0b05 

0 0578 

0 0104 

2 05 


0 03o0 

0 a323 

0 0300 

0 0202 

2 1 

1 jSor" 

0 0bS3 

0 004 

0 050 

0 010 

2 3 


Also, salts which are composc^d of uni- and l)ival('iit ions arc* 
adapted for the greater part to this scheme* (exception' lloSOd. 
though other numliers are recpiired for the calculation of the 
molecular conductivity of salts which are composed of two 
bivalent ions, for example, ZnS().i. 

If w(^ confine ourselves to a fixed group of strong (»l(»c(rolyt<'s in 
which u shows about the same depend(*nce on the c(jnc(*ntration, 
the Kohlrausch law (see 182) holds not only for infinite but also 
for finite dilutions (see footnote, page ai)4). 

244. Migration and Ionic Radius (Hydration). —Acconling to (Kep (ISC))), 
Uf and therefore u also, arc inveraclv proporl loiial to tlie frictional foicc? / 
If the ions aie lepreseiited as small sphen\s suspended in water, whieli, of 
course, is only a rough approximation, then / has the value Gireny according 
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io iSlokoij, \\]icio a n'piOisOii^H iJiu lailiiin of tlio splieic anil ij the frirfional 
ciM'liiiMont of tlio solvent Tliprefon', 

M~ (248) 

art 

In the same solvent ('i/ = constant) u should he inversely proportional 1o 
till* lonw radius. On conipariiifr tins requirement with the data in Table ti2, 
It appears that the Li* ion must possess a greater diameter than the Na’*' 
loll and the latter a Rreatcr one than the K ‘ ion ete , while the atomu* diam- 
eters arc doubtlohs in the inverse onlor The best explanation of fins 
stiikiUR phenomenon consists in the assumption of hydration, i r , there are 
a number of ions, ])aitioularly the Li^ ion and the F" ion, whicli arc ron- 
ccivimI as sunouiided by an envelope of water. As M. Born^ lias shown 
convineinKly, it is not necessary to seek the reason for tliLs hydration in 
chennoal foices, but, instead, the hydration is represent oil as a simple cleetro- 
static cfTcct 'riie neiitial water molecules are drawn to the ions siinilarlv to 
an clci'tiicallv iicutial .shied of paper bv an eleetiifi(‘d rod of haid rubber 
'I'lie .siiiallei the M/e of the tiiie ion the more the liii(‘s of foiee radiatinp; fiom 
It an* eiowded toirrihei. and the f^ivatei i.'^ their (*ffeet upon the moleeules of 
the solvent, tliu.s a niiinbei of watei moleeule.s w'lll be moie ]>owerfiilly 
H‘tained b\ the ion of .sinallei diameter 

It IS clear that the tiue ionic ladius of the small Li*" ami h'“ ions wull be 
poweifully increased bv livdration, w'hilo the hydration will be le.ss for the 
ions who.se tnie radiu.s is larger- Tlic complete calculation leads to the 
noteworthy re.sult that the true ionic radius of the po.sitivcly charged alkali 
metals (without tlic envelope of water) is considerably smaller than that of 
the neutral atoms, which agrees excellently w’lth the conceptions developed 
111 Si»c I) ® 

Now according to Bom's theory the TI+ ion, on account of its small size, 
IS e.N[)cciMllv heavily hydrateil, wdueh doi»s not at first appear to be in agree- 
imait with its stiikingly high mobility. However, it is to be ajssuiiicd that 
the 11'^ ion does not migrate back and forth through the water unchanged as 
till* iithei ions, but, instead, it is very frequently .sw’allowed up by the water 
moleeules on the one .side ami given up again by tlie others (the same holds 
Inie for 011“ ions), .so that these ions avoid a laige part of the path involving 
fiiction. 

That the transport of current by the 11’" and OH“ ions in water is really 
of dilfereiit nature than that of the other ions is also shown by the abnormal 
temperatuie coefficient of their mobility (see 243). 

245. Ionic Mobility and the Viscosity of the Solvent. — If a larger ion 
whose hydration is small is considered — for example, ion — ^and, there- 

fon», w'hose effective ionic radius is pnictieally identical with the true loim* 

1 Z. Elchlrochcm , 26, 401; Z, Phyaik , 1, 221 (1920). * See also the papers 

l)y Deb^e ami Huckp^l, Physik Zvit , 24, liOo (1023) and later pajiers by 
lIucKEL in the same journal (cf 191a). 

- See also 349 and 360. 

> *See SciiMiCK, H., Z. Phy»ik,^ 24, 56 (1924). 
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radius, then, nccordiiiK to (E(|. (24.SJ), it would be expected: (1) that tlie 
temperature eooflicient of mobility varies lliver^ely as the fiictioiial cooili- 
oient of the solvent, (2) that the mobility in different solvents is invei-sely 
proportional to tlie c.oeflicient of friction Both conclusions are well estab- 
lislicd. Tlie teinperatuie cocflicient of mobility of heavy ions amounts to 
2.3 to 2.5 per cent per decree at room t«*mperature, while the viscosity of 
water changes 2.43 per cent per degree. This agreement exists also at higher 
tempcratuies up to 150°. 

Walden inve.*»tigated the inobilit3’ of certain ions m different solx'ents' and 
found that the above mpiirements were usually well sati.stied. Tlie 
limiting moleeular conductivity of certain salts in dillerent solvents niav be 

represented with satisfactory accuracy bjr Aqq = f'+QQ + = 


oven wlien and vary within wide limit.s It is remaikable that water 
alone does not conform to this nile, at lea.st for eleetro1yt(\s of small (inor- 
ganic) ions. This fact has not as yet been completely accounted for 
tlieoreticallj'. 


246. Hittorf Transference Numbers. — Owing to the ofToct 
of the potcjiitial, the anions migrate to the anode and th(‘ cations 
to the cathode and concentration dilTerences appear in the tdec- 
trolyte with experiments of long duration. As an example, first 
consider the electrolysis of silver nitrate between silver electrodes, 
ill which silver dissolves at tlie anode and an e<iual quantity is 
precipitateil on tlie cathoilo The transport of current in the 
solution results not alone from the silver ions but also from the 
oppositely charged and therefore oppositely migrating NOa" ions. 

While a definite quantity of silver, say, one gram-afoin, 
corresponding to 1J5 of el(»ctricity, is dissolved at the anode, 
only a part of the ions formed migrate away to the cathode', but, oiii 
the contrary, a quantity of NOa” ions equivalent to the residin? 
remaining behind migrates to the anode. Therefore, an increase 
occurs at the anode and, corresponilingly, a ilecrease in [AgNOa] 
at the cathode, since more silver ions are dijposited here than 
migrate towards it. As Fig. 55 shows, the concentration changes 
in the preceding example are greater the fasti'r the anion migrates 
in comparison to the cation. The quantitative connection 
between the changes of salt concentration at the electrodes and 
the ionic mobilities results from the following consideration. 

The total (juantity of current passing through the electrolyte 
is given by I5q. (187). It dissolves at the anode in unit time; 

^Ijatcst publicat4on.s Z anorg. Chem,, 113, IIS (1020). 
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AE 

the (luantity of silver n = + U~')ctq-^— Now A/i' = 

U^^r^q silver ions migrate away, while An = V'^Cxq-^- nitrate 

ions migrate towards the anode. 

The increase in the quantity of silver ions at the anode amounts, 
therefore, to: 

n - Ml' = (f-+ + V- - U+)c,q^f = VTc.q^f = A« 
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and is, in fact, eciual to the increase of NOs" ions and hence total 
AgNOs. From this it follows directly that 

U- ^ ir_ 

U- u^'+u 


The ratios or w* arc designated as the Hittorf transference 
numbers of the anion or of the cation. These numbers can be 
determined experimentally by analysis and by the use of a silver 
coulomcter, and in conjunction with the sum + m“ obtained 
from conductivity measurements they permit of a calculation of 
the individual values of and w". 

The sum of the transference numbers of the anion and cation 
Wrt + wt, has, according to (Eq. (249)), the value 1. Since the 


- = = fia. and, analogously. 


ir 

M.+ + 


sn 

n 


= n*. 


(249) 
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mobilities represent positive quantities, the transference miiii- 
bers must always lie between 0 and 1. 

Now complex ions (192) — ^for example, the Ag(CN) 2 "“ ion, m 
which the metal is preponderantly combined as anion — migi-atcj 
against the current. Since in this case there is no migration 
Away from, but, instead, a migration of silver containing ions 
occurs toward the anode. An is greater than n and, th(*refor(‘, a 
value is found which is greater than unity for the appan^nt trans- 
ference number of the anion and a negative value for the trans- 
ference number of the cation 7ii in ease K(i. (219) is applied 
schematically to KAg(rN )2 just as to AgNOj. From this stale' 
of affairs, Hittorf first derived the important result that the' silve'r 
in KAg(rN )2 doe's neit migrate as cation as with AgNOa, l>ut is 
united to an anion just as are the metals in miine'renis e)fhe*r 
comph'x salts. 

The actual transference number of KAg(CN) 2 in the' calculation 
of which the eeimbination of silver as aniem is l)e)rnej in niinel, 
obviously, lies betw'ceii 0 anel 1, corresponding tc) the re'ejuire'- 
ment above. 

247. The Electrolysis of Alkali Salts.- AN'hile^ conce'iitraliein 
displacements occur only in the eleclredysis e)f a nie'tallic salt 
in the neighborhejoel of the electrodes erf the ce>rre*sponding melal, 
yet in other eases more fundamental changes occur b'or e'xample*, 
if a Na(/1 solution is ('lectrolyzed betwee'ii unattackable ('lee*tre)de*s, 
such as platinum, then the Na"^ ions migrate to the catheiele' anel 
the Cl” ions tei the anode. While the latter may l)o lil)erate*el as 
a gas, hydrogem apiiears at the catheiele insteael of me'tallKj 
sodium, since the deposition of the latte'r re'cpiire's consiele'rably 
less expenditure of work than does that erf seidium (see Talile' 10) 

While the solution becomes deprived erf sodium ion as well as 
ehloriele ions at the anoele, the sodium ieins accumulate a])out the 
cathode. At the same time ( )1I” ions remain l)ehinel, owing to the 
deposition of II"*" ions, i c., the solution becemies alkaline. 

This reaction forms the founelation of various important tech- 
nical processes feu* the electrolytic extractie)n of alkali on the 
one side anel of chleirine from the alkali cldewiele's e)n the othe'r siele. 

It recpiires a smalle'r expenditure of work tei eleee)inpos(‘ the 
water than to deposit the anions of the salts in the eka'treilysis of 
dissolved alkali sulfates, nitrates, and some other salt solutions. 
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In such cases ()\vj?(ui is pniduccd at the anode, so that the solu- 
tion loses Oil' ions and therefore becomes acid. 

248. Galvanic Polarization.’ Now the clianges called forth 

by the passage of cumuit through the electrolyte and at the 
electrodes hav(j shown that new forces acting on the ions, other 
than the original drop in potential, appear, so that the transfer of 
ions undergoes a complete change from that of the initial state. 
1' irst, the resulting concentration changes arc synon^unous with 
the app(*inance of an osmotic-pressure difference, which acts 
directly upon the ions as a driving force. Further, changes 
called iorth as a result of the electrolysis occur in the solution, 
(‘Specially electromotive forces at the electrodes which arc 
dirc'cted against the potential imposed This phenomenon, 
(‘specially important for electndysis and discussed more fully 
in what follows, is called ^‘galvanic polarization ” The differ- 
enc(j b(‘twc('n the imposed potimtial and the polarization deter- 
mines the elcctri(fal field actually acting upon the ions. 

249. Stationary State during the Passage of Current through 
an Electrolyte. -The changes which the eh^ctrolyte and the 
(‘lectrodes suff(?r on electrolysis of long duration do not, as a 
rule, increase c(jntinu()usly, but, instead, tend to reach a dofinite 
limiting value. When a definite potential is put across an el(‘C- 
trolytic trough, after .some time a ‘‘stationary state” is reached 
111 which th(‘ ((uantiti(vs characteristic for the reactions, concen- 
trations, natun' of the electrodes, polarization, and current 
sf rcMigth tcMiiporarily assume con.stant values. If the potential is 
changed, tluui the corresponding stationar 3 ' .state is destroyc'd, 
and some time is reiiuired befiTO the system has adjusted itself 
to the iu‘w conditions, and polarization, current strength, etc. 
have again become constant. In the following, consid(‘rations 
important for the stationary state will be discussed in contrast 
to those f243) valid onlj'' for the iion-stationary initial state. In 
case the .solution electrol 3 'zed is not free from convection currents 
and the like, or if the S(dution is intentionally subjected to stir- 
ring, no concentration changes can be produced in the interior 
of the solution and the appearance of a stationary state is con- 

1 Sumnianzod report, Khu(jkr, F, Z. Electrochem., 16, 522 (ICIO). 
* Sc(^ also Ai.lmanm), “Principles of Applied Fleet rocheinistry,” Arnold 
( 1020 ). 



450 FVNDAMENTALFi OF PIIYFilCAL CJIEMJETBY 

fined then to the electrodes ainl the liquid IjijTr H<lh(»rinK directly 
to the electrodes as mentioned in (241). 

260. Deposition Polarization (Decomposition Potentials).' — 
In some cases the limiting value of the polarization is very nearly 
equal to the polarizing potential. Th(^ electrolysis, say, of nor- 
mal hydrochloric acid, lietween a large hydrogen electnxle as 
cathode and a small platinum electrode as anode at a low j)oten- 
tial serves as an example of this.® 

A small current passes through the solution the first moment 
after applying the potential. A small quantity of chlorine is 
deposited by it on the anode with which the platinum lK»conies 
charged. The platinum anode in this way becomes a chlorine 
electrode and therefore exercises an e m f. opposite to the original 
potential against the hj'drogen electrode. A {lolarization n^sults, 
owing to the deposition of chlorine, which maj' suitably be 
designated as deposition polarization. The higluu* the platinum 
electrode is charged with chlorine the more th(' polarization 
increases, and the original current strength falls correspondingly. 
Finally, as soon as the polarization has reachc^d a value approxi- 
mating the value of the imposed potential, no more current goes 
through the solution. The partial pn^ssure of chlorine with 
which the platinum electrode is charged at low pot(*ntials is 
extremely small and still lu\s far under atmospheric pressure* at 
about 1 voUy so that the chlorine may escajie as a gas. The 
potential of a chlorine-hydrogen gas cell (se(i 217) under atmos- 
pheric pressure is first reached at a potential of 1.30 co//.y. "Jlie 
chlorine now assumes a partial pressure of 1 atm. and can (*scapc* 
as a gas. From this point on the partial pressure of do, and 
therefore the polarization, cannot incr(*ase furtlu'r, ev(*n if the 
potential is increased. The current stn^ngth which previously 
was practically zero increases greatly from the point 1.30 rolls, 
which is the decomposition potential of I Id 

Owing to deposition polarization, one may easily s(*paratc 
metals, such as zinc and copper, whose potentials are wid(‘ly 

1 The phenomena described in this paragraph were first clcarlv r(.M*ogniz(?d 
and correctly e\i)lained by Le Blanc (1891). 

* If a large electrode is inserted against a small one, then it is necessary 
only to consider the changes at and in the neighburliood of the small 
electrode. 
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different from one another, by electrolysis. Practically, only 
the nobler metal (Cu) is deposited from a solution containing 
both ions at small potentials (< about O.G volts against the 112 
electn>d('), since an exceedingly small quantity of zinc, not 
d('tectable analytically, suffices to call forth a polarization which 
is vcjy iK'arly eciual to the imposed potential.^ Accordingly, 
the pot(»ntial must in all cases be higher than O.S i^olt (measured 
against the II 2 electrode) to deposit pure zinc after the exhaustion 
of the copp(‘r ions or zinc and copper simultaneously in the pres- 
ence of copper ions. 

261. Concentration Polarization (Diffusion Currents). — An- 
oth(‘r typical case is met in the electrolysis of a potassium ioilide 
solution containing a little iodine. A small platinum point and a 
larg(' platinum sheet serve as cathode and anode. The surface 
of th(' latter is so grc'at that its changers and also the concentra- 
tion change's in its ne'ighborhood are relatively small and it can, 
th(*r('f<ire, be* designated as non-polarizable. Both electrodes 
b('Coni(' charg(*<l with iodine and act approximately as reversible 
iodine elect roe h's. 

Neiw if a relatively small potential of a few tenths of a volt is 
applie'd te) the ele‘ctre)d(\s, then the ie>eline will be reeluceel to 
iexliele; iems while the potassium aiiel hyelrogen ions of the water 
canne)t l)ece)nie discharge'd owing to the small potential. Accord- 
ing te) Table 10 it re'epiires a potential e)f at least 0 54 volt apart 
from the infiueiiere' eif iein ceincentrations in oreler to eleposit 
hyelreige'ii catlie)elically againsst an ioeline electrode as anode, 
while alme)st any small potential suffices fe)r the cathodic reduc- 
tiein e)f e'le'ine'iitary ieuline. Now an impoverishment of ioeline 
occurs in the imme'diate neighborheioel of the cathode during the 
passage e)f current, while in the solutiein anel on the surface e)f the 
anode its ceincentration remains practically constant. Acce^rd- 
ing to Henry’s law, a different partial pressure of iodine prevails 
at the two electrexles and wo are therefore concerned with a gas 
cell of the typo discussed in 217. The c.wi/. of this cell in a 
direction opposite the original potential depends upon differences 
of concentration or of partial pressures of a substance and there- 
fore is dosignat('d as concentration polarization. Now this 

1 Tliat 0«)pjK»r (loposils, in spito of this, is brought about by the phoiiomcnon 
of diffusion currents. This is discussed 111 the following paragraph. 



452 


FUNDAMENTALS OF PHYSICAL CHEMISTRY 


potential increases with the impoverishment of the iodine mole- 
cules at the cathode. Finally, in the stationary state it becomes 
as great us the polarizing potential E, though, obviously, it can 
never exceed this value. Therefore, for the limiting value of the 
polarization Ep on the basis of (Pj<i. (221)):^ 

],] = Ep = In (2.50) 

J Ck 


where Cq represents tlie concentration of Ii in tlu^ solution or at 
the anode and Vk that at the cathode. 

Now iodine reaches the cathode entirely dilTusion from the 

solution. The quantity of iodine reaching there in a unit 


of time is determined by Tick’s first law, in wliich 



the thickness of the diffusion layer) is set in place of th(' diilen^n- 
(Ic 

tial (luotient just as in 241.^ So long as the? discharge of 

iodine is the only possible electrochemical reac.tion, the current 
flowing through the electrol 3 't(‘ eciuals the quantity of ek'ctricity 
f2J5 p(.*r mole 1 2 ) in the time Jz for the ejuantity of iodine dn 
transported, i.c., 


j. dn 2Jv/>^?(cu - Ck ) 
^ = 5' 


(2:)i) 


where q repn^seiits the cross-section of the diffusion layer or, 
what usually amounts to the same thing, the surface of the small 
cathode. 

Eliminating c* from lOqs (250) and (251), a relation between It 
and E, the so-called current potential curve of the proc(‘ss, is 
obtained in which all (luantities can be determined physicallj'. 
When is chosen as abscissa and / as ordinate, the current- 
potential curve first rises rapidly, but soon becomes paralkd 
to the abscissa axis at about a potential of 0.1 volt, i.c,, the cur- 


^ losing coiicontration.'i 111 place of iiclivities 

® Until the stationary state has set in, the differential Eq. (SO) holds for 
the diffusion reaction. But since in the stationary state no tnic clianges 

occur, wo obtain here From tliLs it follows that = 

Cenatt, The drop in coneentration in the <iiffusion layer is, therefore, equally 
great throughout and - can be substituted for it. 
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rent 1 is imU'ponclent of tho poitmtial. 'J'his effect is easily under- 
stood if it is considered that, for sufficu’ntly high values of K 
or Ep, must l)ccoiuc extremely small compared to Ca, so that 
c* disapix^ars in hip (251) and therefora only constant (luantities 
remain on the right side. The horizontal branch of the current- 
potential curve is called the “limiting current,” while the entire 
l)henoinenon is called a diffusion current, since the current 
strength depends only upon the diffusion velocity of /a. I'he 
current strength exceeds the value of the limiting current at 



higher potentials when new electrochemical reactions become 
noticeable (discharge of 11+ ions) (sec I'Mg. 5fi). 

While, therefore. Ohm’s law holds for metallic conductors and 
non-stationary electrolytic processt?s in which no polarization can 
be built up ((‘lectrolysis of short duration or weak alternating 
current), according to which the potential is simply proportional 
to /, the cunvnt-potential curv’c of an electrolyte m the station- 
ary state shows an entirely different course, particularly at low 
potentials. 
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A furtlior typical ovaniplc of the appoarnncc of coiicontratioii polarization 
IS tlic electrolysis of a metallic salt (AgNOs; between two electrode's of the 
same metal (Ag). In case the stationary state is actually reached the silver 
ions migrate in a stream through the solution, while the NOs~ ions cannot 
take part in the conduction of current at all, since they cannot be prcxhiced 
or used up by the electrolysis at any place. The total force acting upon 
them must, therefore, equal zero. This is due to the fact that the cl(M‘tric 
force acting upon the N( >8'' ions compensates the osmotic-pn'ssure dilTcience 
corresponding to the fall in concentration piuduccd. Now with the Ag** 
ions the sign of the electric force is reversed, and therefore the osmotic- 
pressure difTercnce and the electrical force operate in tlie same direction, 
i ,€ , the osmotic-pressure difTerence acting upon the cation is doubled by the 
electric force. The current strength is hke\\IS(^ repicscnted hy h](| (2r)l) 
(diffusion current), except that the factor 2 enters, owing to the doubling 
of the osmotic force. Moreover, in this case, the course of the curient- 
potential curve is, theoretically, the same as with a pure diffusion cut rent. 
The polarization called forth bv tlie difference in concentration of the Ag^ 
ions can be calculated by E(i (250). In this case it is half as great as the 
applied potential. (For further details see Eucken, A., Z. physik. Ohem., 
59 , 72 (1907).) 

In the electrolysis of Na2S04an(l similar salts, alkaline reactions 
appearing at the cathode and acid reactions appearing at the 
anode produce a polarization, which corresponds to the ])()t(uitial 
of the acid-alkali cell (acid-alkali polarization), and likewise 
represents a type of concentration polarization For th(» st(‘ady 
state, the transport of current is effecteil by 11+ ions at the anode 
migrating to the interior of the solution, and at the cathoile by 
the OH- ions. A neutral layer e.xists in the middle The 
Na+ and SO4" ions cannot participate in the conduction ofi 
current in the steady state, since they are neither produced nor 
used up. The drop in concentration of the Na+ and SO4" ions is 
opposite in din^ction. 

In addition to the acid-alkali polarization a deposition polariza- 
tion also appears on the electrolysis of Na2S()4, since different 
gases (H2 and O2) are developed at both electrodes. The cathode 
therefore behaves as an H2 electrode and the anode as an (>2 
electrode. 

262 . Chemical Polarization Accumulators. — 'T'hemical polar- 
ization” is closely related to deposition polarization. For example, 
if sulfuric acid saturated with lead sulfate is electrolyzed between 
two lead electrodes, then the ions become oxidized to lead 
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peroxide at the anode, lead is deposited at the cathode, and a 
polarization is produced corresponding to the v,mf. of the cell. 


PbOa 


II2SO4 

saturated with 
PbSOi 


Pb. 


The production of ]'b()2 and Pb on the anode and cathode re- 
spectivel}' continuers for a still longer time at a potential which 
suffices for the maintenance of a current even after the formation 
of this polarization. 

If the polarizing current is interrupted, a galvanic cell results, 
which on its own account is able to deliver a current until the 
Pb02 and Pb formed are used up. Such a cell is adapted for the 
storage of electrical energy and is called an accumulator. 

The greater the (|uantity of Pb02 or Pb formed the more 
current the accumulator can yield and, therefore, the greater is its 
capacity. However, during the discharge the e,mf, of the lead 
accumulator dejes not remain constant to the exhaustion of the 
Pb()2 and Pb, but gradually becomes smaller. This is due to the 
fact that its c. //?./. dei)ends to a high degree upon the concen- 
tration of the sulfuric acid. High S()4" ion concentration 
represses the Pb'^ concentration, and therefore makes the Pb 
electrode (negative pole) more negative, while at the same time 
a high H^ ion concentration makes the Pb()2 electrode more 
p«)sitiv(», since the pot(*ntial of a Pb(.)2 electrode de|xuids upon 
the H"*" ion concentration similar to that of the permanganate 
el(*ctrode (see 218). Since H+ and SO 4" ions an* used up on dis- 
charge according to the equation 

Pb()2 + Pb + 2H2SO4 -> 2PbS()4 + 2H2O, 

the gradual decrease of the e,mj, can be understood.^ 

The Edison accumulator, which is distinguished from the lead 
cell by its smaller weight, has found a certain field of application. 
It consists of the combination 


Fc/4N KOH/tNijOa • I.2H2O). 


^ Fiirtlior details rcKardiiig the reactions in the lead accumulator are to be 
found in tlic nionoKraph of Dolezalkk, F., '*Theoriedes Bleiakkumulators," 
Halle (1901); and in textbooks on electrochemistry. 
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The current-producing process is represented by the reaction: 

discharge 

Fe + (NisOa I. 2 II 2 O) + l.SIlaO Fe(OII )2 + 2 Ni(()lI) 2 . 

charge 

Its emf amounts to about 1.34 volts. 

263. Irreversible Polarization. Overvoltage. — The types of 
polarization previously i)ictiired represent electromotive forces 
which correspond directly to those appearing in the galvanic cell. 
They can all be designated as reversible polarization phenomena. 
Now, in fact, in numerous cases of electrolysis an e.mf. appears 
in addition to reversible polarization, which possesses no counter- 
part in the emf. of galvanic cells, and therefore is suitably 
designated as irreversible polarization. The irreversible polariza- 
tion in the deposition of gases is especially striking, though it 
doubtless also appears in metallic deposition ' 

If a dilute H 2 SO 4 solution is electrolyzed, tluui the process 
proceeding most easily at the anode is a deposition of gaseous (> 2 . 


'Fable 03 


Elect hmIo 

( >veivollage of 
0\>glMl, Vtflt 

Ni (spongy) 

0 05 

Ni (siiiootli) 

0 12 

Fe . 

0 24 

l*t (platinized) 

0 24 

Pd (siiiooili) 


IH (sinootli) 


Au 



According to 214, it is to be expected that O 2 umler atmospheric 
pressure would be developed at a potential of 1 234 t*ults. In 
fact, however, a higher potential than 1.234 volts (measured 
against the normal H 2 electrode) is required, in order to allow a 
current to flow continuously through a H2SO4 solution. The 

^ * Various theories of overvoltage liave been given by Bancroft, J. 
Phys. Chem., 20, 396 (1916); MacInnes and Adler, J. Am. Cheni. Soc., 
41, 104 (1919); 42, 22:33 (1020); Bzrciier and Harkins, tbtd., 46, 2890 
(1923); Newberry, J. Ckctn. Soc , 109, 1051, 1369 (1910). 
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total polarization is, therefore, greater than the reversible value 
of 1.234 volts. The amount of the polarization which exceeds 
the reversible potential is called overvoltage. Its magnitude, 
as Table 63 shows, depends to a high degree upon the electrode 
material. 


Table 04 


Klectrode 

Overvoltage of 
hydrogen, volt 

PI 

0 000 

All 

0 017 

Ni 

0 14 

('ll 

0 11 

Vo. 

0 17 

P!> 

0 My 

Hg. 

0 44 


With other gases, the series of metals is entirely different. 
The numbers given for H 2 in Table 64 hold for the rough metal. ‘ 

The values of the overvoltage given here are determined by 
the break in the current-potential curve, where the current 
strength increase's and the development of gas bubbles begins. 
If the i)otential is raised further, then the current increases 
markedly, but, as a rule, the polarization also increases. This 
amount of overvoltage is greater the greater the current density 
chosen, i.e , the ratio of the current strength to the electrode 
surface, and reaches values of about some tenths of a volt, which 
are to ])e added to the values given in the preceding tables. 

Overvoltage leads to the conclusion that in (dectrolysis another 
(secondary) electrochemical progress is occurring in many cases 
in place of the gas development expected by consideration of 
the ionic concentrations (Ecj. (222)). 

Without overvoltage, hydrogen would be developed at the lead pole 111 
rhargmg the lead accumulator, owing to the magnitude of the 11'^ loti 
concentration and tlic minuteness of the ion concentration, and no 
lead would be deposited. Small traces of Pt which are brought into the 
accumulator in dissolved form and precipitated upon the lead plate actually 

^ Taken for the most part from Thiel and Breuning, Z. ativrg, Chem , 83, 
329 (1913). 







458 FUNDAMENTALS OF PHYSICAL CHEMISTRY 


reduce the overvoltage to nearly that of h 3 'drogen. It, therefore, hccomes 
impossible to reduce the lead sulfate, t.c., the accumulator is mined. 

The mercury process (see 247) for the clcctrolj'tic preparation of alkali, 
in which the alkali metal is first taken up by a Ilg cathode as amalgam, serves 
as a further example of the eiTectivcness of overvoltage The formation of 
the Na amalgam is possible in spite of its relatively high potential, because 
hydrogen cannot escape owing to its high overvoltage on mercurv. In 
order to prepare an alkaline solution from tlie alkali amalgam, the latter is 
covered over with water and brought into contact with metallic iron. Owing 
to the smaller overvoltage of H 2 on iron, gaseous II 2 can form on the latter 
and the alkali metal goes into the solution as ion. 

Ovon’oltagc doubtless owes its origin to an obstruction which 
opposes the formation of gas as bubbh's. Different explanations 
exist as regards details. lOithcr the union of the atoms ilischarging 
as molecules of O 2 or 112 requires a noticeable time, so that gases 
arc crowded on or in the electrode in the monatomic state, or the 
atoms unite to from diatomic molecules but find no opportunity 
to coalesce to gas bubbles, similar to the delay in boiling.^ Doth 
explanations are in agreement, in that a gas is developed in the 
electrode in electrolysis under overvoltage, regardless of whether 
it is considered to be in tlie mon- or diatomic state, which must 
possess a considerablj^ higher <‘lectromotiv(dy active “overpr(?s- 
sure^' than under reversible conditions. With this hypothesis 
“overpressures” can be imagined which are considerably higher 
than other considerations would permit. According to I0(i. (225) 
0.08 volt corresponds to a tenfold multiplication in pressure. 

Now it has turn(‘d out that the chemical activity of the gases 
developed electrolytically runs parallel to these “overpn'ssurc” 
values. By choice of a suitable electrode (Zn, llg, Pb) anA 
application of high current densities the gas deposited behaves 
at the moment of origin in a chemical respect as though it existed 
under extremely high pressure, and there is the possibility of 
bringing about extraordinarily powerful effects by means of the 
electrolytically developed gas. This is of prime importance in 
electrochemical oxidation and reduction. Of the numerous 
examples pertaining here, mention will be made only of the 
reduction of carbonic acid to formic acid, which is practicable 
only on electrodes with high overpotential (lead and zinc), as 

^ G. Mollcr has offered some interesting experiments and calculations in 
support of the latter hypothesis (Ann. Phynk,, 27, 665 (1005)). 
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well as the reduction of acetone to isopropyl alcohol, which 
requires the use of a mercury cathode. 

(Jn the other hand, since the gas can be developed under an 
exceedingly small partial pressure by the use of potentials which 
lie below the decomposition potential, electrochemical oxidation 
and reduction permits one to bring every given effect within very 
wide limits by variation of the electrode material on the one hand 
and the pott^iitial on the other. 

264. Electrochemical Passivity. — While obstructions apfx^ar 
in the (d(;ctrochcmical development of gases, which find their 
expression in overvoltage, some metals under certain conditions 
int(‘rpose a considerable resistance to their anodic conversion into 
ions, which is designated as passivity. Chromium passes over 
into the passive state especially easily, and iron, nickel, as well 
as the majority of noble metals, can also 1x5 made passive. A 
metal shows its passivity not alone in that it will not go into 
solution anodically on electrolysis, but it can be brought into 
acids of powerful oxidizing action, such as concentrated IINOa, 
without dissolving in it. Many metals, such as chromium, even 
become* passive even by lying in air, and must first be artificially 
activated by a powerful cathodic treatment, such as development 
of Ha on the surface.^ 

Of till* minicrous possible explanations of passivity, the assumption of a 
siirfaci* layt^r A^hicli prevents the passage of the metal ions daservos most 
attcaition. The tlii('.kne.ss of tins interiiicduitc layer is very minute, since 
the optical propertuis of most metals arc not markedly eliangcd bv being 
made ]m.ssive. No certain statement can be made n*gardiiig the constitu- 
tion of the la^'er. There arc various indications, however, that it consists 
of a very thin skin of condensed oxygen which is held either bv pundy phys- 
ical absorption or in part also chemically by the formation of suboxides. 

On the other hand, in many cases — for example, with aluminium and 
tantalum — ^thc formation of a skin of oxide is clearly perceptible on the 
metal. These skins possess the peculiarity of presenting a very different 
resistance against the current in the two opposing directions. We can 
therefore use cells m which another electroilc (carbon) is placed opposite an 
aluminium or tantalum electrode as a nH*.tifier for alteniate currents (the 
so-called Vcntil cells). Gttnthcr-8chulze has instituted exhaustive theoret- 

^ By alloying with chromium, the relatively weak passivity of iron is 
somewhat strengthened, so that the alloy withstands completely the oxidiz- 
ing influence of O 2 and HNOs. This phenomenon is the basis of the so- 
called stainless or non-rusting steels. 
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ical and experimental invoKl.igatiun.s ronrorning the Vvntil nchonA 
According to him, it is probable that a vor^^ thin gas layer is formed botwoon 
the metal and the precipitated skin. The passage of current through this 
possesses the character of that in a discharge tube which follows also from the 
appearance of numerous small sparks upon the electrode surface during the 
passage of current. Since the major portion of the conduction of electricity 
m gases devolves upon fsee 286) the mobile electrons and since further 
electrons can be more easily liberated from the metal (see 286) than from the 
solution, the unipolar character of the conductivity of the electrode surface 
covered with a jirecipitated membrane cae be understood. 

c. Thermodynamic and Kinetic Theories 

266. Thermodynamic Theory of Reaction Velocity. — The attempt was 
made by Trautz to calculate the velocity coefficients ki and k^ of a reaction 
from thermal data analogous to tlic equilibrium constant K. The division 
of Kq (234d) into two parts forms the starting point corres])onding to the 
relation Eq. (245) log K = log ki — log A'l. 

RT + R R j _ (252) 

RT + R S'"'"’ R + S" ^ i 

If the difference Il\i — n\i is made equal to //i/, the heat content of reac- 
tion at absolute zero, and k represents a temperature function or constant 
which is the same in both equations, we return directly to Kq. (234r/) 

Doubtless a formal separation of Eq. (234d) into two terms is permissible 
ilowever, the jihysical meaning of the values H\i and //'«.• involvi*s a certain 
difficulty since m each of the two reactions A + li —►A' + Ii'(A' 2 ) and 
A' + B' —> A + B(fci), apart from universal constants, only terms which 
are independent of the other counter reaction should appear. Trautz 
claimed II\i as the heat of formation of substances A and B, and //'02 as 
that of the substances A' and B' from some intermediate products whose’ 
appearance is to be assumed not only in the more complicated but even in the 
simplest reactions. For the quantity k* Trautz assumed a universal con- 
stant value. 

An expenmental test of Eq. (252) meets with greater difficulties than the 
statistical Eq (2^I4d), largely because there are so few serviceable 
measurements which apply to reaction velocity ns compared to those for 
equilibrium. The nature of the intermediate products is often a matter of 
conjecture, but even if they were known it would not be passible to estimate 
the heats of reaction //oi and //o* by direct caloi iincq 1 n* measurement as with 
equilibria, they must be detcrmine<l empirically, as a rule, from the tem- 
perature course of A;i or A '2 according to Eq. (252). 

Therefore, a final judgment concerning the validity of the theory is not 
possible at present. Empirical arguments may be considered which bear 

^ For details and earlier literature see Z. Physik.^ 3, 340 (1920). 
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this out. If one assumes, for example, that the second member on the ri^ht 
side of Eq. (252) becomes of relatively little importance, then the formula 
of Arrhenius (Eq. (240)) is obtained which is well established empirically 
in many cases. Hut, on the other hand, the theor>', apart from the thooreti- 
rnl considerations, does not always appear to be m accord with the facts 
I'or example, a higher value of H\\ corresponds according to Eq. (2.52) 

to a high value of the logarithmic temperature coeflicient of A'l, since - w* 

IT ^ ^ 

ih cqiinl to by ncglcpting the second and tliird terms. Therefore, in 

hiolofricnl reactions, which show ahiiormally high temperature coefTicients 
for Iheir vchwity constants acconhng to Table «0, //»' iinist be especially 
liirge This scan-oly appears probable, since in the majority of organic 
reactions the gross heat of reaction is relatively small, and one may assume 
tliat the heats of formution of the intcnncdiate products which are identiheii 
by Trautz with //'.i and //'oi do not, at any rate, possess abnormally high 
values * 

256. Kinetic Theory. — The proWein of calculating the al>soIute 
value of the K>action velocity of a gas reaction from molecular 
kinetic conRidcrutions has lieen attacked in various ways for a 
long time, pjirticularly hy Holtzmann » The complete calcula- 
tion is usually not possible without special a.Rsumptiuns which 
rob the theory of its persuasive force; this is not astonishing in 
view of the differences uml complicated nature of reaction- 
velocity phenomena (influences of catalysts). 

On the other hand, if the consideration is confined to the kinetic 
explanation of the influence of individual factors on reaction 
velocity, a very satisfactory result is obtained. The first question 
involves an interpretation of the influence of concentration of the 
reacting substances upon the reaction velocity (Kq (241)). 

That in a unimolecular reaction the velocity must be propor- 
tional to the numlwr of molecules existing at any moment, and 
therefore to their concentration, has been discussed completely 
in 11. 

> Complete literature ami a short description of Trautz' theory, including 
cntic.isins, arc to be found in K. F. HEitzii'iiSLD's paper, Ann. Phyaik,, B9, 
(135 (1919). 

*For literature up to 1913 occ Jeluxek, “Physikalische Chemie det 
Oasrenktioncn,” p 722 H seq , liOipzig (1913). For later works reference 
may be made to Stehn, ()., Ann Physik, 44, 497 (1912), Kerzfbld, K. F., 
Ann Phi/mk , 69, fi:i5 (1919); Z Blektrochem , 26, 301 (1919); Z. Physik , 8, 
132 (1922), PoLANYi, M., Z. Elektrochein,, 86, 49, 228 U020); Z. Physik., 1. 
337 (1920). 
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In a bimolecular or highcr-ordor reaction, the fundamental 
condition for a reaction is that the molecules of the reactants be 
brought into contact with one another or, expressed more gen- 
erally, that they approach one another so closely that the 
chemical forces can manifest themselves. If it is assumed that 
the chemical forces can act only over a very short distance (in 
most cases this assumption proves to bo correct), such a close 
approach of two molecules may correctly be designated as a 
collision. Therefore, at the most only as many reacting inohi- 
cules can form end products as there are collisions. IIow('V('r, 
it is necessary to assume that a greater part of tlie collisions arc 
often chemically inefFoctive and that only a fraction rc'sult in a 
chemical union. But this fraction must have a constant value 
for a definite temperature and the following eciuation is obt aim'd: 


Reaction velocity = number of effective collisions ~ 

total number of collisions (2r}A) 

. 1 .1 i. number of effective collisions . 

Since, m general, the fraction . . , , ^ n- • is 

* ^ ' total number of collisions 

not known, the knowledge of the absolute value of the total 
number of collisions for which a simple formula applies in the 
kinetic gas theory is of no value. Still the cjiiestion of the 
dependence of the total number of collisiiiiis upon the concen- 
tration of the reacting substances can bo answered without diffi- 
culty. In a bimolecular reaction two cascNS can be diffen'iitiated 
from one another: 

1. The reacting molecules arc alike (case? of an association). 

2. The reacting molecules are of different types. * 

In case 1 a single molecule will first be considered. The num- 
ber of collisions^ Zi which it suffers in unit time is, obviously, 
greater the greater the number of molecules present in the unit 
of volume. By doubling the numljer of molecules present or the 
mole number ??, twice as many molecules encounter the molecule 
under consideration, z.c., the numlwr of collisions actually occur- 
ring is doubled; therefore, Zi ~ n ~ c (since u is proportional to 
the concentration r). 

This reaction which was first considered for a single molecule 
repeats itself for all of the above molecules. The total number 

1 The absolute value of this number amounts to 5 ■ 10® per second for air 
at 0** and atmospheric pressure. 
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of collisions Zg amounts, therefore, to Zm and it follows that 

Zg = Zirt ^ 

Therefore, by considering Kcj. (253) the correct cciuation is 
obtained (see 232): 

Reaction velocity = Ar^. 

2. In case the reacting molecules arc of different natures and 
tludr number per unit of volume amounts to ui and and their 
concentrations, correspondingly, to Ci and C2, the following result 
is obtained: ni + ^2 molecules are present in the gas space, but 
for a reaction with a certain individual molecule it is not the 
collisions with the same type of molecules, but only with 
different types of molecules, which ent(.‘r into consideration. 
Th(»r(‘fore, Zi ~ //2 ~ ^*2. Since the reaction n^peats itself n times 
corresponding to tlu' presence of Hi imdecules of the first type, 
it is found that Zg ^ ni/i2 and, therefore, 

Reaction velocity = kciC2. 

Tn a trimolecular reaction the three molecules (A, B, C), 
which may also bo of ecjual concentration, must come together 
simultaneously in order to effect a chemical combination. Since 
nothing can bo said regarding absolute simultaneity, it is obvious 
that it is necc'ssary first to define within what space of time a 
collision wdll be consulered as simultaneous. The generalization 
of the cases 1 and 2 above offers no further difficulties. A 
definite number of molecules B and (■ will always be given which 
exist in the stale of collision. Their number Zne is proportional 
to H2 and /ij and, indeed, this is greater the wid<‘r the interval of 
simultaneity chosen. The nuinl>cr Zuc enters simply in place 
of the iiumlxT Zi in case 1. If Wi molecules of A are present, 
then th(' collisions of the molecule A are repeated n\ times, z.c., 
the total number of collisions Zg is proportional to 1^2/13. 
Since this depends upon the simultaneous encounters of three 
different molecules, the number of collisions, and therefore also 
the reaction velocity, is very much smaller than in cases 1 
and 2. On account of their slowness, genuine trimolecular 
reactions arc rare in nature. 

The union of three molecules almost always occurs in several 
steps, which travel faster individually than the gross redaction. 
These are first the two steps A + B = AB; AB + C = ABC, 
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though the reaction frequently also proceeds through other intcT- 
mediate products. The frequency of the simultaneous encounter 
of four or still more molecules is so minute that hitherto a quad- 
rimolecular course of reaction could not be observed, since 
reactions which should be quadrimolecular according to the gross 
equation always choose a course over some iiitermodiate step.' 

The very considerable influence of temperature upon the 
reaction velocity or the velocity constant k can, as a rule, be 
understood kinetically by means of a relatively simple assumption - 

The molecules existing in a gas mixture possess ilifferent veloci- 
ties and Max weirs distribution law holds as well for the traiis- 
latory motion as for the rotatory velocity, both of which are 
independent of one another. Now the fundamental assumption 
is that only those molecules react whose velocities lie above 
a certain limit. For example, then, two molecules will only 
overcome their zones of repulsion and unite chemically if their 
relative translatory velocities exceed a certain value Vo ® 

The total number of molecules whose velocity Iw's above a 
critical value Vo {AB in Fig. 13) is represented by the surface 
which is enclosed by the line AB^ the abscissa axis, and the curve 
similar to that in 136. Now it is recognized that this surface 
increases rapidly with increasing temperature and the inon* the 
limiting line AB is displaced toward lower velocity. Qualita- 
tively, the rapid temperature increase of reaction velocit y reverts 
to a characteristic of Maxwell's distribution law. 

An exact quantitative calculation offers certain chflicultios, for example, 
the equili])rium of the Maxwellian distribution is always dLsturliod by tlfe 
reaction and therefore it is not strictly applicable in its clasHical form. Tf 
a relatively hi^h value is attnlnitcd to the critical velocity Vo, then it can be 

1 * Luther and MacDougall (Z. phijsik Chem , 62, 109 (lOOS)) claim 
to have shown that the reaction 4II+ 4 * 2 C 10 j' + 2 (' 1 “ — * ‘JfMOg + (’U + 
2 II 2 O is of the oiKhth order. Juosox and Walker (Trans Chnn Sac, 
73,410 (1898)) concluded that the reaction 211+ -f Br“ + — nnK)+ 

HBr 02 IS quadnmolceular, but becomes bimolociilar with excess of 112804 . 

*See especially Goldschmidt, II., Physik. ZaL, 10, 207 (1900). 

* That such zones of repulsion actually exist with monatomic molecules is 
doubtful, though not impossible. But for a reaction to occur in w'hich 
polyatomic molecules participate the molecule must in every case be shat- 
tered, for which it requires a considerable quantity of energy, which can 
only be obtained by collisions with rapid molecules. 
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-A/Vu» 

nliown that the factor c relating to the temperature iiiHueiice is 

decisive not only for tlie Maxwellian law but also for its integral between the 
limits Vu and infinity. Therefore, one is entitled, at least approximately, to 
set the velocity constant k equal to 

k = Connt. e (246a) 

or 

UVn- 4 

Ink = — 2 /^y» + Comi = — y, + B, 


that is, we retuni again to the formula of Arrhenius, which is well verified 
rnijiirically anil wha<«e constant A now obtains a physical meaning, namely, 
the (piotient of the elTective energy of one mole divided by the liiiiitiiig 
velocity Vo and the gas constant. 

Willie 111 the union of two molecules their relative translatory velocity' 
approaches a critical limiting velocity, the dissociation of a molecule into two 
or inon» atoms is probably dependent upon a limiting value of the rotational 
vekicil.\ Tsoe Kiiroiui, F , <iotL Nachr 1, (T*.)()S), given in detail in Jellinek, 
“(Sasreaktion,” page 723 rt srq ), then the greater the rotational velocity the 
gn^ater the centrifugal force becomes. As ho«>n as the rotational velocity 
evcccds a certain limit w, the chemical forces of valence are overbalanced 
bv the centrifugal force and the molecule dissociates. Now Maxwell's 
distribution law retains the same general form for the rotational velocity 

as for tlie translational velocity, only «.»* enters for the rotational velocity 

in place of } 2 A/ Vn® J is the moincnt of inertia per mole and both expres- 
sions n^preseiit the kin(‘tic energy. On the separation of the atom the 
rotational velocity is partly converted into translational velocity and partly 
into ])otential energy. During the separation of the atoms one from 
another a certain amount of work m done against the chemical forces of 
attraction. 

In ease it. is assumed that the molecules after a complete separation possess 
no further volocitv relative towanl one another, then the kinetic energy 

is completely transformed into potential energy. This, therefore. 


lepie^eiits the total energy to bo apjilied to tlie separation of the atoms and 
IS, in gciioial. to be identified with a negative heat of dissociation, or, if 
the leaction i.s vicwcil in the reverse wav, ns the heat of union of the atoms 
II' ui. For the reaction velocity ^\c now' obtain in complete analogy to 
1‘iil. (24t>(i) 

Ink = + B = "1"/ + B. 


2RT 


RT 


With this the connection is made, at least for the simple case of a mono- 
molecular reaction, with the result of 266 , and, therefore, w'lth the funda* 
mental thcrmodynaniic Kep (234) or its integral Eq. (234d). 

The proceeding consideration is most probably to be generalized in so far 
as the dissociation energy of the decomposition can be stored up not only as 
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rotational energy, but also as some other form within the molecule.^ Now 
the origin of this energy can only be due to a foreign molecule, provided the 
absorption of radiant energy is excluded, t.e., before a molecule dissociates 
a collision must have occurred with another molecule especially ncli in 
energy. Conversely, if two atoms unite to form a molecule, their mutual 
potential energy is obviously converted into other forms of energy w'hich at 
first remains within the new’ly formed molecule. Now, since at any time a 
reverse change in jiotential energy can occur (by separation into atoms), the 
molecule existed in a very labile stage in the beginning. Only w'hen the 
decomposition energy is transmitted by collision with a foreign molecule 
can the final formation of the molecule be considered complete. Now^ if the 
molecule ahvays retains its labile state of high energy content for only a very 
short time, then its dissociation as w'ell as its formation must occur prac- 
tically simultaneous with the collision of an energ> -transmitting molecule 
if a reaction is to occur at all. According to this, every decomposition of a 
molecule w’ould be represented theoretically as a bimolecular reaction instead 
of a unimolecular one and every formation from two atoms as a trimolecular 
reaction instead of a bimolecular one. (Sec IIerzfeld, C, F.,Z Physik , 8, 
132 (1922).) However, many phenomena indicate that a molecule may 
even retain a greater energy than its heat of decomposition without a 
dissociation appearing for a period of time of about lO”* see. (see page 543, 
footnote). 

* An excellent discussion of the status of the radiation theory is given in 
Trans, Faraday Soc , 17 (1922). See also Tolman, J. Arn. Chem. Soc , 42 , 
2506 (1921), 43 , 269 (1922), 46 , 2285 (1923); Dusiiman, ihid , 43 , 397 (1921), 
Langmuir, ihid , 42 , 2190 (1920); Lewis, W. C , and McKeow'n, thid , 43 , 
1288 (1921); Christiansen, J. A., and Kramers, H. A., Z. physik Chem, 
104 , 451 (1923). Lew'is, G. N., and Smith, D Y , J. Am. Chem Soc, 
47 , 1508 (1925) and Tolman, ibid, 47 , 1524 (1925). 

^ As shown by numerous phenomena mentioned in Sec, D, the molecules 
as well as the atoms exist not only in a stable normal state but also in a series 
of labile excited states of different energy levels. I 
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THE STRUCTURE OF MATTER 

267. Synopsis. — A largo part of the two preceding sections has 
already been devoted to the question of the structure of matter 
The fundamental laws indicate that matter is composed of small 
individual units, or ^‘building blocks,” which are called atoms. 
To a large extent, the experimentally obsc'rved phenomena of 
both physics and chemistry may be explained by means of two 
assumptions: (1) when atoms arc very close together they repel 
each other, but at somewhat greater distances they attract; 
(2) atoms are in a state of rapid (vibratory or translatory) 
motion, at least at higher temperatures. 

In the following the atom itself will be considered as a unit. 
The nature of its attractive and repulsive force's will be studied 
particularly, including the chemical forces, but, in general, all 
effects due to the heat motion of atoms will be neglected. In other 
words, it will be assumed that the substance under investigation 
is at a relatively low temperature. In many cases this will 
simplify problems very much; for example, if the heat content of 
reaction and the maximum work can be considered eciiial to each 

otlu'r, the t('rm 

Experience forms the basis for determining the properties 
of atoms. Therefore, there will first be an attempt to draw some 
conclusions as to the behavior of single atoms from experimental 
results, even though the exp(»riments have involved very large 
numbers of atoms (Part 1). For a deeper knowledge of the 
structure of the atom, these empirically discovered properties 
are not sufficient. We shall try to decompose the atoms into 
simpler constituents (Part 2) and to learn the laws governing 
the products of decomposition and their formation (Part 3). 
From a use of the knowledge thus obtained, it should be possible 
to construct models of the atoms. If the model obtained for an 
atom is a correct representation of the actual structure, it should 
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be possible to calculate from it (oven thoiigli indirc'ctly) tlw' saiiu? 
properties which wore oxix»rimontally observed on the atom 
itself. In particular, it should he possible to understand and to 
calculate from the model those physical and chemical forces by 
which atoms link together to form crystals and molecules. The 
extent to which our present knowledge enables us to ilo this is 
indicated in Part 4 

It may be noted that, even at the present tune, the investiga- 
tions of the constitution of atoms allow us to look back upon 
some very remarkable successes. There already exists ('xtensive 
and convincing material concerning the nature anil the number 
of the decomposition products of single atoms. The fumiaiiK^ntal 
laws of the effect of atomic decomposition products upon each 
other and upon the surroundings (“the luminiferous ether’*) also 
appear, on the whole, to Ik? correctly grasped, evim though the 
conceptions are lacking in details. Some simple atomic mo<lels 
have been constructed which, in a number of resixcts, esix'cially 
the optical pro[x»rties, agree excellently with the experimeiifal 
facts. On the other hand, the problem of calculating, from the 
atomic model, the mutual force effects of atoms during the forma- 
tion of molecules involves great difficulties wliich as yet have not 
been completely overcome. 

Since modern atomic investigation has assumed, in part, a 
purely physical and even mathematical-physical character, in the 
following some of the special fields can bo only briefly discussed in 
reference to their most important results ' 

1. EMPIRICAL (DIRECT) PROPERTIES OF THE ATOM * 

268. Direct Atomic Properties. — The observed physical or 
chemical properties of a substance may all lx: stnctly reh'rred 
back to its atomic constituents; j.e., as a matter of principle, 

* The most exliaustive work on the subject of atomic stnictiire is given by 
SoMMKRFELD, A , “Atoiiiic Stnifturc and Spectral Linos,” translatotl In' 
II. Brose, E. P. Dutton & Company, New York (1023). * More limit od 

presentations, each of which has certain distinguishing characteristics in 
treatment, viewpoint, and emphasis, arc given by Foote and Mohlek, 
“Tlie Origin of Spectra,” Chemical Catalogue (^o., (1922), Anukauk, “The 
Stnicture of the Atom,” Bell, London (1923); Lorixo, ” Atomic Tlieories,” 
Methuen, London (1921); Kramers and Holst, “The Bohr Theory of the 
Atom,” translated by 11. B. and R. T. Lindsay, Alfred A. Knopf, New 
York (1923). 
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even a macroscopically observable property is determined by the 
properties of the atoms contained in the substance. In order to 
obtain most directly a knowledge of the actual properties of the 
atoms, it is convenient to consider first those properties which arc 
not at all, or at most very slightly, influenccfl by mutual linkage 
or other reciprocal actions fe.f/., collision) between atoms, and 
which therefore directly reflect the properties of the individual 
atoms Such properties will in the following be called direct 
atomic properties. 

269. Law of the Constancy of Mass.- One of the best examples 
of a din'ct atomic profM^rty is mass. That the masses of the 
atoms are independ(»iit of the manner in which they are linked 
tog('th('r -therefore, that the mass of a chemical compound is 
eciual to th(‘ sum of the masses of its atoms- is the essence of 
OIK' of th(' fundamental laws of chemistry, the hno of comitancy 
of mans. This was first expresse<l by Lavoisier ( 1785). Landolt^ 
on the basis of very exact experimental investigations, applying 
all th(' nualern methods available at the time, established this 
law with sufficient accuracy to warrant the statement that in a 
chemical reaction with a molecular heat of reaction of several 
thousand caloric's (ma\imum 20,001) cal ) the possible change of 
weight corresponding to this change of energ> is certainly smaller 
than the limits of error in his measurements (approximately 
0 ()0.‘l mg ). Nevertheless, from the results of the Kinstein rela- 
tivity theory it can scarcely bo doubted that the law of the 
confitanry of mass is anything other than a limiting law for small 
energy changes. As blinstein has shown, it must be assumed 
that eni'rgy in any form possesses a certain inertia, and therefore 
the expression 

U = wV,2 (254) 

must hold * 

* Ahliandl Deut lhniscnge>ell , Nr 1, Halle f 1908), Z. pAyaiib. , 66, 
5S0 (1000). 

* * Of the iiuinorouij hooks on relativitv, the following may be mentioned 

KiNfiTEiN, A, “Theory of Hclativity,” Methuen (1924), translated by 

JiAWsov. A popular oxiiasition with a short list of reference hooks 

Einstein, A , “Meaning of Kelativitv," Methuen (1922), translated by 
Adwis. Lectures given at Piinecton, 1921. 

Fiieunoltcii, E., “1'heory of Kelalivity,” Methuen (1924), translated by 
IhtosE. Three lectures for cheinists. 



470 


FUNDAMENTALS OF PHYSICAL CHEMISTRY 


If during a reaction a chemical system loses an amount of 
heat energy U, then the total mass must have decreased accord- 
ing to If we calculate the change of mass corresponding to a 

molecular heat of reaction such as was found in the reactions 
ol)servcd by Landolt (20,000 cal. = 8 • 10“ erg), a decrease in 
mass of only 

0 ! IJJsi ^ 0-9 • 3- = 0.9 • 10-« mg. 

is to be expectc'd, which is far below the limit of error given by 
Landolt. 

Although lOinstein’s conclusions, according to which the inert 
mass of the body is possibly limite<l by its energy content alone, 
are valid, it is of greater significance, theoretically, that the 
actually observable cfTects are so slight that it seems justifiable 
to use the concepts of inert mass and energy separately for energy 
changes of the order of magnitude of those observed in chemical 
reactions, and to retain the law of constancy of mass in its earlier 
form. 

260. Periodicity of Chemical Properties. — Since it is obvious 
that the mass or weight is a fundamental property of the atom, 
attempts have been made to compare various atomic properties 
with the atomic weight in order to discover whether any empirical 
regularity existed. 

Among the various typical properties of the atoms, we arc 
first intercste<l in the chemical properties, since these show clearly 
observable differences lietween the various individual atoms. U 
is not even necessaty to represent the chemical properties by 
numerical magnitudes; it is sufficient to arrange the elements in 
the order of their atomic weights (later on certain minor inv«‘r- 
sions will l>c considered). This shows that elements with analo- 
gous chemical properties appear at apparently regular intervals. 
For example, the elements 2, 10 (8 + 2), 18(10 -|- 8), 36(18 + 18), 
54(36 -f- 18), and 86(54 -f 32) are all chemically inert (the noble 
gases'). Elements 3, 11, 19, 37, and 55 are strongly electroposi- 
tive (the alkali metals), while 9, 17, 35, and 53 represent strongly 
electronegative elements (the halogens). The chemical prop- 
erties of the elements arranged in a scries according to their 
atomic weights thus show a decided periodicity. A table may 
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therefore be made in which the elements with similar chemical 
properties, and particularly those with equal valences (positive or 
negative),^ fall under each other (Table 65), so that the periodic 
recurrence of a definite chemical property is plainly shown. (The 
periodic table of the elements. Lothar Meyer, 1864 ; Mendelejeif , 
1869.) If an clement appears in various stages of valence, the 
valence value indicated in the table represents, in general, either 
an upper or a lower limit which is sometimes attained with groat 
difficulty. The periodic table contains several gaps; these arc 
obviously due to elements which have not yet been discovered.® 

In liable 65 a number of elements which can be claimed to 
bo chemically different arc found in the same column (e.( 7 ., the 
metals (Xi, Ag, and Au in the column of the alkali metals). 
To indicate that this difference exists, such elements are not 
written exactly under each other. In order that the differences 
might bo more clearly expressed, numerous other arrangements 
have been proposed, some of them involving three dimensions, 
and only those ekunents which really can claim chemical relation- 
ship appear under each other. These methods, in spite of their 
advantages, have not as yet l)een generally adopted.® 

Although strict regularites arc to be perceived in the periodic 
system, there arc also, as previously mentioned, certain inversions 
in the series when the elements arc arranged according to atomic 
weight (Ar-K; Co-Ni; Te-1). Therefore, it is obviously neces- 
sary to regard the system thus obtained as the natural one, and 
to ascribe the proper theoretical significance to these inversions. 
If each place in the table is indicated by a number, and the ele- 
ments are placed in their proper places in a new scries with regard 
to their chemical characteristics, a series is obtained which at 
least gives a preliminary indication of a fundamental atomic con- 
stant to which the above properties may be referred. Thus for 

^ A single positive vftlcMiec means the ability to form a positive ion (cation) 
with one positive charge, etc. 

* When the ])erio(lie system was first developed the number of these gaps 
was considerably greater than at jiresent The properties of several of the 
missing elements could be (and were) correctly predicted from the periodic 
table. 

* A discussion of various systems will be found in the monograph by 

C. KcHAnoT, ‘^Das pcriodische S^’stem der chcmischen Eleniente,’* I^eipzig 
(1917). * See also Harkins and Hall, /. Am. Chem, Soc , 38, 169 (1916). 
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The atomic number appear* bcaido the symbol for each clement, the atomic aeight below The atomic weijthta of Po. R". Ac, and Pa are 
calculfttiMl value's At the places marked * are to bt- assigned a nuiiibi*r of other elements, for the most part radioactive, which have the same 
chemical properties as the clement in the table but somewhat diflferent atomic weights (see 275). 

♦* The rare-earth group 
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tins purpose the atomic, wcMght bocoim^s of minor importance and 
there is substituted for it the atomic number, the tuber of 
the poattion of the element in the table. The physical significance of 
the atomic number in its relation to several properties will be 
discussed in the following. 

261. Volume and Diameter of Atoms. — The relation between 
the volumes of atoms and their atomic numbers is worthy of 
sp(»cial note. 

Strictly speaking, the volume of an atom is not a direct atomic 
property, since the volume actually measured dep<mds not only 
upon th(‘ voluim* of the atoms themselves, but also upon the sj)acc 
betwi^en them. As will be shown in the following, in the solnl 
state of aggregation the distance between the ‘‘outer surfaces” 
of the atoms is ndatively small coinparetl with the accepted 
atomic diamet(Ts, so that the volume of a solid body must at 
leant approjci mutely correspond to the combined volumes of its 
constituent aUnns alone. 

If for the present we retain the assumption that, as a first 
approximation, atoms can be considered as rigid idastic siiheres, 
then the true diamet(‘rs of the spheres can bc^ calculated by 
various methods. A particularly simple method is derived from 
tin* consid(*rations in 136. We must try to find . 

1. The absolute magnitude of distance A betwe<*n the centers 
of luughboring atoms m the position of rest or, more accuratidy 
(*\presse<l, the distance Ixjtwoeii the centers of vibration. 

2. The distance pA lietwccn the surfaces of the atoms in the 
crystallized element. Then the atomic diameter 2a is given 
simply by 

2a = A(1 — p ) (compare Fig. 33, page 19(>). 

In order to determine the distance lx?tween the centers of 
vibration of adjacent atoms, the positions of the atoms in the 
crystal must 1x3 known. It may lie assumed, at least in certain 
cases, that an atom is bound equally to all the atoms adjacent to 
it and that, in agreement with 76, we are considering a “simple 
solid body.'’ These relations are most clearly seen when all the 
atoms are situated at the corners of a culie (cubic lattice. Fig. 90). 
In this case the length of the culw edge is simply eciual to the 
mean distance A between the atoms. Wo can thus think of a 
cube of an edge A in length being constructed about each atom. 
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A gram atomic weight consists of N such cubes, and for those 
atomic volumes Va, which are open to direct determination, we get 

NA» = lu or A = ^- (255) 


For a face-centered cubic arrangement (Fig. 91), we find 

for a culM^cent<>ro«l (or bo(l}'-c< nti'roil) arraiiKoinoiit (Kij? 92), 

finally, for a tetrahedral arrangement (Fig. 9.‘1), 


4\N 


(25r>a) 
K 92), 
(2006) 

(2r)r)r) 


The assumption that the atoms are bound eciually in all 
directions holds for a nuiul)er of elements and the values of 
A as determined from l'>is. (255) are summarized in liable 0(5, 
column 6. These values were obtained from the X-ray analysis 
of the crystal structures (see 384). The value of A for diamond 
and for silicon was calculated according to Va\. (255c), for most 
of the metals by tkj. (255a), and the remaining ones (Na, K, Fe) 
by Kq. (2556). For argon, the atomic arrangement of which has 
not yet been investigated, Vx{. (255) was used. 

According to Lindemann’s conception of the process involved 
in the melting of solids (see 136), the distance between the atomic 
surfaces is simply eciual to twice the amplitude of vibration of 
the atom at the melting point (Fig. 33). The absolutii magnit ude* 
of the mean vibration amplitude x of an atom may be calculated, 
provided the frequency vq and the total vibrational cnergj" Ump 
are known. The law of energy partition, wdiich may be assumed 
to hold approximately for the higher temperatures, states that 
the energy kT is inherent in each vibration (per degree of free- 
dom) at the temperature T; on the other hand, the vibrational 
energy Ump is equal to the potential energy at the turning point ‘ 
(compare Kq. (92), page 107). We have, therefore, 

bx^ 

kT = Ump = -2 ■ 


^ * I.e.j where the atom lias traveled its maximum distanee from its 
equilibrium point. 
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The quantity h may be found from according to Eq. (31), 
page 28, thus: 

6 = 


We oi)tain, therefore, for the amplitude of vibration at any 
temperature: 


\27r'-=M»»o= \ \A( i»oiO-‘S)» ’ 


in which frN = iZ = 8.31 • 10^ and wN = A (atomic weight). 

The distance pA is found by doubling the value of x when T 
is the temperature of melting. In this way the values of pA 
given in Table 66, column 7, were found; ro(i^*'z)was calculated 
from the change of specific heat with temperature, or the char- 
acteristic temperature 0 according to Gl, 79, and 134. The 
table shows that the mean distance Ixjtween the “surfaces” 
of two adjacent atoms is about 10 per cent of the total distance 
between the atomic centers, while the atomic diameter 2a- is 
about 90 per cent of this distance. 

All the other possible methods, w'hich lead to absolute values 
of the atomic diameters, l)elong exclusively in the realm of 
kinetic gas theory For example, if the van der Waals' constant 
b should be cfjual to four times the true volume of the atoms or 
molecules, then the atomic or molecular diameters can also be 
o))tain(Ml from the mean free path (see 63).^ 

Since the use of these methods assumes a knowledge of several 
physical constants which refer to the gaseous state, the methods 
have not been applied to the majority of elements given in the 
table. From the mean free path of argon we obtain 2a- = 2.9 • 
10”*, which is in satisfactory agreement with the value in Table 
66. (r/. Etti'kkn, a., Physik. ZeiL, 14, 324 (1923).) 

The considerations indicated above may be objected to on the 
ground that the fundamental assumption that the atoms behave 
as rigid elastic spheres is certainly not wholly correct. This is 
emphasized not only in the earlier considerations of the sub- 
ject, but also in what is to follow. The atomic structures, as 


' * Further information concerning this may bo found in textbooks on the 
kinetic theory of gases: Jeans, “The Dynamical Theory of Gases,” chap. 
XIV, (Cambridge University Press (1916); Kleeman, R. D., “A Kinetic 
Theory of Gases and Liquids,” John Wiley & Sons, Inc. (1920); Boynton, 
W. P., “Kinetic Theory,” The Macmillan Company (1904). 
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'rABLK 66 . — Absolute Valites fou the Atomic Diameters 2<r 
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tlu'y are at the present time assumed to appear (s(‘e 296), seare«'ly 
allow the ‘‘size'* of individual atoms to be exactly defined. At 
the most, thc^y give only the mean radii of the outer eh^ctronic 
orbits which, in general, arc considerably smaller than the values 
of cr from the tables (approximately one-half). In many observa- 
tions which are concerned with the “size'* of the atoms, it is 
really not the size of the material structure which is involvi'd, 
but onhj the range of the atomic forces. It is, therefore, appropri- 
ate to introduce the i<lea of the sphere of inlEluence of atomic 
forc(»s, and to substitute the diameter of this sphere for the atomic 
diameter. To In^gin with, it may Ih) easily understood that the 
diameter of the atomic sphere of influence may be didined in 
various w'ays. In the present case it will designate the minimum 
distance which can exist between two atoms approaching each other 
at normal molecular velocities. The above considerations and 
calculations can then remain unchanged, but a means the radius 
of the sphere of influence. It is to Iks observed that, strictly 
spe^aking, the values of <y must now lx; assumed to be a func- 
tion of the temperature, since the atoms in their collisions at 
higher teniiwratures must strike each other more forcibly than at 
lower tmniieratures, due to their greater molecular velocities. 
The temperature ciK'fficient of <r is relatively small, however, so 
that it was not of sufficient importance to make the correction 
for it in tlu; values given in Table 66. 
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Since in Table 66 the ratio of the distance between the atomic 
surfaces to the atomic diameter is^ indeed, small and, besides, 
is approximately constant, we can view the directly jneasurable 
atomic volume of chemical elements in the solid state {i.e., the 
the volume of a graniratom) as at least an approximate measure of 
true volume of the atom, and in this manner compare, with respect 
to the sizes of their atoms, such elements as do not ix^rmit a more 
accurate calculation of their atomic diameters. 



tHinti paraiiiiiRiivtic, Cf>lori‘d lona, 

M ■ » iiiconiplcto inner shells niith loosely bound electrons 


If the atomic volumes of the elements in the solid state are 
plotted as a function of the atomic number, the curve given in 
Fig. 57 is obtained, which shows a decided periodic or wave-like 
form. Further, it indicates that chemically related elemenh 
occur in analogous positions on the curve. This fact is particularly 
evident in the alkali metals, whose atoms arc distinguished bj 
their unusually large size. 

262. Further Periodic Properties. — Similar to the chemica 
properties, a number of physical properties besides the volume 
show a certain periodicity when the elements are arranged in i 
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scries according to atomic weights. This fact indicates that the 
chemically ridated elements arc also physically analogous. 

One of the most important of tlu'se physical properties is the 
line spectrum, which was recognized at the time of its discovery 
(Bunsen, Kirchhoff, 18()0) as a typical atomic property. Later 
(sec 304 ei seq.) the related properties and the significance of the 
line spectrum in the knowledge of atomic structure will be more 
fully discussed. At this time it may only be poinUnl out that 
between the structures of the line spectra of the chemically 
similar elements there exists a definite relationship. For instiince, 
even though the line spectra of the alkali metals are character- 
ized by the simplicity of their structures, double lines (doubU'ts) 
regularly appear in them together with the single lini's. In the 
spectra of the alkaline earth metals, which arc already more 
complicated, triple lines (triplets) can l.)e observed, etc. As 
one proceeds from left to right in the periodic system of 
elements, the number of spectral lines increases ami the sp(‘ctra 
become more complicated. The si)ectra of all the noble 
gases, except He, also have many lines and are difficult to 
comprehend clearly. 

Among other physical magnitudes which show a certain period- 
icity may Ihj mentioned: the melting point, the volatility, the 
atomic frequency, the electrical conductivity, compressibility, 
etc.^ 

263. Non-periodic Properties. — In striking contrast to the 
periodic properties of the elements, the X-ray spectrum, which is 
charact(*ristic for each individual clement (see 322 to 326) | 
is qualitatively of absolutely the same type for all the (dements. 
The differences in the X-ray spectra of the various (dements are 
primarily quantitative in nature; the structure of the spectrum 
is nearly the same for all the elements, only the wave lengths of 
the individual lines being different. The X-ray spectra of the 
elements, arranged in a scries according to their atomic numbers, 
change step by step, from element to element, only in one direc- 
tion (therefore not periodically) in a simple, regular manner. 
(The frequency of a particular line is very nearly proportional 
to the square of its atomic number.) 

^ Sec Biltz, W., Z. Elektrochem., 17, 070 (1911); •and especially Hichauds, 
T. W., J. Am. Chetn. Soc., 87, 1043 (1915). 
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264. Properties Due to the Periphery and to the Center. — 

The difference l)etween the periodic and the non-periodic atomic 
properties suggests that the origin of these properties is to bo 
sought for in different parts of the atom. The fact that the 
volume or the diameter of the atom, or, in other words, its outer 
limits, represents a perio<lic function indicates that the periodic 
propvrtivH arc localized in the periphery of the atom. The proper- 
ties which arc not periodic must, therefore, he ascribed to the central 
portion. 

The distinction betwe(*n p(»ripheral (periodic) and the C('ntral 
(non-pc'rindic) atomic properties will b(‘ shown in tin* following to 
be a valiiabl(» on(». 

2. THE DISINTEGRATION OF ATOMS 

a. Tiik l)j:roMi*osiTiov Phoducts of Atoms on- tiil Basis op 
THE Oldeu, Indiukct KNo\VLKn(;E 

266. Prout’s Hypothesis. — Although the idea that the atoms 
were built up of smalh'r units, and therefore were at l(‘ast theoreti- 
cally (hu'omposable, contradicted the original conception of the 
nature of atoms (indivisibilit}'), the theory received support, 
apart from purely sp('culative hopi'S, from the simple fact that 
the atomic weights of a large number of elements were very nearly 
whole numbers. Now, since the hydrogen atom represents the 
unit of atomic weights, although only an approximately accurate 
unit according to the present manner of calculation, it was easy 
to consid(»r that all elements wvre built up of hydrogen atoms 
(Prout, 1815). The whole numbers found for the atomic weights 
of the lighter elements (c g , up to sulfur) were especially striking. 

Taking the difference between the atomic weights of consecu- 
tive elements (excepting the very first elements and the abnormal 
nitrogen), differences of about one unit, alternating with larger 
differences of about three units, are found so that the sum of the 
two differences totals about four units. It is worth noting that 
thc‘se total difference's eif femr units, in general, are more nenirly 
four than either eif the inelivielual elilTe^reiu'es are one or three. 
Since the^ number femr represe'nts the atomic weight of helium, 
it seems justifiable?, even at this peiint, to make the supposition 
that the difference between each second element corresponds to 
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Table 67. — Differences between the Atomic Weights op the First 


Sixteen Elements 



a helium atonic and therefore that the h(*liuin atom plays the 
r61e of a building block in other atoms, although helium could 
(juite evidently be consi<lered as l)eing built up of four hydrogen 
atoms This supposition is amply substantiated by the radio- 
active phenomena. 

6. Thk Atomistic Btuucturk of FjLkctricity * 

266. General Considerations. — Before proceeding to the con- 
sideration of the newer experimental results upon the decomposi- 
tion of atoms, the general fact must be emphasized that the 
decomposition of an atom involves the appearance of a fn^e 
electrical charge. 

For what is to follow, it is important to bring up the question 
of the magnitude of this charge and to establish the fact that in 
atomic or similar processes no optionally small amounts of 
electricity can be involved, but that electricity, similar to matter, 
possesses a certain limit of divisibility or, in other words, it has 
an atom-like structure. The smallest free existing particle or 
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atom of electricity is dosignatecl as the vhmenttiry charge of 
electricity; it is a univoi-sal constant of nature and, as will be 
seen, is of fundamental importance. 

267 . Atomistic Structure on the Basis of Faraday’s Law. — 
As has already been emphasized in 182 , Faraday’s law forms one 
of the most important foundations for assuming that electricity 
has an atomistic structure. Helmholtz, who first clearly ex- 
pressed this view in his Faraday Ijccturc in 1881, used the follow- 
ing words: “If we make the assumption that simple substances 
are composed of atoms, we cannot avoid the conclusion that 
eh'ctricity, positive as well as negative, decomposes into definite 
elementary particles which behave as eU^ctrical atoms.’’ If 
Avogadro’s number N is known, the size of the elementary 
charge of electricity can be found directly from Faradaj^’s law. 

Since in electrolysis every gram-eciuivalent weight involves 
an amount of electricity ecjual to OOoOO coulitmhts (IJ), the 
amount of electricity bound up with each single* monovalent 
atom (ion), i.c., the elementary charge of electricity, amounts to 

Co = coulombs = absolute electromagnetic units 


28.95 • 10>« 

N 


alisolute electrostatic units (c .s* u ).* 


(c OKU ) 

(256) 


In case it is possible to measure Cu directly, the magnitude of 
Avogadro’s number N can be estimated. 

However, the argument that Faraday’s law fin connection 
with an atomistic structure of matter) demands the <?xistenc(* of 
a definite elementary charge of electricity is not yet quite con- 
vincing. Since electrolysis is always concerned with the deposi- 
tion of a large number of atoms or ions, there exists the possibility 
that not every individual atom possesses the same amount of 
electricity, so that the value Co obtained by Eq. (256) represents 
only a mean value, while the single atoms carry variable charges. 

Such a case, for example, exists in the distribution of the 
velocities of molecules. It is known that the individual molecules 
possess different velocities, whereas in almost all observable 


' 'Hie electromagnetic unit in the absolute system is 10 coulombs, the 
electrostatic unit is smaller by the factor Vi, the velocity of light; V| = 
S • 10*® cm. /sec. 
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phenomena it is only the average molecular velocity which 
effects the actual results. 

On the l.)asis of a series of investigations to be prosent-ed a little 
later, the conception of co as a iiieaii value may be refuted; 
however, even from purely electrolytic investigations, it at least 
appears improbable that similar individual ions should carry 
ilifferent charges. For example, in the investigation dt'scribed 
in 183 concerning the velocity of migration of ]Mn ()4 ions in an 
electric field, the boundary between the colonel and uncolori'd 
solutions must rapidly fade if certain of the *ons, due to gri»at('r 
charges, could travel faster than otluu's. Nevertlu4(?ss, if it is 
desired to retain the view that the elementary charge* is nothing 
but an av(*rage value, the only nunaining (*scape is the assump- 
tion, w’hich appears improbable from the very first, that the 
individual ions do, indeed, possess different charge's, but that 
these charge's are b(*ing continually transferred back and forth 
among the various atoms, so that Co represents a temporary 
mean value for single molecules also. 

268. The Direct Measurement of the Elementary Charge of 
Electricity. — One of the best evidences for the atomistic structure 
of electricity, which at the same tune invoh'es very litth* in the 
way of hypothesis, depends upon the following investigation by 
Millikan. It is also the most accurah^, direct nw'thod of det(»r- 
niining the value of Cu, and therefore the Avogadro number N 
can bo obtained according to K(i. (250). ^ 

A fog of very small oil dn^ps is produced between two horizon- 
tal metal plates which can be electrically charged. Thesi* are* 
brightly illuminated and observed through a microscope whose 
magnifying power is great enough to permit a single droplet tcj l)o 
observed readily. Under the action of gravity these particles 
gradually settle down; the limiting velocity which a droph't of 
mass m attains, when the frictional resistance is /, follows from 
Eq. f28a) 


w - 

Vo = y = ^ • 


(257) 


If the fog is now illutninated for a short time by X-rays, 
the air is ionized and some of the cloud particles acciuirc electrical 


* Sec Milukan “The Electron,” University of Chicago Press (10 17); PAys. 
Reu., 32, 319 (1011), 2, 100 (1013). 
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charges. An electrical charge is now given to the two metal 
plates, so that a potential difTerence A' exists between them. 
Those droplets which have acquired electrical charges arc now 
influenced l)y both gravity and an electrical field (of the strength 
A'^), and, therefore, assume other velocities (Vi, Vi' . . . ). If 
th(; electrical force is opposed to and greater than the gravi- 
tational force, a droplet will ascend, and for its velocity we get 

Vi = (2570) 

where r, is tin* charge* on the particle l^y combining lOejs. (257) 
and (257//) the frictional fore/* / is eliniinated and the result is 
Vi _ AVx — (nt\ 

Vo /////• 


(2576) 


If a single particle is observed for a long time, it may be seen 
occasionally to change its charge suddenly from c, to Its 
velocity changes from to V/, but J'>i. (257n) still holds, since 
the mass m is unchang(»d. The relation between the two charges, 
th(»refore, is given by 


Cx _ Vi 4* Vn^ 
i*x' Vi' + Vu* 


(257c) 


Thus tlu* various charge's on the particle's are re'lated to each 
othe'r ill pre)pe)rtiem te) their veleicitie's in an electric fielel, each of 
tlu'se ve?le)citics being increased by the simple gravitational 
velocity Vo- 

The investigation was so performeel that the particle fell a 
numbe'r e)f time's between twe) elefimte marks, anel was maele' to 
ascenel again by applying the electrical fie'lel. A typical series 
of re?sults frenn Millikan's work* is give'n in Table (58. 

Thvi^e results tthow very vJenrhj that the velocities do not chanqc 
jontinuousli/j hut in abrupt steps. Iremi this it must be conclueleel 
that the electrical charge alse) changes in the same manner. 
The varie)us values of the sum Vo + Vi are very exactly relateel 
to each other in the ratio of simple whole numbers. The relation 
of these numbers gives, directly from lOq. (257c), the relation 
between the charges which the particle possessed at different 
times. Each of the values thus represents a whole number tnnes 
a definite elementary charge. Under the assumption that the 

^Phys. Rev., 32 , 349 (1911). 
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Table 68. — The Velocity of a Liquid Particle with Various Ciiarqes 
IN AN Electric Field 


V, 

Vi 

> 

> 

n 

V. + v, 

cnlp 

0 01078 

0 0497 

0 0605 

2 

0 0600 

0 01076 

0 1095 

0 1213 

4 

0 1200 

0 01075 

0 0790 

0 0898 

3 

0 0900 

0 01085 

0 0799 

0 0907 

3 

0 0000 

0 010S4 

0 0493 

0 0601 

2 

0 or)00 

0 OIOSS 

0 0193 

0 0301 

1 

0 0300 

0 01085 

0 0490 

0 0598 

2 

0 06(X) 

. 

0 07S5 

0 0S93 

3 

0 0900 

0 01084 

0 07S5 

0 0S93 

3 

0 09(M) 

. 

0 0790 

0 089S 

3 

0 n9(H) 

0 01084 

0 0191 

0 0299 

1 

0 ()3(K) 

0 01088 

0 0192 

0 0300 

1 

0 ()3(M) 


0 0493 

0 OCiOL 

2 

0 0600 


sinall(‘st velocity contain(?d in Table (iS corresponds to exactly one 
clenientary charj^^e, the nunib('r of such charges which the particle 
carrh'd may be calculated very easily, and this number is sivon 
in column -1. To illustrate the accuracy of the observations, 
the sum Vo + Vi was calculated for each individual obsi'rvation 

from the average value of ona charge? ^O.OIIOO and the value 

of n corresponding to the observation; the results are given in 
column 5 

It should be emphasized once more that these observations 
involved very little in the way of hypothesis and that, th(»refore, 
the existence of an elementary electrical charge of an absolutely 
definite amount follows from them with absolute certainty 
The calculation of the absolute value of cq or r* is more difficult 
than the (luahtative proof of the step-like variation of the charge 
on the particles, since, in ordi^r to obtain it according to Kq. 
(2576), the mass m must be known. This value may be found if 

we S(‘t m = and then substitute the special form of Stoke’s 

law valid for spheres in place of the general equation for the 
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motion of a particle (Eci* (257)). The frictional force / is given 
by ()7raT7, where a is the radius of the partich.*, and ly the coefficient 
of friction. By means of the e<iuation 

47r 

»i(7 = .. = OaijaVo 

O 

from the velocity of falling Vo, first a is obtained and then 
the value of /n, which can be used in Kcj. (2576). 

But it must now be mentioned that »Stoke's law, upon which 
the calculation of m depends, is not aljsolutely accurate for very 
small particles suspended in a gas; the deviations from the law 
become greater as the gas pressure and the radius of the particles 
decrease. By systematically varying both (luantities (extrapola- 
tion of the results from high gas pressure and large particles), 
Millikan succee<led in eliminating this source of error to a large 
extent. The final results are 

Co = 4.774 • a6s. c.s u. = 1.591 • 10“-" abs c m,u 

Since all the magnitudes concerned in the calculation of the 
mass were most carefully determined, the probable error in this 
numl^er, according to one of the last publications by Millikan,* 
is only about one part per thousand. By applying Eq. (250) he 
obtained for the Avogadro number 

N = 0 00-10-^ 

a number which is considerably more accurate than the results 
obtained by any other method. ^ In these investigations the 
charge of electricity was always bound up with matter (ions, 
cloud droplets, etc.) and positive and negative electricity w'cre 

^Pkd. Mag., 34, 1 (1917). 

* Among others, Ehrenhaft {Physik. Zcit., 18, 352 (1017)) has made 
ol).ser\'atioiis similar to those of Millikan, but upon very much smalkT 
particles. He found that the elcetneal charge was fre(|uently considerably 
less than the elementary charge established by Millikan Since this result 
disagrees with all other experience, it «loes not seem justifiable to lay much 
stress on it until all possibility of explaining it as being only appat cntly below 
the normal value is removed. Regener (Pivuss. Akad. Wins. Bcr., 632 
(1920) showed that very small particles, probably due to a layer of adsorbed 
gas, had a greater diameter and, therefore, a smaller mean density than was 
formerly assumed. Other possible ways of explaining Ehrenhaft ’s results 
are discussed by R. Bar (Am, Phyaik,, 67, 157 (1922)). 



486 FUNDAMENTALS OF PHYSICAL CHEMISTRY 

exactly the same. As will be shown in the following, there iti a 
fundamental difference between theae two form,s of electnnt//. 

Pomtiee eleetrieity is alwaj^s associated vnth a matennl mass 
which IS nrrer smatler than the hydrogen nucleus Negative elec- 
trieity often occurs attached to a real or apparent mass which is 
only about J issq of that of the hydrogen atom. 

e K Disintkouation of Ato.ms^ 

269. Fundamental Phenomena of Radioactivity.- In spite of 
all the experimental and theoretical work, the investij^atioii of 
the internal structllr<^ of atoms would scarcely havi’! lost its 
hypoth(»tical charact<»r at the prcsiuit time if nature had not 
presented oleim'nts which spontaneously change into other 
elements, and thus throw out a fraction of th(» atom. By m«*aii« 
of this phonomonon, wdiich is called radioactivity, it was possibl 
to gain a real insight into the inh'rior of atoms. 

Radioactivity was discovered in 1890 liy II. Beccpiend in the 
element uranium, which Klaproth liad found in 17S9. 'rh(‘ 

discovery of a number of other, previously unknown, radioactive 
materials, first polonium and later radium (AI. and Mine. Curie, 
1898), was soon added to this. Besidi'S uranium, other widl- 
known chemical elements, c.f/., potassium and rubidium, were* 
shown to be slightly radioactive. Tp to 1920, altogether about 
fortj^ different radioactive substances were known icf. 271). 

This new fi(*ld was d(‘V(»loped, from all sid(»s, most inf(‘nsiv(dy, 
exp(»rimentally ami theoretically so that the radioa<*tiv(» rc'search 
soon reached a cm’taiii stopping point, but it must be und(»rstoo(| 
that this (lid not m(»an that the final solution of the problem had 
been reached. 

The fundamental fact previously' acciuired, that a radioactive? 
process involves a transformation of one chemical element into 
another, was not appn»ciat(Hl at first. In 1902, Rutherford and 
Soddy first announced the atomic disintegration theory 
developed from the mass of unexplained facts. The relatively 
late appreciation of this fundamental phenomenon was mainly due 
to the fact that the immutability of chemical elements was con- 
sidered as infallible dogma. Further, since the radioactive 

1 • For :i Kenoral siirvcw of the subject sec HuTiiKitFoai), F , '‘Radioactive 
Substances niid Tlnar li:idiatiun.s,’' Ouiiibridgo University Press (10L3). 
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substances as they exist in ualiire p:(*nerally cuiitaiii a larg(i 
number of atomic species unknown at tliat time, the fii-st 
researches upon radioactivity wen' submerged umler such a 
mass of iihcnomena that the fact of atomic decomposition could 
not be discoveivd immediately. 

The main characteristic of radioactive substances which has led 
to the discov(*ry of all the phenomena is a ix'culiar radiation 
proceeiling from tlumi. This radiation may be detected by the 
blackening of a photographic plate, by the excitation of fluores- 
cence, and by its power to make air electrically conducting (to 
ionize it). The properties of this radiation will be consideml 
in detail in the following. At this point it will merely be empha- 
sizetl that, theoretically, three different kinds of radiation, a, 
and 7 , are to lx* distinguished. Since the 7 -radiation never occurs 
by itself, but always together with a jCt-radiation or (somewhat 
less in intensity) with an a-radiation, it can be looked upon as a 
secondary effect, which in the following will not be especially 
considered. 

The simplest means of distinguishing between a- and j 3 -rays 
is that the a-rays arc verj' much more easily absorbed than tlie 
/3-rays. The «- and the j3-rays sent out by dilTeivnt radioactive 
substances are not alike. Experimentally, the diifercnces 
between the a-rays of the various elements aR' most R'adily 
<‘sbiblishcd by their range in air (at atmosplu'ric pressuR* aiul 
lo°(.-.). The /3-rays are liest distinguishixl through their absorp- 
tion powers in aluminium. In the latter ease we determine either 
tlie so-call<‘tl " Ilalhierungsdirke” (the thickne.ss of aluminium 
which reduces the intensitj' of the beam bj' one-half J or the 

absorption coefficient ^tlie reciprocal of the hmgth of the path 

which reduct's the intensity to j of its original value^ 

( 'orR'sponding to each radioactive* transformation there is a 
definite radiation peculiar to it alone,* .so that the existi’nce of 
a definite radioactive substance can be proved by the charac- 

1 HiiH fact was clearly rccogiiizcil only after a relatively long tinic (sec 
If^ii.v, (.)TTO and Meit.nkii, L., Ffiyaik. Znt., 10, (597, 741 (1909/). More- 
over, this does not exclude the possiliility of a, single radioactive element 
cliiingiiig siiiiiiltaneously partly into one and partly into another atoiiiio 
species. Ill this case two kinds of radiation arc sent out (see 1'ablc 69). 
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U^nstic radiation involved in its decomposition. For example, 
radium in its lUjcomposition sends out a-rays witli a range of 4.75 
cm.; uranium I of only 2 50 cm.; while the ileeompositioii of 
uranium Xi involves a )sJ-radiation with a “Halbierungsdicke” 
of 1.5*10“®. A minute quantity of material, which would ho 
insufficient for a chemical test, suffices for the detection of a 
highly radioactive c , rapidly decomposing) substance by means 
of the radioactive radiation. 

270. The Rate of Disintegration of an Atomic Species. The 
Radioactive Disintegration Constant. — If a single radioactive sul)- 
stance be isolated, it is found that the characteristic radiation 
sent out from it diminishes with tune, and Hq. (27b) (disintegra- 
tion curve), alr(»ady derived in 13, is found to be exactly confirmi‘d 
by experiment. Therefore, the original statement (I0(i (17)) 
must be considered as ccirrect or, expressed in words, that in a 
definite time [e (j , 1 see ) an absolutely definite fraction of the total 
number of atoms always disintegrates. 

If, however, only a small numlH^r of radioactive atoms can be 
observed, it is certainly not to be expected that this fraction is 
exactly constant at <?very moment; certain irregular fluctuations 
must occur. This phenomenon is completcdy explained by the 
assumption that the individiml atoms disintvgtate cxplosircly 
quite independent of each other. It is then conceivabl(» that such 
purely acchlental explosions wdll occur more fre<iueiitly during 
some time intervals than others.^ The fluctuations ar(‘ oblit(»r- 
aliHl only when a large number of atoms arc obsiu’ved at one tunes 
only then is it possible to obtain a continuous disint(»gration 
curve. Disregarding the fluctuations of this curve, the fraction 
of the substance which disintegrates in unit time (this was indi- 
cateil in lOq (17) by k and was called the disintegration or radio- 
ative constant) represents an invarkiblo quantity® for I'ach 
atomic species, and is another means of distinguishing betw(*en 

^ Kvon the decomposition of a single atom can be experimentally demon- 
strated with some def^ree of certainty in various ways liy means of tlie 
radiation emitted (sec? 367). 

^ If it IS desired to make the radioactive constant, and thus the fraction 
of the atoms acstually decomposing, independent (in an abstract sense) of 
the fluctuations in the disintegration curve, it must be defined as the prob~ 
alnhty for the decomposition of any one atom in unit time. 



THE STIiUCTVRE OF MATTER 


•189 


the various radioactive substances. In place of the radioactive 
constant, its reciprocal value, the average life, or the half-life 
period whicli is only 0.093 ... X the average life {cf, 13), is 
generally used. 

The radioactive constant or average life of an atomic species is 
alwags the same no matter what it mag be combined with chemicatlg. 
It may also be mentioned that a chemical interference during the 
transformation does not have the slightest influence on the disin- 
tegration curve. It follows from this that the radioactive prop- 
erties arc compicteig independent of the wag in which the atoms arc 
linked together. 

R is especially striking that the radioactive constaiit, contrary 
to the ch(»niical velocity of reaction, is not in the least influenced 
by th(^ temperature. Of course, expi^rinu'nts can l)e performed 
only up to a temperature of about and it is very probable 

that the temperatures which exist in the hottest stars and nebu- 
lac^ may yet influence the radioactive process. 

With r(‘gar(l to what has already been said about ideal solid 
bodies (see 68), it may be added that the ideal limiting condition 
for such l)o<li(»s, which is independent of temperatun' and which 
molecularly built matt(‘r first attains just above the absolute 
zero, may be reache<t even at for atoms with respi'ct to 

their radioactive bidiavior -therefore that oven a temperature 
of J()()()° represents an ‘‘immediate vicinity’’ to the absolute 
zero in this case. 

271. The Radioactive Families of Elements. The Displace- 
ment Law.” Xegl<»cting the slightly radioactive elements potas- 
sium and rubidium, which have not as yet been compk'tely 
invest igat<*(l with respect to their transformation products, 
radioactivity beconu's practically limited to a number of elements 
with atomic weights greater than 200. 

Tins fnct. iiirhoatos a cortfiiii instability in the licavicst atoms whioh 
mciea.ses with the atomic, weight, even though the inslahilily does not. 
incie.M.se leguliirlv. It also suggests the reason whv atoms of considerably 
higher atomic weight than that of uranium an: not capable of existence, but, 
of course, it does not exclude the ])ossibili1v of elements of higher atomic 
weight than that of uranium in the hottest fixed st.ars. However, such 
elements, because of tlieir strong radioactivity, must have decomposed long 
ago during the cooling of the solar system and the earth. 



490 FUNDAMENTALS OF PHYSICAL CHEMISTRY 


TaHLE (}{) — l{Al>I()A<'Tn B SrUHTAWES AND TifEIll I’RANHKOIiMATIONH* 



1 *TIic (lata and nuriM'iicl.ituri' iii this t tb1i> bopii broiiKht iiitoK^'iifral aicrfciiicnf with 
thr lirport of tho C\)iiiiiiif t(‘<> nn C'hcmiciil Klrnifiits, J Am Chcm Soc ^ 46| K70 (1023) 
Confirmatory cMilcncc on tin* transforiniitioiis brlow AcC seem to be desirable 
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'riio orip;iii of nil radioactive siilistanros fwitli tlic oxropfion of Kand Rh) 
may bo trneed back to two olonionl^, iiraiiiiiin ami thorium, i r, aa far as 
if. can HOW' 1)0 dotormiii(‘d, theic aio tw'o ladiuartno famili(‘s wliicli are 
indopondcnt of oacdi other 

A survey over the two radioactive families and the relations of their 
independent members is olTi^red in Table fit) From this is to be observed: 
n » the <'f Ibe periodic system to which atomic species belongs, (2) 

the half-life period of each atomic spi*cies, (a) years, (tl) da\s, (//) hours, (m) 
minutes, (a) seconds, whether the transformation follows from the 
emis.sioii of or- or /I't-rays (these arc called or- or jCt-transfuimations^ 

It app(‘ars that, not far from its orifrin, the uranium family divid(‘s into 
two blanches,^ which, after a certain point, show' a st liking; paralhOism 
with a jiortion of the thoiium family, ("ountiiif; from the ^a.scous emana- 
tions, radon, actinon, and thoion, all three senes ilivide aKain at tin* thud 
new atom, Hat’, Ac(\ Th(\ and each at first forms two dillereiit pro«luets 
dtaC', Ra(’", etc ), of whu*h one is exceedingly unstable, the half-life jieiiod 
of 'rh(’' IS 10 "sf Yet further alons m the tiansformation jiior-ess a single 
product (Hal), etc ) is formed fiom both branch ])ioilucts 'rho most 
impoitant result indicated in Table (if) is the radioactive displacement law, 
first announced by Soddy and by Fajaiis in 19 Hi * According to this law, the 
chemical properties an; changed in an eiitiiely definite manner in each or- or 
^-transformation Aw a-h nnaformntum mnvas the alum two ml urn ns to the 
li ft in the penndic systeni (smaller positive valence), *1 ansfm niatian maws 
it one cal limn ta the right (higher positive rnlence) ^’he transformation fioni 
one senes of the periodic system to the next IukIht thus makes it possible 
to [)lace the chemically inert gaseous elements (Hn, An, Tii) either in (iroup 
( ) or in (Iroup VllL 

272. Stationary Radioactive Equilibrium between Different 
Substances. — As soon as a radioactivi* atomic spoeii's has Ik^oii 
foriiHul from its parent substanco, it Ix^gins to transform into 
(h(» next following siiocies of the family. If a pn^paration which 
had boim made a long time previously or if a natural uranium or 
thorium mineral is observed, a large number of different radio- 
active sul)stances will 1x5 found existing simultaneously. Each 
radioactive substance will, in the coui-se of time, reach a station- 
ary state such that in unit time the amount forming will be the 
same as the amount decomposing. The more unstable an atomic 
sp<‘cies, the more rapidly it decomposes, the less possible it 
lx 5 Comes to concentrate it, and, therefore, the smaller the amount 
of it apparently contained in the substance under examination. 

> The cx'acl point where the branching takes place is not yet (pule corlaiii. 

2 \\ hen this law' was first dwcovered. Table 09 had a iclativclv large num- 
ber of gaps, the displacement law was of great assistance in its completion. 
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If Jvi (J7.) is appliCMl once to the paront siibslanco and thou 
again to the product of its transformation, wo get 

dxi} = — 
dxi = —kiXidt. 

Now dxoy the number of transformed atoms of the parent sul)- 
stance in the stationary stat^?, must always eciual dxiy the numb(‘r 
of atoms of its transformation product, since the latt(‘r must 
oth(»rwis(? either increase or decrease. We, therefore, obtain 
the relations 

A’l) Xi Til Xi) 

, = or = 

hi Xq Ti 0*1 

or, in words, in the stationary state the amounts of the atomic 
species are proportional to their half-hfe periods r. If the half- 
life iMU’iod of the one atomic spt^cies is known, it is onl}' necessary 
to determine the amounts of the two existing atomic spc'cies in 
order to calculate the half-life period of the other sp<‘ci(»s. This 
iiK^tluxl for th(‘ determination of the half-life period may be 
applied to minerals, since the age of tluur existence' guarant(M's 
that the stationary state has been n'ached. It also givi's a wel- 
come supplement to the method of the disintegration curve for 
those atomic sp<'cies which decompose v('ry slowly. Tor ('xampk', 
the half-life perio<l of uranium can be det('rmined in this way 
from th(' knowledge of the half-life period of ra<liuni and the 
ratio of the amounts of radium and uranium found in a uranium 
miiKTal. 

273. Atomic Weight of Radioactive Atomic Species. — It has 
already been emphasized that, in their half-hfe periods and in the 
radiation sent out during their transformation, the radioactive 
elements possess properties which are strictly charactc'ristic for 
each atomic species and which, therefore, serve for their indenti- 
fication and mutual dilTerentiation. 

To these properties in most cases the atomic weight must also 
be added. This, however, can be directly establish(»d only by 
much tedious work if the usual chemical methods are applu'd. 
From the nature of the a-rays it is seen (c/. 280) that every a- 
transformation must involve a decrease of four units in the atomic 
w(?ight, while a jCJ-transformation cannot perceptibly change this 
constant. 'Hiiis the atomic weight of each member of the series 
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Table 70 — Atomic Weights of the 11adioacti\e Spec'ie.s 
In round niinibors 


At 

wt 

0 or 
MH 

I 

II 

III 

IV 

V 

VI 

VII 

197 


Au 







2U0 



Hg 






201 




T1 





200 





RtUi. Vf 1) 




207 





Pb 




20s 




/STh(”' 

ThD 

Bi 



210 





^K.il). $\cn 

fi\UK.a0\tr. 

oPo, a Ai C' 


212 





tfVhVl 

afiThC 

nTli< ” 


211 






nfi IU(' 

alt.iC', « Vi V 


211) 







irThV 


21S 

dr Vn 






uKd V 


220 

«Tii 








222 

uRn 


a\pX 






224 



rtThX 






220 



fliRa 

0Ac 

alUVo 




22S 



/SM-Thi 


aK.iTh 




230 






«Pa 



232 





aTh 




234 





fiy \i 


aaUii 


23S 







ccUl 



in a ra<li()activc family can be found if that of the initial sub- 
stance or an}' other member of the series is known Accepting 
the atomic weight of uranium I as 238 (in round numliers) and 
that of thorium as 232, then the atomic weights of the remaining 
atomic species follow in the manner indicated in Table 70. It 
appears that a number of different radioactive atomic species 
posses,s the same or verp nearly the same atomic weight and, therefore, 
that the atomic weight is a very much less characteristic property 
than the radioactive properties. 

274. Peripheral Properties of Radioactive Elements. — A 

numlier of radioactive elements behave very peculiarly with 
r('sp(»ct to their chemical properties. In spite of the above 
mentioned, strictly characteristic, radioactive properties and rnany 
differences in atomic weight, a number of these radioactive sub- 
stances cannot be separated from each other by any chemical method.^ 

1 'riiis statement was made at nearly the same time flOOO-lO) bv several 
inv(?stijrators (So(My, Stroinholm and Svedberg, Marekwald) and with 
special emphasis by Soddy in his “CMiemistry of the Radioactive Klements,’* 
Longmans, CJreen & To (1911), new ed. (1914). 
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As an example wo may cite the attempts of Koctmann* to sepa- 
Rito ionitun and thonum, which gave negative results, in spite of 
the greatest caie and numerous rei)etitions. Just Jis little success 
was met with in attempts to sc'parate mesothoriuin I from radium 
(Soddy, lOlll, radiothorium from thorium, uranium I from 
uranium 11, etc (the radioactive elements of short-life period 
were less suitable for the purpose of chemical separation). The 
final products of radioactivi* transformation tllad, AcD, ThH) 
are esiiecially suitable for the comparison of the cluMiiical proji- 
erties It was found that., from a chemical viewpoint, it was 
not. only impossible to diiT<>r<'nt iate them among themsi-lves, but 
that then' was no dilTerence In'tween them and ordinary lead. 
.An idi'iititicat ion of Ha(« or .Vcl), which witlioiit doubt <‘\ist in 
ix'rcept ible iiiiioiiiits in uranium min<-rals, is not possible by 
radioactive propi'rt les, since tliiw are inactive, but, according b) 
'rable 70, it is to Ik* exiiected that thi'y possesses an atomio 
weight approximati'ly one unit lower than ordinary lead. 1 lonig- 
schmidt and Horovitz as well asT. W Ihchards and Wadsworth' 
succeeded in deinonstratuig that the ‘‘lead” always found in 
very pure uranium minerals posses.sed an atomic weight which 
was A’ory luairly 2()(), which differs by more than one unit from 
the usual lead t207 16). The “lead” from uranium minerals 
is thus not identical with orilinary lead, but is to Ik* designated 
as Had (with some AcD), although not the slightest chemical 
difference In'tween them can Ix' shown. 

In the same way TIonigsehmidt showed that the “lead” 
from a pure thorium mineral Jiad an atomic weight that was only 
a little smaller than the value 20.S rcriiiircd for thorium D. 

The chimiically inseparable railioactivc elements were then, 
as far as po.ssible, comjwn'd with each other by means of sifveral 
other charact<>ristic physical properties. The visible spectrum 
was examined with siiecial care. 

In the earlier researches (Hxner and TIaschek, 1912-1.')), 
in which ionium was compared with thorium, and lead with 
radium (J, no dilTi'rt'nce in the sjiectra could be shown. In these 
investigations the accuracy attained in measuring the wave 

' Jnhrh Rnthonkt KUktrnvik^ 6, 205 (1900^ 

' * ./. .Iw ('hem. Soc , 38, 2lil3 (1910). I’lirtlier reforcnces will be found 
m thiH article. 
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length wuH 0.2 A. Only after the accuracy of iueasiir(»inent had 
bc('n increas(Hl to a1)out 0.001 A. by means of an int(‘rf(4*ence 
method was it possible to demonstrate differeiic<'s between the 
lines of llaD, ThD, and ordinary lead, which were of the order 
0 002 to 0.005 A. (*Aronberg, 1917; Merton, 1919). This 
dilTc»r(»nce is very slight in comparison with the very large difller- 
ences in the spectra of chemically dissimilar atoms and it will be 
neglected in the following discussion, even though it is a matt(»r of 
considerable theoretical importance.^ 

It can also be shown that the elements in (luestion are identical 
(within experimental error) with respect to medting point, 
molecular solubility, volatility, electrochemical potential, mag- 
netic properties, and atomic volume in the solid state.® 

Since, according to 264, the origin of these properties, and 
esp(»cially the chemical properties, is to be sought for in the 
pc^riphery of the atom, the following conclusions arc? reached : 

1. The chemically inseparable elements must have the same 
constitution in the peripheral part of the atoms, but at the same time 
the portion in which the radioactive properti(‘S arc localized 
must be different. The latter, as distinguished from the 
periphery, is called the atomic nucleus. 

2. Since the weight of an atom docs not appear to be directly 
connecU'd with its peripheral properties (th(*re arc radioactive 
elements with the same atomic weights and different chemical 
proiK'rti(»s, isobars, as well as different atomic weights and the 
same chemical propiTties, isotopes), it is not very difficult to 
suppose that the mass of the atom is not concentrated in the 
periphery, hut in the nucleus. This conc(?ption will be com- 
pl(‘tely established later by direct arguments 

275. The Arrangement of the Radioactive Elements in the 
Periodic System. — The traditional idea of the chemical element 
was very much shaken by the discovery of the radioactive trans- 
formation of atoms and the Rutherford atomic decomposition 

^ * For fiiitlior (hscussion see Aston, “Isotopes,” 123, Aniuld, London 
(1023); J)as, 1»., Cfu ^ ni . Abstracts , 18, 2281 (1024). 

2 Sec alsso Fajans, K , “ Rjidioaetivitv and the Latest Developments in the 
Study of (’heinical Kleinent.s,” translated by Wiieklkk aiul Kino, K. P. 
Dutton & (’ompany (1024). Also Ukvesy and Panetii, “l-elirbuch der 
Itndioaktivitat,'’ Jxupzig (1023). 
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t.h<H»ry ''I'hi' ()l(l('r concopiions, which (h^fiiiod Ji chomical olo- 
iiicnt as a lundaniontal substance which could not be further 
decomposed l)y the use of the methods of experimontill chemistry, 
could no longer be upheld except in a formal sense. Rut bosidc's 
this, a radioactive d(?coinposition took place spontaneously, 
and could not, at least experimentally, Ix' influenced by ch<'mical 
means 'FIkj okhu* conception of a chemical element also insisted 
upon the properti<‘s of immutability and pi^rmanent stability, 
which henceforth had to b(.» abandoned. 

A diflicult probhmi arose when the attempt was made to classify 
and to arrange in the periodic system of elements these newly 
discovered clem<?nts which differed in th<dr radioactive propiu’ties 
and v<‘ry often also in tlwur atomic weights. Tlu're soon proviMl 
to be no place for them — at least, not if it was attempt(*d to 
arrang(» them in the usual way in which each ehuiH^nt was to be 
assigned to a special place. 

']'he proposal was them made that, even in spite of their diiT(»r- 
(‘iit atomic weights, all chemically inseparabh' elements should 
be assigiu'd to a common place in the ixriodic tabl(' like a single 
element (Stromholm and Svedberg, Soddy, 1909) and the same 
atomic number (Soddy, liohr, 19Ri). The ehmients thus b(»long- 
ing together were dcsignat<Hl by Soddy as isotopes [luos — the 
same, tottos = plac(») and according to Paneth arc to be con- 
sidered as one ainl the saiiK* ch(»mical element, ruder the 
prcs(»nt, finite generally accept(‘d views, w<' have as the? only 
remaining, distinguishing characteristic of a clKMiiical ele'ment the 
id(»ntity of all periiiheral, especially the chemical, iiropeu-ticsof the 
atoms, while the stability of the atoms, their otlicu* radioacftve; 
projiertie^s, and, in particular, the atomic weight are without 
significance -I chemical element ?.s heneeforth to he ftejined an 
a chemicalbj^ undeco mpomhle suhstanee which, within very narrow 
hmit.'<, posHCHfies definite peripheral propcitics. 

276. The Resolution of Non-radioactive Elements into 
Isotopic Species. — In the creation of the conc(*pt of “isotop(‘s,’’ 
Soddy expressed the supposition that the occurrence of isotop(*s 
is not confined to the radioactive elements, but that oven ordinary 

^ Yet, by means of very powerful phi/sictd mfiuences under cortaiii cir- 
riimslniioes, it is possible to effect a dccoin posit ion ticeunling to recent 
invc.stigations by Itutherford (see 293). 
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elements might also have isotopic varieties with different atomic 
weights. Accordingly, a chemical element could consist of a 
mixture of different isotopes. It is clear that such a “mixed 
ch'inent/’ depending upon the proportions of the various isotopes 
contaiiKMl m it, might not have a whole number for its atomic 
weight even though the atomic weights of the individual iso- 
topes w<*re (‘xactly whole numbers. This offers the possibility 
of retaining tlie principle of Prout’s old hypothesis, and to 
(»\plain the deviations from the whole-number rul(‘ among tlie 
(4eni(*nts m a simple way. An exix^rimental decision on the 
(|uestion wlndlier the ordinary non-radioactive elements consist 
of (Udinite mixtures of isotopes (the mixed eU^menls) involved 
(‘xt.raordinary difficulties, owing to the similarity of (»vory oik* of 
tli(' projx'rtK's which could be used for the S(‘parafion of the 
difleTeiit substances.* The atomic weight, which was the only 
nK'asiirable magnitude, formed the basis for the iiudhods of 
s<»parating isotopes ''riie following possibilities app(\‘ired: 

I According to the law of energy partition, the velocities of 
gaseous atoms of different atomic wi'ights must lx* different. 
The iiudhods- previously mentioned for the tlin^ct m(‘asurem(‘nt 
of th(» molecular velocities of molecules are not at pn'st'iit 

suffici(‘ntly exact to carry out a separation of isotopic spc»cies 
It was, tlK'refore, n(*cessary to use* plKmomeiia based upon the 
average molecular velocity of a large number of molecuh's For 
c»\ampl<‘, the \elocity of diffusion of a gas and of flow through 
nariow pores d('pen<ls dir<»ctly upon the molecular vcdocity 

Attempts to s(»paratc the isotopes of an ehunent on th(» basis 
of thc‘ dilTerenco between their average moh^cular velocity have 
rec(»ntly Ix'cn made by a nuinb<'r of investigators using various 
modes of attack, and so far have leil to the result that an appr<‘ci- 
able change in th(' ratio of the mixture could be obtained, but 
of course the isotopes could not be completely separated. Har- 
kins'* succeede<l in res«)lving ordinary chlorine into two fractions 
with somewhat different (average) atomic weights, by rep(*ate<lly 

' * For !i n*VH*w of tlio various methods wliieh have been applied to this 
piobleiii, M*(j cliap XI of V Aston’s moiiogiaph, “Isotopeh ” 

“ For exaiiiplch see Stkkn, () , Z Pht/sik , 2, 4a (P.rJO) 

^ Xtiiitri'f 106, 2ao (1020), * IIakkins anil Ua'^ks, ./ Am Phvm, 

43, l.S0:i (1021), Mullikan and IIaukins, ibiJ., 44, 37 (1022). 
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filtering through clay tubes. Bronsted and v. Hevesy^ allowed 
mercury to distill under verj^ low pressure,® and likewise obtained 
two fractions which could be distinguished by their measurably 
different densities. 

2. B}'^ the method of deflecting the positive rays^ it was possible 
to measure the mass of single atoms very exactly, and in this way 
to establish the presence or absence of the various isotopes. This 
method in its simplest form is described briefly in 279. Aston, * 
by applying certain important improvements, increased the 
accuracy to the point where it is now possible to find the atomic 
weight of individual atoms with an accuracy of about 0 1 per cent. 
In the same way, Dempster“ (with an experimental arrangement 
somewhat different from Aston’s') succeede<l in resolving tlie 
isotopes of several non-radioactive elements. 

Tke inveatigations performed hy Aston on a large number of 
elements gave a remarkable confirmation of the hypothesis of mixed 
elements” The numbers found for the elements investigated 
up to the present time arc summarized in Table 71. The main 
result expressed in this table is that a portion of the elements 
really do (jonsist of different isotopes, and that the atomic weights 
of all the individual isotopes of which the elements are composed 
arc exactly whole numbers. Strange to say, only hydrogen, with 
an atomic weight of 1 008, forms an exception.*' 

^Nature (Sept 30, 1020); Phil Mag, 43, 31 (1022) 

^ In tlim ense the rate of evaporation is directly proportional to the* aveiage 

d/V* 

inoleeular velocity (.'^ce 136) or, since the cpiantit y ‘ must be constant, it 

imist be inversely pnjportional to the scpiarc root of the moliM'.ular eighti 

Tills IS alw expressctl m E<i (135), since B —> — • 

\'M 

* "“Thomson’, J J , Phil Maq (6), 13, 561 (1907); also footnote to 279. 

^Phd Mag , 39, 4-10, 011; 40, 628 (1920) See also Aston’s monograph, 
“Isfitopes ** 

^Phys Rev (2), 11,316(1018); 17, 427 (1021); 20, 631 (1022) 

^ By means of an especially sensitive differential method, Aston h:is 
recently been able to deinonstratc that the atomic weights of several of the 
heavier clmnents also differ from those of their neighboring elements by 
uinounts w hicli are not exactly whole nuiiibers. 

On the basis of the principle of the e(|uivalence of energy and mass (see 
269), this last result may be considered to signify that the combination of a 
number of 11 atoms to form a heavier atom represents a strongly exothermic 
reaction. For example, if calculated according to the Eq. (254), the forma- 
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Tadlk 71. — Isotopes of Non-radio active Elements^ 
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2INI 


1 \htiin. /‘/if/ Uii./ ( May, .uul Watuif, 118, K'>t) (IMLM), 114, 1*7.{ ( IM.M ) 


d. The Corpuscular Rays 

277. Corpuscular Nature of «- and ^-rays. — It has already 
been mentioned that every radioactive transformation is accom- 
panied by the emission of a characteristic a- or jd-radiation, the 
nature of wliich must now be briefly discussed. 

The investigations of C. T. R. Wilson (1911-13)^ indicate very 
plainly the nature of these rays. The methods used depemled 
upon the fact that these rays ionize gases. The ions in the gas 

tioii of a He atom involves a molecular heat of reaction equal to 4 X 0 008 X 
9 X 10-° ~ 3 X 10** ergs, which is many times greater than the heat given 
out hy radioactive transformations (282h 

^ *I*roc, Ruy Soc , 87, 277 (1912). More recent work has been done by 
Shimizu, ihuL, 99, 425, 432 (1921) and by Blacketf, tbui , 102, 294 (1922); 
103, 62 (1923). 
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form condensation ocnicrs for supersaturated water vapor 
(R. V. Helmholtz, 1887), /.c., a fog droplet forms about each gas 
ion in supersaturated water vapor. Under sufficiently strong 
illumination these droplets can be made visible and, hy means of 
instantaneous photographs, the positions and the density of the 
gaseous ions resulting from the radiation can be directly deter- 
mined. Figures 58 and 59 give reproductions of some of Wilson's 
photographs. 

They show that th(' gasc'ous ions from both «- and /J-rays are 
formed along separate and wry definite paths (for the jtl-rays this 
is less clear). 

The a- and fi-rays, therefore, do not consist of a wave motion 
like ordinary light and X-rays, but must bo of a corpuscular 
nature; iheij mijj be comndcretl an particles thrown off bp radio- 
active atomti dining their disintegration cindy thereforCy represent 
cleavage products of decomposing atoms. 

278. The Deflection of Corpuscular Rays by Electric and 
Magnetic Fields.— If a narrow beam of a- or /5^-rays is passed 
between two pol<*s of a magnet or two plates carrying opposite 
electric chargers, it will be deflected. From this it may be con- 
cluded qualitatively that the particles carry el(»ctric charges. 
The charge on the particle may be directly diunonstrated if a 
metal plate is put in the path of the ray; it can soon lie ascc^r- 
tained that the plate has b(‘Come ehargi'd 

For a quantitativi* treatment let the particle have' a mass m 

and a charge e If an el<*ctric fielil or iioteiitial graduuit X = 

acts on it in the direction of its original motion (jr-axis), it will be* 
either accelerated or retarded, and according to Mep (FI) and 
21 we have 


or since 


imf = m 


dM 

dt 



€ 


dx 

dt 


= V, 


w vrfv = = cdK, 

from which it follows that 


2 (V* - V«*) = Ee 


(258) 
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if V — Vo represents the change of velocity of the particle while 
passing through a potential difference E. Moreover, Kq. (258) 
follows directly from the energy principle, since it states that the 
increase or the decrease of the kinetic energy of the particle is 
ocpial to the work performed by the electric field. If Vo is 
vanishingly small, Eq. (2.58) simplifies to 

}2?«Vu® = Ke, 

and the velocit y of the pai-ticlc is given by 



If the electric field is placed at right angles (y-axis) to the 
original path of the particle, then the particle will describe a 
parabola exactly as a projectile under the influence of gravity. 
After a time / the particle has traveled along the x-axis a distance 
x = Vyf and along the y-axis 


y 



c dK 
2m dy 


or 


y = 




(259) 


From the dimensions of the deflection parabola, one of the 
factors (say Vn) contained in the parentheses can be calculated, 
if the others are known. 

A magnetic field placed perpendicular to the direction of motion 
of the part icle exerts a force on the latter which acts perpendicular 
to the field as well as perpendicular to the motion of the particle 
at any moment. We must n<»w bring into the calculation the 
fundamental law of electrodjmamics which states that a con- 
ductor through which a galvanic current is flowing, placed in a 
magnetic field penx?ndicular to it, is affected by a force which is 
perpendicular to both directions. The magnitude of this force 
is .ft = III Ax, where 7/ is the strength of the magnetic field, i 
is the strength of the current, and Ax the length of the conductor. 

In place of the e\i)ressiou tAx, we have the (luaiitity eVo = e 

for the corpuscular rays, since the current strength t is defined 
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€ 

AV 


I.C., the amount of current flowing through the cross-section 


of the conductor in unit time. 

Now the centrifugal force acts in opposition to the force 

which tends to deflect the particle from its path. Therefore, an 
e(iuilibrium must be established, in which the deflecting force is 
just equal to the centrifugal force, so that 


wjv.r 

r 


eVof/ or 7/r 


WJVn 

c 


( 200 ; 


If V() is known, then tlic ratio' — can l)c calculated from the 

measurements of the radius r of the circle descrilx'd by the parti- 
cle and the 11 of the magnetic field, and conversely. By combin- 
ing the methods of electric and magnetic deflection it is possible 


to determine both Vn and — The e({uations are then 

Ax* 

2Ilyr 
e ^ A'i* 
tn 2//*yr® 


t2()J) 


( 202 ) 


These Eqs. (201 and 262), of course, hold rigorously only if 
the velocity of the particle is small compared with that of light. 
If the velocity V is comparable to the velocity of light Vj (which 
is certainly the case with the |3-rays), then the mass m can no 
longer be regarded as constant, but will be function of the veloc- 
ity. The phenomenon is a necessary consequence of J'Jinstcin’s 
siKcinl rehitiviUj principle, which requires an apparent iiicrcsvsc 
of mass m-nio, and for which the following expression must hold 

(203) 

Investigations on rapidly moving particles have also estab- 
lished this eejuation. 

1 'rhe ratio is usually called the “specific charge" of the particle, since 
it represents the charge carried by a unit mass of particle. 
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279. Deflection of Positive Rays.' — Equations (261) and 
(2()2) may first be applied to a sort of artificial corpuscular rays 
which are not of a radioactive nature, and which find applica- 
tion in the methods (see 276) us(h 1 by Thomson, Aston, and 
Dempster® for <Iot-orminiiig the masses of isotopic atoms. Accord- 
ing to a method discovered hy CJoldstein, a corpuscular ray can 
th(M)retically l)e produced fnmi every gaseous atom or molecule. 
The substance in the form of an easily vaporized compound is 
introduced at a very low pressure into the electrical discharge 
tube A -K (Fig. GO), whose cathode K is a solid metal block with a 
very small hole bored axially through it Wh('n an electric 
discharge passes through the tube, a portion of the gas becomes 



Ficj 00 


positively ionized. The ionized particles move towards the 
cathode and for the most part are neutralized on its surface. A 
small fraction, however, which lie directly in the direction of the 
hole, do not rebound, but pass through it as corpuscular rays 
traveling along straight lines. By means of an electric field 
(between L-L) and a magnetic field (the magnet PQ) the rays 
are defl('cted and finally reach the photographic plate /f, where 
their point of impact is registered. Since the initial velocities 
Vo of the individual, positive particles are very different, the 
beam will be drawn apart by the magnetic and electric deflections. 
Therefore, the point of impact with the plate R will not bo a 

1 (loldsliMii cnllod tho holo iii the crithudo a “canal,” hence ho named them 
“Kanalsfiiihlen ” * 'Hie KiiKhsh ieiin, following .1 J Thomson, is positive 

ray. An exhaustive discusMon ol imimIivc ravs, their pnxhietion, pmpei- 
ties, applications, etc is K»ven bv Thomson, J. J. iii “Rays of Positive 
lOlectiicitv," Ijonirmans Grei*n & ("o (1021). 

- * Dkmpsteu, Phijs Rcr.y 11 , 316 (1918). 
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single sharp point, but a curve which represents a parabola for 


each definite value of • This inav be shown by a special calcu- 

lation to bo the result of the relation between r and // in Kep 
(2()2) However, by the use of special precautions Aston proved 
that it was possible to unite at a single point particles with 

. c 

different velocity's Vo but the same ratio • The apparatus 

7)1 

became consideraldy elaborated, but the accuracy of the n'sults 
was very much increased. 

280, Charge, Mass, and Velocities of the a-rays . — Tho 
application of the above deflection im'thod to the radioactiV(‘ 
corpuscular rays leads to th(' following results: 

The particles of the a-rays ate positively chanjed The ratio 

according to the most exact investigation, is 1 S2() 

(e.7W.?4.), while that of a singly charged 11 atom is 2^0077 ^ 
9.573 • lO’"* e,m u. 

It may now be shown that each «-particle caines two eh'iiK'n- 
tary charges, and therefore its mass must be four tiiiK's that of tlu' 
H atom. 

The proof of the double charge on the «-paiticle depi'iids on 
the simple fact that if the total charge of a definit<'ly known 
number of particles is m(*asured by bringing them to an ek'ctro- 
meter, the charge on the individual particU' is the (luotient of th( 
number into the total charge. Regener (1909) succi'edc'd 111 
counting the individual ^-particles by allowing them to fall upon 
a thin zinc sulfide or diamond plate. Upon striking the plate 
the particle produced a very weak but observable (under the 
microscope) flash of light, which is generally known as the “scin 
tillation phenomenon ” Rutherford and (huger allowed the a 
particles to enter an ionization chamber where they ionized the 
enclosed gas. By suitable choice of experimental condition} 
(production of ionization hy impact, r/. 287) the entrance o 
every a-particle into the ionization ehaml)(*r was indicated by i 
perceptible throw on the electronu'ter connec-t('d with the 
chamber. For the charge of the a-particle olitained by thes( 
methods, Regener found 9.56 • and Rutherford and Gcige 
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9 30 • 10“^® u , which is vcrj^ nearly double the value for tli«» 
elementary electric charge 4.77 • 10“'® e.s.u, given in 268.' 

Since helium is the only element with an atomic weight in the 
neighborhood of four and, further, since radioactive minerals 
nearly always contain appreciable amounts of occluded helium, 
tlnu’e can scarcely be any doubt that the a-particles are identical 
with the doul)ly charge<l helium atom. This conclusion was 
finally tested diri'ctlj" by Ihitherford and Roj'ds (1909) and 
established as follows: a radioactive preparation (RaEm), from 
which «-rays are s(»nt out, was enclosed in a very thin-walled glass 
tub(» p(»n('trabl(* by the a-rays; the glass tube was placed in a 
highly evaciiatiHl space in which the presence of helium could be 
proven! after a timt' by spectral analysis, even though the thin 
glass tub(‘ was impermeable to ordinaiy helium atoms. 

(.)bs(a-vations, using the scintillation method, on a weak prepa- 
ration sending out «-rays demonstrated that tlu' cv-particles are 
always thrown out as single individual ptirticles, and not in 
pairs or tripl<»ts. It follows, therefore, that in its decomposition 
a radioactive atom always loses only one a-particle (He atom). 
This is tlie proof for the above (see 273) assiTtion that in a 
radioactive* ^-transformation the atomic wc*ight of the trans- 
formation product must bo four units less than that of the 
original substance. 

The inilial vcloritios of the a-particlos sent out by the various radioactive 
traiisforiiiations vanes between 1 and 2 • 10® cm /.v e , or aluiut onc- 

rifleentli lo <nie-l\\enlielh of the velocity of li^ht The radiation fmm each 
kind of a-tran.sforiiiatioii (v q , Ka to UaKin, etc (Table Ot))) is homoKcneouM, 
* r , all the a-particles have the same velocity at the time of being thrown out 
of th(‘ atom 

A«*cordmg l«) an empirical lelation given by (Jeiger, the range R of the 
a-paiticle in an depends in a simple manner upon this expulsion velocuty. 
The I elation is 

7? = 0 98 V„^ 10-^' an , 

from whu*h the velocity can be c‘asily calculated from a given range 
Bt'tween the decomposition constant k and the range 77, Cleiger and Nutall 
h.Mve found the em])irical relation 

log fc = -I + log 7?, 

> If the double charge on the particle is considered ns established by this 
conipansoii, the elementary charge cq is found to be 4 7S and 4 65 • 10”'®, 
which gives 6 05 and 6 22 10“® for the value of Avogradro*s number N. 
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in which A and B are constants; A has difForent values in the dilToront. 
radioactive families, hut B is the same for all ' 

That the more rapidly an atom decomposes (i c., the more unstable it is) 
the greater is the velocity of the expelled product, and thoicforc the greater 
must have been the internal eiieigy of the atomic nucleus before the dis- 
integration, is (luite 111 analogy with the somewhat trivial example that the 
probability that a steam boiler will explode is gi eater the higher the internal 
pressure. F. A. Liiidemann {Phil Maij ^ 30, TitU) (1015)) gives the theoiet- 
ical significance of the Cieiger-Nutall relation along somewhat ililTerent lines 

281. Charge, Mass, and Velocity of the ^-particles (Elec- 
trons). — The particles of the /^-rays, which are usually calloil 
electrons, are negatively charged. Afttu* cdiiuiriating th(‘ rela- 
tivity influence, the ratio anioinits to 1.7G9 10" e.m ?/., or 

5..31 • 10^^ c s.u. ruder the assumption that the electron 
carries one elementary charge, it is fouiul that the mans of the 

electron 'is 1850 times smaller than that of a If atom, siucti is 

1850 times larger than for a singly chargt'd II atom. Since such 
a small mass has not been found in neutral condition, it appe^ars 
as if the mass of the electron was simply associated with its 
charge and thus forms an indivisible unit. It is even very 
probable that an electron is not to be considerc<l as a mass in 
the usual sense, but as an electromagnetic mass, i e , the inertia 
effects which the electron shows arc de pendent only on its electric charge. 

That .an electrically charged body, apart from its ordinary mass, shows 
certain mertia efTects, follows fnjm the fact that its acceleration is assoemted 
with the production of a magnetic held; thercfoie, an electric chaige w ithout 
mass and at rest cannot be set in motion directly but napiires an addition of 
energy which corresponds to the strength of the magnetic held produced 
This is the same phenomenon which is known as self-induction’' in the 
study of electricity. 

If this idea is pursued further and the election is considered provisionally 
as a small, rigid, metallically conducting, chaiged spheie, then ceitaii; 
statements can be made regarding its size 

After a long calculation the following expression for the electromagnet a 
mass of a body is obtained: 


in which [7, is the electrostatic energy of the body For an electricall 


1 *Phil. Mag, 22, 613 (1911); 23, 439 (1912). 
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ch.-irRcd sphere of radius a with ite charge evenly distributed over its sur- 
face \\c get: 

2tt' 

fioin which follows 

2 e c 
d vj Wi' 

Now putliiig V ^ c,j = 4 77 • !()-“•, = 5 31 ■ we obtain 

The ladiiis of llio electron is thus about 100,000 times smaller than that of the 
atom iif. Table (ili). No gieat stress is to be laid upon this value since the 
baMs of the calculation wdiich leads to it is not at all certain If, however, it 
is jio.ssible to speak of a definite radiim for the electron, it is most probable 
that it IS even very much ^m«llh‘r than 1 SS 10"” cm 

'J^ho velocity with which tho electrons arc expelled from the 
riulioactive substance is relatively high; in some cases it 
approaches to within a few per cent of the velocity of light. The 
smalh'st vidocity j'et observed in arailioactivc process (decomposi- 
tion of KaD) is about one-third tluit of light. The electrons sent 
out by a definite radioactive transformation possess different 
V('lociti(»s; yet th<*se lie within narrow limits, so that the total 
/^-radiation from a radioactive tmnsformation may he fairly accii- 
ratel}' characterized by means of single constant, c,g,, its absorp- 
tion power in A1 ^ 

282. The Magnitude of the Energy Change Involved in the 
Radioactive Processes. — As a result of their high velocities 
of emission, a conaidmible amount of kinetic energy is inherent 
in the rndumctive corpuscular rays. Because of their greater 
mass, even though their initial velocity is lower, tho energy of 
the «-particles is appreciably greater than that of the /3-particlcs. 
'J'he energy of a single a-particle with a velocity of 1.5 • 10® cm./ 

1 4 

sec. amounts to^^ X X 2 25 X 10'* ~ 0.75 • 10"® 

2 O.Oh X 

erg. The enormous amount of this energy'' is l)otter appreciated 

Meitner (Z Phijt>ik ^ 9, 131 (1922)) has recently shown that the 
complex character of tlio fl-iavs is pnihablv due to the fact that the primary, 
liomogeneous /3-ravs emitted during the radioactive disintegration give rise 
to the formation of secondarv /i-rays which have their source in peripheral 
electrons and not in the nucleus. 
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if given in terms of a gram-atom (4 g,)] we then obtain 4 5 • 10^ 
erg = 4,5 • 10“ watUsec. = 1 25 • 10® kw.-hr. = 14 kw.-gcars. 

If the rays sent out a radioactive substance are retained 
by a covering which th(»y cannot peiu'trate, their kinetic energy 
is usually converted into lioat, or, in other words, a ecutain 
amount of heat is continually developed in the material sur- 
rounding the radioactive substance. For 1 g of pure radium 
this amounts to about 25 2 ral per hour,^ and, for radium in 
efiuilibrium with its four «-ray transformation products, to 
about 1155 to 157 cal. 

.The eiKTgj" liberated by a radioactive (kroinposition must 
pn^viousl}' have been ston'd up in some form. A radioactivi^ 
atom, and appan'iitly also the otln'r at«)ins, must tiu'ref ore poss(*ss 
an exceedingly' large amount of internal ('iiergy. Tlow('V('r, since 
the structures of the nuijoiity of atoms are ndativc'ly stabh*, 
their energy is unallV'cted liy nu»st physical and clu'iniffal changers, 
and therefon* its presence' is not made' appare'iit 

283. Conclusions.' -Fremi the vic'wpoint eif atomic structure*, 
the ceirpuscular rays sent out in radioactive transleirination 
inelicate: 

1. 'riiat atoms are to be consiele*re'el as at le‘ast partially built- 
up of e*le*ctre)ns and eloubly chargeMl He atoms 

2. Since, accoreling tei the* ce)ne*lusu»ns m 274, the raelioactive* 
preice'ss take's place' in the' nuede'us, the eirigiii e)f the* raelioae*tive' 
cleavage' preiducts is in the nucleus aiiel neit in the* periplua*al 
part erf the atom 


/■ NoN-UVmOAe’TlVK KmISSIOX eiF ELlieTUeiNS 

284. The Constituents of the Outer Portions of the Atom.— 
The plioiieime'iia eif radioactivity have* given us a sur\e*y e)ve'r the 
cleavage products erf the ateuiuc nucleus The eiuestmii of what 


Kiuantil!i1iv(*ly consKlorc*!, tins lioat cncigv coiiospuinls vpiv rl(».sclv to 
tlio kinetic e*iie*rgy of the a-rays omitted bv 1 g of Ita \\he*n the velocilv of 
the ravs is 1 ol 10® cm /^tr The ladioactivc constant for Ita is 


0 605 

15S(> X S750 “ ’ 


111 1 hi the fi act ion 


10 ^ jcnprocal hnuns (i r 

0 502 10 '^ of the Ita disintegrates) One grain of U:i contains 2 OS lO-i 

atoms; ttieicfoie 1 54 10'^ atoms disintegrate in I hr The con espom ling 
energy is I 02 10® cig or 24 4 ral which is a good agiejcment with the 
directly determined value 
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c()iistitut('s the outer liiyei>5 of the atom again presents itself. 
\Vhil(» the eohesion between the eonstitii(*nts ol the nucleus is so 
strong that the ordinary chemical and physical proc(»dures do 
not tear them apart, it might be exp('ct(Kl that the constituents 
of the outer layers of the atom would Ik- easier to s(‘parate, and, 
conversidy, that the origin of those' elem«.‘ntary particle's, which 
are* re*lativ(?ly easily removed from the atemi, is to be sought in the 
pe'ripli<»ry. It may be assuiiUHl at the start that it is only neces- 
sary te) demonstrate that the particles which can lie easily 
se'parate'el frenn the atom by varieius physical and che.'inical influ- 
e*ne*es are electrons, 'lliis give's us elire*ctly a preivisional con- 
ce'pliem of the ateim e/.s* a tnivlvHs sumnnidnl hy a numhvr of 
ckrtioth'iy a noil of ^Udrri/on clowl Sinrc the elretrons arc ncya- 
lireln rhanjal and the irh<de atom is elvetneaUy neutral, the nucleus 
■must cany a posit in: charge cone- 
s ponding to the number of electrons in 
thej p<*riphery. I'lirther, since the 
c'lectrons poss<»ss only a vc'ry small 
mass, the gre'ater part eif the mass 
must be coiu'entrate'd in the nucleus, 
a conclusion which has already bi'cn 
r('ach('d (se'e 274; from anoilu'r 
vii'wpoint 

285. Thermal Emission of Elec- 
trons from Heated Bodies.^ — In many 
cases it is only ne'cessary to lu'at the' 
siibstane*e» to a siitticiently high te'in- 
('rature' lo set e»le'etrons fre.'e from the 
atoms This phenennenem is calk'd 
the' thermal emission of electrons. 

Metals like tungsten, and e's|K'cially 
metallic oxides, when heate'd to high 
temi^*rature usually send out e'emsnlerable quantities of electrons 
which, ill comparison with the j^-jiarticles from a radie)active' 
/^-transformation, have very low initial velocities. 

^ * For a dciailod discussion of this subject see Richaudson, 0. W , 
Kiuission of lilectiicity from Hot Bodies,’* rjOiiKinans, Clroeii & C’o 
noili); and Footk ainl Moiilku, “The Origin of Spectra,** chap VII, 
Chemical Catalog Co. (1022). 
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The proof that the same kind (rf particl(‘S (electrons) are really 
sent out by a glowing boily sis by a railiosictive jrf-transfonnation 
follows from the use of a W’ehnelt tulje (Fig. 01) which is not 
too highly evacuated (pressure ai)proximak‘ly 0.1 mm. Ilg). 

The oxide, coated on a Pt foil, is placed at the point K and is 
heated to a glowing temix*rature by a low-tension current 
through the foil ent<*ring at 0 and 4. The electrons emerging at 
K are then aceelerateil by an electric fi(*ld l)etween K and the 
electrode 1 or 2, so that their veloeiti(?s an? greatly inen*ased. 
Eciuatiou (25S«) gives the relation between this velocity V and 

ft 

the value of \ the latter being still regarded as unknown. 

The beam of electrons appears in the tube as a narrow sky- 
blue band, the color l)cing duo to the flashes resulting from the 
collision l)etwo<?n the electrons and the gas moleeules. If a 
magnetic field is now allowed to act upon the tube, so that the 
magnetic lini'S of force are pt'riK'iidicular to the plain' of the 
paper (see Fig. (51), then the electron beam will liend, as indicab'd 
in the figure, into a circle of gix*ater or smaller diameter, d<‘]K‘nd- 
ing on the strength of the magiu'tic field. The direction of the 
deflection indicates that the partich's of the ray must lx* nega- 
tively charged Hy using J-kj. (200) along with Ikp ClTiSa) 

Q. 

and V can b<? caleulaf<*d I’or the siM'cilic chargi' the ri'sult 
. c 2Zv' ^ 

iH Later nu'asun-ments, ajiplying all prt'cautions and 

considering all correction factors, give the vahu* of as 1 7(50 • 10’, 

e.m.u., which is in excellent agi'<>(.‘inent with the value given above 
for the j8-ray particles. 

In onler to measure the number of electrons given out by a 
glowing body in unit time, the following arrangement may be 
used: the glowing body— preferably a wire of a difliciiltly fusible 
metal heated by a low-tension current — is sunxiunded bj' a ni<>tal 
plate or netting (the Fiu-aday cage), both contained in a highly 
evacuated vessel. On account of the influence of the traces of 
gas originally occluded bj' the mebd wire and driven out by the 
heating, it is Ix'st to evacuate the tube highly during the entire 
experiment. The metal plate now lM?eomes negativ'ely charged 
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compared to the wire, as can l)e shown by an electrometer. If 
th(' metal plate is given a charge of a few volts positive to the 
glowing wire, then all the electrons sent off by the latter will be 
rapidly assisted over to the plate and bo discharged. Thus 
a negative current flows between the wire and the plate; its 
intensity depends only on the number of electrons liberat'd in 
unit time, and is therefore independent of the diffenmee of 
potential. W(* have here a phenomenon which is in complete 
analogy with the “limiting current” <liscus.sed in 251. In the 
present case, this current, which is independent of the potential 
dilh'nmce, is called the saturation current. If the plate is 
charg(Ml negativ(dy, no current flows, since electrons cannot 
move towards a negative potential. This is a very simple 
and distinctive case of u)u polar condurhon. 

If tli(* t<»mp<'ratun» of th<' glowing wire is changed, the strength 
of saturation current lu or the number of electrons A” liberated 
per srntntl usually changes consid{‘rably, according to a formula 
ailvanc(Ml by Hichardson in 1901 but which became fully appre- 
ciated only in r<'C(‘nt times as the result of careful measurements 
by Langmuir ( 1914). This formula is: 

/ ^ 

L) = X'co == ay/T • c f 
or 

lo,, .V = - y + 2 > (204) 

in which a and h an* constants; a depends upon the particular 
apparatus used, but b is independent of this factor. 

Tho jni:il<)j;v of l'>i (21) t) to the oicliniiry vapor pressure Eq (131/) 
has led to eonsideimg (he emission of electrons ilirectly as a sort of vaporiza- 
tion procr»ss, and theiefore the term electron vapor pressure of h(*ated bodies 
an)M» It has been alt(*iiipted to treat the free electrons thus entering 
into a vacuum fat first unaccclerate<l) theoietieally as an ideal ga.s 

Taken as a whole, this conception has l)een shown to bo appropriate, oven 
if 111 individual cases the theoiv meets with difliculties in its application. ‘ 
Of course, it is certainlv init permissible to apply the gas laws to the “elec- 
tron vapor’* for the purpose of evict calculation, since an ideal gas is dis- 
tinguished bv the absence of forces between its molecules, whereas between 
the flee elections very (‘onsideiable repulsive forces aie at woik. 

' M V. TjAuk, Jahr Radioakl Elektromk , 16, 20S, 2.55 (1018) * Saha, 

Phil Mag , 40, 72 (1020). * Tolman, J. Am Chem, Soc,, 43, 1592 (1921). 
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If, in spite of this, the ideas which were developed for the consideration 
of the vaporization process in Inpiids are applied directly to the present case, 
one is forced to the assumption that the force (which, moreover, must not bo 
too iwwerfiil) with which the peripheral electrons are bound to an individual 
atom in the gaseous state is considerably diminished in the solid state by the 
influence of the neighboring atoms. Van der Wuals* theory involved 
a similar assumption that no force is exerted upon an atom in the interior of 
a liquid ii e , not at an interface) due to the compensating effect of the 
neighboring molecules, at least, when in a definite position of equilibrium 
In this way the conception develops, which is of especially great importance 
for the theory of metallic conduction, that the electrons within metals or 
solid bodies, r q , oxnles (c/ GEUMEitsiiArsEX, Ann Phtjsik , 61, 705 (1010)), 
move almost without restriction and thus in many respects behave similarly 
to the molecules of a gas When an electron leaves a metal, a certain at ti ac- 
tive force in the surface layer must be overcome, just as in the evaporation of 
the molecules from a liquid, i c , a certain amount of woik must be jieihirined 
against the force of attraction This work may be readilv calculated if the 
concentration r» aiul of the elections inside and oiitsnle the metal arc 
known In case the gas law is applied directly to the inner and outer 
electrons, Eq (78) for the work of expansion of a gas, 

c *t 

A — RTln ' or r., = c.c"" (2G4a) 

Ca 

must hold, since the inner electrons must certainly be m greater concontia- 
tion than the outer electrons on account of the force of attraction Now 
consider, as a hypothetical case, a cylindrical secrtion within a solul block of 
metal Assume that in some way the cvlinder is fitted with a movable 
piston and contains only a number of inner electrons free from metal atoms 
Now' gradually move this cylinder, together w'lth its piston, aw’ay from the 
metal, the electrons in the act of leaving the metal surface must expand, and 
the movement of the piston due to this expansion can bo applied to perform- 
ing the amount of w’ork rccpiirid by Eq. (20 la) But since, in leality, the 
electrons leave the metal individually, it is impossible to obtain the molcciil:i^ 
energy directly as mechanical w'oik, just as it is impossible in theevapoi- 
ation process; the molecular energy indicates its presence onlv as a 
heat effect Thus -I in Eq (264a} must be regarded as the heat oj 
evaporation of electrons 


In the state of ccpiilibrium, for which Eq. (2()4a) holds, the 
number N' of electrons leaving the metal per second (which 
depends on the saturation current) is equal to the number of 
electrons which enter the metal from outside and are again 
absorlied b}'' it. Tlie numlier is greater, (1) the greater the outer 
concentration Ca, and (2) the greater the velocity. If the latter 
quantity is considered to be proportional to the square root of 
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tho al)soluto tenii)eraturo, similar to a gas (c/. 60), and l)y apply- 
ing Eq. (21)4(1), we then got 

.1 

= Const, • = Const, • c,y/T • (2(546) 

which corresponds exactly to l^q. (2(54) if it is assumed that 
tho concentration of the inner, ‘‘free'* electrons is independent 
of the t(?niporature. The heat of vaporization of the electrons 
may Ix' calculated from the experimental value of 6; (A = bit), 
and for various substances values between 50 and 150 cal, are 
obtained, rurtlier, JOep (2()46) may bo derived directly from 
10 ( 1 . (bb>)j since the ciuantity B appearing in the latter is propor- 
tional to the scpiare root of T 

286. Dissociation of Heated Gases into Electrons and Ions. — 

The spontaiwxjus S(.»paration of electrons from heated bodies can 
be considered as a thermal dissociation of the atoms. In order 
to establish the parallelism between this process and that of the 
ordinary chemical dissociation of dissolved or gaseous molecules, 
it was n(‘cossary to prove that gaseous atoms dissociate directly 
into positive ions and electrons at high tenipc^ratures. This 
latter ph(‘nomenon actually does occur, as was first shown by 
Lenard (1902); th(' appreciable conductivity of flames is, to a 
large ext(*nt, due to the presence of free electrons.^ Even if a 
part of the electrons should result from the chemical reactions 
taking place in the flame, the greater part is without doubt of 
pur(?ly tlKU-mal origin. For this viewpoint it is especially 
significant that the conductivity of a liame is considerably 
increasc'd by the addition of the vapors of metallic salts which 
do not take jiart in the combustion but whose atoms possess a 
strong tendency to dissociate oil’ elc'ctrons. 

287. Ionization by Impact of Corpuscular Rays.- While at 
high temperatures el(*ctrons dissociate spontaneously from atoms, 
a certain addition of energy is rcciuired to set them free at 
ordinary temperatures. 

It is clear that the energy of an a-ray or a /3-ray particle, as 
well as that of an electron w'hich has been artificially accelerated 

1 A summary of those phenomena is given by A Beckek, Jahr, Ratlioakt 
Elfktromk, 13, 197 (1016); * Wilson, H A., “ Elect iical Properties of 
Flames and Incandescent fc^)lid.s,” London University Press (1912); Thom- 
son, J J , “Conduction of Electricity through Gases,” chap. IX, Cambridge 
University Press (1903). 
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in a strong electric field, must oasil,v be siiflicient to break loose 
electrons by collision with neutral atoms. That such is really 
the case is evident from the strong ionization produced by all 
corpuscular rays passing through air or other gases. The 
primary process in the collision of an or a jti-partiele with an 
atom is undoubtedly the separation of one or iiion' electrons. 
That the process can in no way Ix) consiilered as involving only 
the electrons at the surface of the atom, but also sonu* in the 
deeix'r layers, if not with the nucleus itself, is not astonishing, 
considering the large energy content of the individual par(icl(»s 
of the; corpuscular rays (se(‘ 325). 

It freciuentl}" happens that the electrons torn loose from an 
atom by collision have such a high velocity that tlu»y are able to 
liberate electrons from other atoms. If the gas which has 
exposed to the action of corpuscular rays is put in a strong 
electric field, then all the electrons, even thos(» which wc*r(» origin- 
ally slow-moving, are much accelerates I, so that subs(S|U(‘ntly 
they also acquire the ability to liberate el(‘Ctrons from otlu'r 
atoms. By means of this phenomenon, calleMl ionization by 
collision or impact, it is possible^ to imignify to an (extraordinary 
degree the original number of ions producxed by th(e single* «- tir 
j3-ray, so that a singles ^-particle or (‘V(‘n a single jCi-particlf* suffices 
to give a measurable dcfl(?ction on a s(*nsitiv(» galvanomet(*r. 

The passage of the electric? current through mod(*rately 
evacuated discharge* tub(»s (tla* (Jeissler tubes) lik(*wise dep(*nds 
mcjstly upon ionization liy impact The (dectrons, which are 
only sp(jradically sent out by the cathode at ordinary t(*mp(*ra- 
tures, are accelerat(*d by the potential difference in the tube* (in 
the dark space existing around the cathode this is (^specially 
high), so that after a time they are able to liberate electrons from 
the gas molecules. Th(\se are, in turn, accelerated and act upon 
other mol(*cules. Finally, so many electrons exist that the gas 
becom(.*s perceptibly luminiscent, due to the collisions b(*tw(*(‘n 
the electrons and the gas molecules. At a soiiK'W'hat higher 
vacuum the electrons produced in the vicinity of the cathode 
strike the opposite glass wall and cause a fluorescence, a phe- 
nomenon discovered by Pluckner (1858). The properties of 
the (dectronic rays produced in this way were first investigated 
by Ilittorf (1869) and Goldstein (1876); the Tatter named these 
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rays cathode rays l)ecausc of their origin. By means of 
these rays science first became I)etter acquainted with free 
electrons. 

This “knocking off’* of electrons by powerful corpuscular 
rays can be shown not onl}” in gaseous substances but also in 
solids. l‘]v(‘ry point where a-rays strike the walls of the vessel, 
etc. is the origin of new radiation, called the 3-rays, which con- 
sist of relatively slow-moving, easily deflected electrons. 

288. Liberation of Electrons by Illumination.^ — Finally, elec- 
trons may be liberated from atoms by illuminating them with 
light (using the term in its broack'st sense). The important laws 
connc'cted with this form of elc?etron emission, the so-called 
photoelectric effect, will be considered in detail in one of the 
following s(»oiions. Here it needs only to be noted that strongly 
electropositive metals, which have a special tendimcy towards 
forming positive* ions, c (j , the alkali and alkaline earth metals, 
s('nd out ('lectrons ev(*n under the illumination of visible light, 
while* either metals first sheiw the photoelectric effect in the ultra- 
vied(‘t light. An especially stremg emission of electreins re?sults 
from the* X-rays, which have wave lengths abeiut 1000 times 
smalle»r than eirdinary light (rf 299). The electreins liberated 
by the X-rays, and which thus acejuire a considerable* voleicity, 
are usually calleel the secondary cathode rays, since they were 
(luite soem receigiiizcd to be identical with the ordinary cathode 
rays. 

The pheiteigraphs of the secondary rays, taken by C, T. II. 
Wilsein acceirding to the method elescribeel above (see 277) after 
illuminating air with X-rays, are instructive (Fig. 62, page 501). 
A glaiK^e at this figure shows that ne) appreciable ionization takes 
place dirc*ctly by means of the X-rays, otherwise the cloud 
partick'S, which correspoml to the gas ions, and which appear as 
small white points in the picture, must be equally distributed. 
Ionization can be observed exclusively along the zigzag paths 
of the secondary cathode rays. 

^ * Soo also the iiioiioKraplis by T1itgiik.s, Photeolootrioity,” Cambridge 
Univoisitv Press (11114), and Allk.v, “Photoeloctrifity,” TiOngmans, CJrocii 
& (.\) (1013); a more modern theoretical treatment is given by Foote and 
Moiileii, loc, cU, 
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/. Thk Size and C-harge of the Nucleus 

289. The Passage of Corpuscular Rays through Matter. — 

Important conclusions concerning the size and the charge of tlic 
atomic nucl(*iis may be drawn from the manner in which corpus- 
cular rays, particularly the rapidly moving rays, are absorlxMl or 
scattered by matter. 

If slow corpuscular rays, produced within a potent ial difference 
of at most () volta^ arc allowed to strike gas mol(»cuIes, the particles 
will simply be refh'cted or scattercxl by the gas mol(‘cuU»s, ])ro- 
vided they do not unite to form ions. I'Vom this the effective 
molecular diaimdc'rs are found to be approximately the same as 
the values giv(*n by the vaiious methods bascxl on kinetic th(*ory 
(see* 261) ; the r(»sult is the same whether the corpuscular ra^'s 
consist of electrons or positive ions.* 

Kai)id cfirpuscular rays, such as cathode', and jCJ-rays, 
behave quite differe'iitly. Such rays an^ able', as has alrt'aely 
been mentiemeel, to pene'trate relatively thick layers of material 
such as me'tal foil. A beam, sharply eh'fined originally, beceimes 
somewhat diffuse anel the' velocity of the particles is ele'crexiseel, 
but the numbe'r of particles is practically unchange'el as lenig as 
the' velocity is fairly high 

Since the' re-sults eif the* older kinetic tlu'ory of matter cem- 
sistently leael tei the lele'a that atenns ea- meileeaile's in the seiliel 
state le'ave eaily a small ameiunt of “fre*e spaex'’^ betwee'ii th(»m 
(c/. 261), it must be ceniclude'el that thv partirlos nf thv rot pusrulnr 
rai/ts penetrate the atonns^ when'by they, of cenirse, suller a leiss of 
energy, but are, in general, also slightly elefk'cteel from their 
original elire'ction. An or-particle must strike a ve'iy large 
iiumbe»r e)f ateims before its energy is ceanpletc'ly abseirbed. The 
mean free path of an «-particle (assumeel to lie a peiint) in air at 
atmosplK'i'ic pressure is about 4 • ctn - The particle meets 

‘ Howovor, with still slower eloctmnu* rays, Ramsaurr (Jnht Rwlumkt 
Elektnmik , 19, 345 (1023)) found with ilccroasiim olectroii voloi'itv first an 
mcioasc, then a sharj) <lecreaso in the olTcctivc (apparent) molecular 
diameter A satisfactory theundieal explanation of this striking result has 
not- v<*t heen found. 

® The value cpioted in 63 refens to the mean free path of an N-j or (>2 
moleiMile in air; that- of a point in air iiiubl bo four tiinc.s as great, according 
to the kinetic theory of gases. 
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about 25,000 air moloriilos in a patli 1 vm lung, or a total of 
100,000 inol(‘Cul(»s during its range or (‘xistoneo of 1 cm. Whih' 
with respect to other slow-moving inolecules and electrons atoms 
and molecules behave as an inponetrablo system b(‘causo of their 
mutual collisions, the pri'ceding statement indicates that such 
a system otters only a relatively small resistancre to particles 
moving with great velocity. 

Dtluu’ things being equal, the slight diminution in the velocity 
of a pm tide pmsaing through a single atom becomes greater as the 
weight of the absorbing atom increases. This is especially true in 
th(» case of cathode rays. Lenard (1903) concluded from this 
that the absorption or scattering was caus(?d by fields of force 
(with very small effective range) inside the atom, which he called 
“d^'iiamides” ainl the total numlier of which lie assumed to be 
proportional to the atomic weight. It is to be noted that this 
“dynaiiiide*’ theory of licnard is cmnpletelj’^ in line with the pres- 
(uit thi'ory of atomic structure if the “dynamidevs’* are considered 
the sami» as eh'ctrons of the outer electronic n^gions (cf. 291). 

290. The Deflection of an a-particle during the Penetration 
of an Atom. — For the accurate, (luantitative measurement of the 
plKuionuMia of tlu' penetration of matter by corpuscular rays, the 
af-rays anj much inoix* suitable than the el(»ctroii rays. 

In g('n(»ral, the a-rays show a very slight (change of direction, 
amounting to <inly a f<‘W degrees, during tludr passage through 
matter. Jhit, on the other hand, very gn^at changes of directi«)ii 
sometimes occur under certain conditions and imlividiial particles 
may I'veii be didlected backwai’ds. Thes(» sporadically occurring, 
large chang(»s of dirc'ction are particularly imjiortant They are 
percc'ptible in Wilson’s photographs (Figs 5.S and 59), being 
indicateil by sharp bn'aks, since every such change of din'ction 
is the rc'sult of a single colli.sion. While it must be assumed 
that the slight changes of <lirection which most of the a-particles 
show IS due to an infiu(*nce of the electronic rc^gion of the penetrated 
atom, liutherfoid (1911) developed the idea that the targe dejlcc- 
turns which occur occasionally are the result of a collision between 
an a~partide and an atomic nucleus. This conception leads to 
the (pialitative result: 

1. That the atomic nucleus must be very small, since “colli- 
sion” occurs so seldom. 
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2. That, oxtraordinaiily largo forcos coiiu' into j)lay at (‘aoh 
collision. 

To obtain a formula by which his fiimlamontal assumptions 
could bo tested experimentally, Rutherford further assumed that 
the nucleus was a point and that merely the electrostatic roi)ulsivo 
forces of (/ouloml/s law act betw(M‘n the nucleus and th(‘ partieh*. 
The calculation of the path which an a-particl(‘ d(»soril)(*s about 
the nucleus (one cannot consider it as a n^al collision) tak(\s 
exactly the same form as that for the path of a eonud. around the 
sun. The eciuations remain unchanged in form, sinc(» the New- 





riii 

tonian law of attraction represents the same function of distance 
as Coulomb s law. Although as a first approximation both the 
comet and the a-particle describe hyperbolas, the ditlerencc; 
between the two cases lies in the fact that the comet travels 
around th<i sun due to the force of attraction (from the standpoint 
of the sun it describes an angle greater than ISO d(‘g ), while the 
a-particle, due to its repulsive force, remains on the one side 
of the nucleus (describes an angle less than ISO d(»g.). The 
behavior of an a-particl(j on its approach to a nucleus is made 
clear by Fig 03. The closer the a-particle approaches the 
nucleus the greater is the deflection. As a result of the assumed 



THE STRUCTURE OF MATTER 


521 


point-likc foniis of the deflecting nucleus and of the o-particle, 
uikI tin; extraordinarily great velocitj' of the latter, Ihe deflection 
i-c'aclies a ixjrceptihle ainount only if the a-particle approaches 
very close to the nucleus.* Figure 03 gives an approximate 
picture of the actual I'clation if it is imagined that the total 
diameter of the atom, when drawn on the same scale as tlie figure, 
will he alamt 100 m. The figure thus illu.strates only the immedi- 
ate neiglil)urhuod of the nucleus 

If a large numher of deflecting atom.s (N per unit volume) is 
considered, the following formula is finally obtained: 

NB-e^^-e'Q 

2 /==-- ( 265 ) 


L* • 10 • /•* • xin* 


2 


in which ?/ is the number of a-particles striking a unit area of a 
collecting surface p<‘r second, the particles in passing through a 
<lisix*rsing layer of thickness S Ixung deflected through the angle 
vf. The constants apix'aring in this formula have the follow- 
ing significant': Q is the total nunilx'r of a-particles striking 
upon the disix'rsing layer; the charge on the nucleus; c the 
charge on the a-particle; L the kinetic energy of the o-particle; 
and r the distance from the dis]X'rsing layer to the collecting or 
indicating surface. 


T\m,E 72 — ScA'rrKiON'o ok a-a.ws nv a (iOi.i> IjK\k ’louo mm Tiuck 


Aii^lu of 
(l('(l(rtiu)i, 

Number of 
iiiil)ingii)g 
a-partifles 

i_ 

8Ih‘ fi 

1 

u «i«* 2 

5 

27(W00 

S22(M)()0 

31 

10 

l7:j:jo 

5o:{ooo 

29 

15 

0445 

121000 

35 

;io 

22:i 

7S00 

35 

-15 

4ti 0 

lOlo 

31 

75 

7 25 

211 

29 

120 

1 79 

52 

29 

150 

1 15 

33 

29 


> Tho nuinbor beside each arrow in Fig 62 iiidicatiM Uie slioilc.st dutanco 
between tlic nucleus and the particle, provided the latter passed by the 
nucleus without lieing deflected. 
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As th« iil)()ve ttibh* shows, the (h'pentloncc of the? nuiiiber // 

on th(^ angle of deflection <p (y • sin* ^ = Const ) was strikingh' 

confirniod for heavy atoms by the careful investigations of 
(Jeiger and Alarsden, so that the correctness of Kiitherford’s 
assumptions may Im? considered as proved and the application 
of lOq. (205) to other prolilems thus seems to be justified. 

Tor heavy ahiiiis with liUKe nuelear ehaiKcs the nearest, an a-particle can 
approach the nu<*leus is about 10“‘- cm, from the inidptiint of the nucleus 
Tn these cases no deviations from I'ki <2iSn) can be observtnl, / r , the nucleus 
and the a-particle heliavc towards each othei like electrical point centeis of 
mass for which Coulomb's law’ liolds 

(Collisions with lighter atoms, where a-particles can approach 
much closer to the nucleus because of the small(.»r charge on th(j 
latter, show dt'viat ions from Kq 1 2b5) . From t his it must be con- 
cluded that the assumptions an? not correct at distance's of about 
5 • 10"“^^; the repulsion below this limit becomes stronger than ( ‘ou- 
lomb’s lawreciuires Therefore, 5 • lO"*'* may lx* considen'd as an 
approximate' value for the nuclear diameter of the lighter atoms, 
li it is at all possible to speak of a definite dianu'ter for the nuch'us. 

291. The Nuclear Charge, Z. — Fxcejit the charge on tlu^ 
nucleus all the vahu'S occurring in hki (205) can lx? detc'riiiiiu'd 
experimentally or can lx? assumc'd to be known. This formula 
thus offers the possibility of determining the number of charge's 

on the nucleus Z = \ that is, the ratio of tlw? nuclc*ar charge to 

Cii 

th(? eh'inentary electrical charge l^y nu'asuring the dispersion 
or ‘‘scattering’^ hy various substance's it was found that IhA 
nuclear charge number is equal to about one-half the atomic 
weight: 



In this way it was first possible to obtain a cpiantitative ('\pres- 
sion concerning the charge on the nucleus and thus the number 
of electrons surrounding it.^ 

In 19111 van dem Brocck expressed the supposition, liased 
upon observations upon the periodic system, which was later 

^ Due to unavoidable innccuracies iii the fundamental investigations, this 
first expression was, of course, only approximately constant 
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shown to be partially incorrect, that the nuclear charge number 
was not exactly one-half the atomic weight, but was to be set 
ecpial to the number denoting the position of the element in the 
periodic system, or, in other words, the nuclear charge number 
and the atomic number had the same value. Later, Chadwick 
(1920), by repeating the Goiger-!Mardsen investigations with 
greater experimental accuracy, succeeded in confirming this 
statement (piite satisfactorily; from the deflection experinwmts 
he found for Pt, Z = 77.4 instead of 78; for Ag, Z = 40.3 instead 
of 47; for Cu, Z = 29 3 instead of 29. 

The fruitfulness of this itlea was proved in a most exact, 
ciuantitative way by the regular displacc^meiit of the X-ray 
spectra with inen^asing atomic number (Mo.sely; sec 323). The 
previously discussed radioactive displacement law (see 271) is 
also in excellent agreement with this idea. Sending off a j3- 
particUj robs the nucleus of a negative' charge; i e , the nucleus 
becoiiK's one unit more positive; but on the liasis of the change 
of cluMuical properties of an atom <lue to a jCl-transformation, its 
atomic numlx'r must lx? increasc'd by one unit. On the other 
hand, an «-transforniation lowe'rs the nuclear charge by two units, 
and the change of chemical properties corresponds to a diminu- 
tion of th(‘ atomic numb(?r of two units. 

Thus in otk' stroke* the solution of the total number of electrons 
in the outer “ek'ctron cloiur’ is found; it is simply equal to the 
nuclear charge number or the atomic number, since the whole atom 
must bo (‘lectrically neutral and there are no positive charges 
outside of the nucleus ' 

Th(' jx'riodic system thus begins at hydrogen with a nuclear 
charge of 1 and a single outer electron, and from this point 
increases from element to element by unit steps. Isotopes are 
distinctire in that they possess the same nuclear charge and the same 
number of outer electrons, but differ from each other in the structure 
and the mass of the nucleus. 

^ From the results of Barkla’s investigations of the intensitv of X-ravs 
scattoied hv difTerent elenionts, J J Thomson, as oarlv as llXHi, ealculatod 
that foi the lighter elements the number of outer electrons effective in 
scafferiMg the ravs was ecjiial to half the atomic weight Although this 
calculation was based (jn classical law.s, it is to be con.siderod as e.ssentially 
correct, even today fbee Ladenbuuo and ItEiciiK, Die Haturwisisem>chaft€n, 
11 , 597 ( 1923 ). 
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292. Swift Hydrogen Particles.' — In Rutherford’s theory of 
the deflection of an a-particle by an atomic nucleus nothing 
has yet been said concerning the fact that the nucleus itself is 
also set in motion by the approach of the rt-particle. With the 
heavier atoms, this will not appreciably influence the deflection 
of the of-particle. On the other hand, the lighter atoms, espe- 
cially hydrogen atoms, will attain a very considerable velocity in 
such a collision, so that they will be hurled forward and, like Uk* 
a-particle itself, are for a time able to ionize the air along their 
paths. I’ho range of these swift hydrogen particles is <‘ven 
considerably greater than that of the a-particles; their range in 
air is 28 cm., while the range of the o-particlcs producing them 
is about 7 cm. 

This effect, which was first ilescribed by Marsden, has been 
photographed by 1). Rost*,® using Wilson’s arrangeint'nt (see 
277). Figurt* (il, page .’502, a K'production of sutJi a photograph, 
shows that a new ray starts from a dt>fiuit.e point in the path of 
an a-particle, and the a-partiele itself is deflt'cted a little from its 
path. An effective collision leading to the formation of a hydro- 
gen particle occurs extremely seldom. Rutherford luus found 
that the mean distanct! through which an o-particlc must travt*! 
in hydrogen before a swift H particle is set in motion is about 
10® cm. Since this distance is considerably greater than the 
range of tlw; a-rajn, it signifies that not every a-particle gives 
rise to the formation of a rapid II particle. Now each a-par(iclc 
strikes about 10® II atoms in traveling a distance* of 1 cm. and 
it follows, therefore, that only one out of 10“ collisions is effective. 
The earlier conclusions with regard to the smallne.ss of the 
nuclear dimensions are thus confiniied. The force at the mom<*nt 
of collision (even if for only a short time) is very groat; according 
to Rutherford it amounts to about 5 kg. for two single particles. 

293. Splitting Off Hydrogen Atoms from Other Elements.- - 
In his cxix^riments on the effect of the o-rays on other atoms, 
Rutherfonl found that when elementary N or a nitrogen com- 
pound was subjected to the action of these raj’s, II rays also 

* * Sometimes tllCl^o ur« called the long-range hydrogen inrltrlee. 

* * Phymk ZrU , 17, SSS (1(116). 

* lliis number la smaller than for air, aiiice tlie radius of the II atom, 
based on the kinetic theory of gases, is amaller than tliat of N and 0. 
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appotm'd. Tho ulontity of thene rays was established with 
C(*rt5iuity first by their enormously long range (28 cm.) and later 

by tho (loioriuiiiiition of the ratio — The possibility that the 

//i 

source of the II rays might l)e traces (impurities) of hydrogen 
eompouiuls was eliminated with the greatest care; therefore, the 
II rays must have had their origin in the nitrogen atoms, and it 
was now for the first time possible to decompose an atomic 
nuch'us artificially. An effective collision between an a-particle 
and a mtrog(»n atom, producing an If particle, also occura 
extraordinarily seldom, a single II particle being set free only 
in about 10^^ collisions. 

In more recent work Rutherford and Cliadwick' succeeded 
in proving that H atoms were liberated by the collision of a- 
particles with a number of other atoms, namely, boron, fluorine, 
sodium, aluminium, and phosphorus. Strange to say, the range 
of th(‘se II rays is sometimes consiilerably greater than is pro- 
(IucchI in pure hydrogen; for Al, the range is betwc^eii (>7 and 90 
cm ; for B, liS to 58 cm,; for N, 18 to 40 cm, according as the II 
rays are in the same or opposite direction to the a-rays producing 
tlu'm. Since the energy of the impinging a-ray is not sufficient 
to impart such a velocity to th(^ II atom, one is led to the idea 
that the striking of an a-particle is necessary for the destruction 
of an atomic nuchms, but that an important part of the energy 
propelling the II atom comes from the nucleus itself. In the 
forc(»d d(*coniposition of heavy nuclei into He and II nuclei it 
thus app(*ars that (Uiergy is liberated just as in the sp()ntan(H)us, 
radioactive disintegration; the combination of He and II nuclei 
therefore represents an endothermic process. 

From the splitting of II nuclei from nitrogen and several 
other elements, a real experimental basis for Prout\s hypothesis is 
again obtained. It is worth noting that up to the present time 
II atoms have been split out of other atoms only when the atomic 
weights of these atoms wore approximately equal to \n — 2 or 
^n — 8 (a = 1, 2, 3, . . . ), while those elements with atomic 
weights of approximately 4/t have as yet yielded no II atonis.^ 

» Nature, 107, 41 (1921); Phil Mag. (6), 44, 417 (1922). 

® * I'liis directly involves the ((uestion of iiuclc.*ir stability The radio- 
active (lisinteKratioii of the heavier atoms as well as Rutherford’s experi- 
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In an element of atomic weight 4n — 3, it would therefore 
appear as if only the number 3 corresponds to the II atoms, whiles 
the number 4a indicates the presence of // helium iiuchu. In 
this there is a new confirmation for the conclusion that the 
helium atom plays an independent r61e in the structure of 
atoms, which had already been definitely established by the 
radioactive phenomena. ’ 

Kutherfonrs results provide a basis for the theory of the 
structure of the atomic nucleus.- Detailed calculations have 
already been made, especially upon the helium nuchais, which 
can be considered as lieing formed from four II nuclei and two 
electrons, and to which an esiK‘cially high stal)ility must lx* 
ascribed since it apixars to rc‘main undamagcxl after all its 
collisions with other nuclei. The great stability of the lie atom 
further shows that the combination of II nuclei to form a He 
nucleus must be strongl}' exothermic irf 276). 

If, however, the union of II and Ih* nuclei to form the nuclei 
of heavier atoms n^ally represents an (‘ndoth(»rmic process, as 
must bo assumed from Rutherford’s results, the atomic weights 
of the atomic species in question, esiiecially Al, must lx* appreci- 
ably greater than whole numl>ers. At th(» i)r(»s(»nt time wc» actu- 
ally have, as the most pro])able atomic weight of Al, (h(» value 
27 1 (Al has no isotopes) but lower valin*s have* been found 
recently (see Landolt-Hornstem, fifth edition) 


inciit.s on the lighter atoms iiidicatos th:it .all inirleL :iie not equally stahh* 
Harkins {Phil Mag , 42 , .‘lOo (11)21)), in a statistical investigation of the 
(hstril)ution of atomic species m the eaith’s crust and met eoi lies, linds that 
atoms with even values of Z are more abundant than those for which Z la 
odd, and furtlier tliat about thirteen atoms out of fourteen haveatoma*. 
iiia.sses divisible bv 4 See also Andiade (hr vit , p 1 12), where an inteiost- 
ing table indicating the instability of ceitain atomic masses will be found. 
Ill a long senes of articles (J Franklin Int^l , 194 , IG.'i, :i 2 fl, 021 , (Vlo, 783 
(1922)), Harkins discusses the stability of atomic nuclei in gieat detail 
^ * Aston (‘‘ Isotopes,” p 102 et seq ) gives several reasons why the helium 
atom as such should not exist in the atomic, nucleus 

® * There is evidence from the 7 -rays for the existence of definite encugy 
levels within the niadeus similar to those of the electronic orbits (see 296 vt 
seq ) Sec C. D Ellis (Proc Roy Soc (A), 101, 1 (1922)), who di.scusses 
this evidence and gives numerous references to the w'ork of Rutherford and 
his co-w'orkers 
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3. ENERGY EXCHANGE IN ATOMIC AND MOLECULAR PROCESSES 

a . The Liberation and Absorption of Energy in the Form 
OF IOnkrgy Quanta 

294. General. ---In the precodinR section it could be demon- 
strated that the atom consisted of a n(»arly pomt-like nucleus 
which contained the total mass and carried a charge of Z unitS; 
the nucleus b(‘ing surroundc'd by Z el(K?trons The arrangement 
of th(»sc electrons must now be examined more closely. 

Sinc(' the nucleus is strongly charged positively, the first 
qu(‘stion concerns the method by which it is possible for the 
n('gatively charged electrons to remain independiMit of the 
nucleus and not unite with it in spite of the electrostatic forces 
of attraction The explanation is the same as for the r(*ason 
why th(‘ planets do not fall into the sun, eviui in spite of the 
gravitational forces. It is assumed that the dnirom more in 
cndcfi or ellipfiffi around the //mc/cm-s, and that the centrifugal 
force at evenj moment eompenmtes for the attraction. 

In this way th(‘ fundamental conception is ol)taine<l that the 
atoms are planet sydems of very small orhits, in which Ihe sun is 
replaced hy the nucleus and the planets by the electrons 

296. Electronic Motion Which Does Not Involve Radiation. — 
Ev(‘n though this conception is very attractive, certain objections 
arise which are important in that they must be removed in some 
way, (»V(‘n viohmtly, by the introduction of new hypotlu'ses if 
th(* planetary system is to be retained as the atomic model. 

''riie most difficult of these objections is that a rotating eleetron, 
similar to every other aecderated electneal charge, slamld continu- 
ously send out radiation with which a loss of energy must he involved. 

That an electron rotating about the nucl(»us actually must 
radiate maybe (jual it at ively illustrated by the following example. 
Th(' vibration of a tuning fork gradually decreases mainly because 
the vibrations hav(» l)eeii tran.sferred to the surrounding air and 
conducted away as sound waves; if an isolated electric point 
charge should be fastened to the end of a vibrating tuning fork, 
an ek'ctric ‘‘oscillator” would be obtained which exercises an 
effect upon the surroundings similar to an alternating current 
flowing in the path of vibration. As is welt known, this first 
induces an alternating electric fiidd in its immediate surroundings 



528 FUNDAMENTALS OF PHYSICAL CIIEMISTHY 

and the latter, in turn, induces a now magnetic field, etc. Tlius 
an electromagnetic wave is generated, which, of course, requires 
a certain expenditure of energy for its production.^ This eiUTgy 
can only be taken from the kinetic energy of the moving charges 
located on the tuning fork, z.e., the motion of this charge will 
l)c ‘‘braked down” or ‘‘damped” l)y the sending out (radia- 
tion) of these electromagnetic waves. According to this idea, 
which is based upon the fundamental laws of the classical 
electrodynamics, which, in turn, were completely established by 
investigations upon larger (macroscopic) electrical oscillators, 
the electrons moving in their circular and elliptical orbits about 
the nucleus must likewise radiate energy. Therefori', tlu'ir 
motion would gradually become slower due to the loss of energy; 
their orbits would become smaller and smaller until finally 
union with the nucleus would become unavoidable.- 

But if it is required that the electrons in the normal paths are 
not to undergo a “damping” by radiation, it will mean nothing 
other than that the ordinary clamcal laws of elect rod ynaniirs are 
no longer valid for the inner portions of the atom ^ 

Therefore, there are only two possibilities: either the idea of 
an atom modeled on the planetaiy system and l)ased upon 
electrostatic attraction and centrifugal force must lie dropped, 
or a limitation to the radiation laws when applied to el(»ctronic 
motion must at least be assumed. Since the former of these 
possibilities would remove every basis for furtluT investigations 
of the atoms— for this si)ccial purpose, it would ])e nec(»ssaiy to 
introduce, in place of the centrifugal force, such repulsive forces 
as would prevent the electrons from falling into the nucleus -- 
the largest part of modern investigation has decided, even though 

^ With respect to the energy lequircinents of electric waves, it. inav he 
recalled that the production of the powerful waves such as arc used in 
wireless telegraphy may require hundreds of horsepower. 

® As IS known, this fate w’ould he assigned to the planets as compared to 
the sun, if their motion w'as checked by some means su(‘h as friction. 

*This rc({uiremcnt can be avoided if it is assumed th.at the electron 
associated with an abjiii does not iciiiain ])oiiit-like but broadt'iis out into 
a ring, for an electrically charged iing rotating on its own axis does not 
radiate energy. Since the point-likc form of the electron is known onlv 
outside of atoms (in relatively weak fields of force), this pos.sibihty still 
deserves to be kept in mind. 
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with hesitation, to adopt the second.' I-ator, in the discussion 
of the detailed structure of the planetary model, it will bo shown 
that this step has been entirely justified. 

"Jlie nucleus must also lie considennl as being similar to the 
outer rc'gions of the atoms (the electronic “atmosphere'')- The 
radioactive procc»sses indicate that the nucleus must contain 
enormous amounts of energy within itself. If the? assumption 
of unknown forces is to be avoided and if only electrical and centri- 
fugal forces are to be considered, them it must b(‘ recognized, just 
as in tlie above, that an energy radiation is impossil)le, even if 
there are electrical charges in the liveliest motion in the interior 
of the nucleus. 

296. The Discontinuity of Energy Changes in the Interior of 
the Atom . — A fundamental distinction between a planet system 
and an atom exists in that, theoretically, a planet can travel on any 
course whatever around the sun, while for an electron revolving 
around a nucleus only a limited number of paths are stable. The 
necessitj' of this law results directly from the following: 

The various orbits of an electron differ from each othcT mainly 
in th(»ir energies. 

"J'Ik' (»n(»rg 3 ' of a revolving planet (eh^ctron) consists of both 
kinetic and potential energy and, according to a given law of 
force, a constant ratio will exist between tin* two forms. Accord- 
ing to Newton’s or ( ’oulomb's law of force, (+ ^^1"; (a, charge 


on the nucleus; a, distance from electron to nucl(»us), the potential 
energy, as is known, amounts to — f«)r the kin(»tic energy 
we have }< 2 fn\/- as usual. Since th(' centrifugal force must 
equal the force of attraction, we have and, therefore, 

so that for the kinetic energy we get the value, 

The total (energy thus amounts to 


U = U, + Uk 


CkCo , CaCh _ OCn 

a 2a ‘ 2 a 


1 A' 

2 


(206) 


^ An atomic theory developed espcei:illy by 0 N Lewis and I Langmuir 
actually docs depend upon the assumption of such fuiccs, but it docs not 
accomplish at all the same sort of things, especially what is demanded by 
the explanation of the optical properties of atoms, as the theory discuased in 
this book and which is due mainly to N. Bohr. 
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Tor fl = oc, ])oo()in('S 0; on the approach of the ('lectroii to 
the nucleus (a hocoines a finitei valuoj the system performs work, 
and th(j energy supply of the system decreases, which explains the 
iK^gative sign of U. 

Now, if all the orbits in an atomic planetary system wc^ro 
stable, then within certain limits it must be possible to add any 
optional amount of energy to the aton. Ilowc^ver, a large* nunib(*r 
of experimental facts indicate that thr mtenor of thv atom, just 
as for the atom as a whole (at least, if it pc*rforms a vibrating or 
circular motion), able to absorb emnjy only in rntain, dejinite 
quantnm-like amounts 

This (luantum-like energy absorption is shown perhaps most 
directly hy the investigations of J Franck and (1. Hertz (1912), 

L-G 

D 


Fiii li.> 


ill which the energy exchanges occurring at the collision of 
electrons with atoms were? eibserveel. 

If a velocity (kinetic energy) is imparted to an electron anel is 
graeiually increaseel, it can be shown that up te) a ele*finite limitin|» 
ve'locity it will be retiecteel with ceanplete elasticit}’' (; c , no leiss 
of energy) freiin a very large number of atenns. Abejve? this 
limit a sudilen inelastic collisiem occurs such that the* teital ene*rgy 
of the* electron is abseirbed by the atom and the e*lectrem is left 
with a zero velocity. 

''rhe expe*rimental arrangement used by Franck anel Ile'rtz 
elependeel upein the folleiwing: electrems eif low velocity' we*re5 
semt out fremi the glowing wire D (Fig 65). Betwe'cn D anel the 
net-like electrode X was a variable electric field by which the 
electreins were accelerated. Between X anel the collecting elec- 
treide G was a field of a properly chosen (constant) opposing 
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potential, which up to a certain degree retarded the electrons 
again, so that only those electrons which possessed velocities 
e\cee<ling a certain value at N could reach G, The nuinl)er 
which actually reached G was established by measuring th(‘ 
negative current flowing from G by means of a galvanometer. A 
series of values observed hy Franck and Hertz, with mercury 
vapor as the gas, is represented in Fig. 6(), in which the negative 
current flowing through the galvanometer, i e , the numl>er of 
electrons reaching G, is plotted as a function of the accelerating 
potential betwe(‘n D and A’', / c , as the total accek'ration given 
to the' electrons between D and A^ The figure indicates the 
following i)oints: if the accelerating potential is less than the 



opposing jiotential (in the figure, abtiut 2 voltis), no electrons 
rc'ach the collecting electrode, (^urrent flows as soon as elec- 
trons become so strongly accelerated that t\wy can overcome 
the opposing potential Ky further increasing the potential 
up to about 4 9 volts the current sudclenly decreases to zero. 
This signifies that the electrons have lost their velocity in the 
vicinity of the netting X by inelastic collisions with mercury 
atoms and can no longer move against the opposing potential. 
If the potential is raised still more, then the zone in which the 
electrons lose their v(4ocities again moves suddenly back towards 
1). Th('y thus still have a certain distance to pass before the 
iK'tting A' is reached, so that again, under the jiroper conditions, 
they can attain a velocity which will allow them to reach G, 
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At about 9.8, or 2 X 4.9, voltSy they for the second time reach 
the limiting velocity, which they again lose completely by colli- 
sion with the mercury atoms, so that the current once more 
sinks to zero, etc. 

It is remarkable that the curve, and especially the value of the 
limiting potential 4.9 voliSj is practically independent of the gas 
pressure. In general, the electron on its way between D and N 
does not travel on a straight line but follows a zigzag path, duo 
to collisions. If these collisions were inelastic, the energy' would, 
of course, be consumed, f.e., at high gas pressures the electrons 
would reach N with a lower velocity than if the pressure were 



low. The independence of the limiting potential, 1 0 volts} 
with respect to the gas pressure, therefore, proves that the colli- 
sions really arc elastic. 

In case the electron is accelerated above the limiting velocity 
at the first inedastic collision that follows, a greater amount of 
energy will be absorbed by the atom, but this amount is likewise 
not continuous but changes in sudden jumps. Proof of this 
fact is found in the curve in Fig. 67, which W'Jis obtained with 
helium at a low pressure. The first time the current stnmgth 
decreases rapidly is at about 20.5 volts; therefore the first inedastic 
collisions occur at this point. (The electronic energy required 
for this purpose by the noble gas, helium, is considerably greater 
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than that rociuirod by the relatively reactive mercury atom!) 
A second, although less <leiinii(?, decrease* is shown at fibout 25 
voUh, At this point those electrons which previously had not 
accide'iitally struck gas molecules lose their velocities suddenly. 
It would not be possible to understand this break in the curve if 
we did not have at this point another sort of collision, in which the 
el(*ctron suddenly lost its total velocity (25 vnlta). The break 
at 10 volts corresponds to the rt'petition of the one at 20.5 volts^ 
as has already been explained. 

However, the assumption that the so-called” stable” paths 
of the electron are to be the only possible ones involves logical 
difficulties and contradictions with experience. For example, 
in the scattering of light by atoms (dispersion), a transient, non- 
(luantum-like al)sorption of energy by the atoms takes place 
without doiil)t, and it is well explainetl by the classical electro- 
niagn(*tic. laws. All the phenomena are nic(*ly accounted for if 
it is assumed that the electron really can move in orbits located 
b('tw(*on the ”stabl(;” ones, but that under th(*se circumstances 
it radiates and therefore strives very rapidly to naich one of 
the stable orbits in which no racliation occurs. Probably the 
(‘leetron always gO(.*s spontaneou.sly from a labile, “transition” 
orbit to a d«»(*p(»r situated stable orbit in which it stays con- 
tinuously, or at least for some time, without radiation. From 
a stal)le orbit the electron can be removed to a higher transition 
orbit l)y a temporary (‘nergy absorption, l)ut, in gen(*ral, returns 
imiiK'diately to tin* stal)le orbit as soon as the force acting on it 
0 (*as('s. Only wh(?n tlu* total added energy is sufficient to raise 
the electron to a higher stable (or, more exactly, “(luasistable”) 
orl)it will the atom retain the ab,sorbed energy for a longer time.* 

h, "rilE KiNSTEIN-iiOIIR FREQUENCY LaW 

297. Formulation of the Law. — In all atoms there exists a 
fundamental orbit in which the electron is stable continuously 
and which, in comparison with all other orbits, possesses a 

^ * Only one of the vurioiis po.s.sibililies is discusstHl in the text Tha 
prohlcni of optical dispcraion has recently been attacked by Ruhr, Kranici£ 
and Slater (PkiL Mag , 47 , 785 (1924)). The assumpliun of interinediati 
traiLsitioii oibits was not found iiecesaary for the solution but radica 
assunifitions concerning the validity of the First Law were involved Se< 
also the notes by Kramers in Nature, 113 , 673; 114 , 310 (1924). 
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miniiiiuiii onorgy. In Iho remaining; “(iu»'isistal)Ic’' orbits, the 
electron is, of course, able to aUiy for a tunc but not continu- 
ously. Just as in the radioactive disintegration, it appears 
as if after a very short time (usuall}*';, a sort of “life pcjriod,'’ 
a spontaneous transition to a deeper orbit or to the fundainental 
orbit occui’s. In this case the electron must give up energy: if 
the atom is isolated and no direct, mechanical energy transfer- 
ence is involved, Ihe vntiasion of an elcctrowngnctir ware ojTers 
the only po-^stbility of liberating energy 

The transformation of atomic energy into radiant energy 
resulting from the transition of an electron is governe<l by a 
fundamental and (jiiite characteristic law, according to which the* 
frofiuency of the emitted electromagnetic wave depends on noth- 
ing but the energy difference l\ — C 2 of the two orbits, we have 

hp = Ui - 1% (2()7) 

in which the proportionalit 3 ’' factor h is a universal constant 
which has alread.v been introduced in 74 as Planck’s elementary 
quantum of action.' 

"Ihe law was first announced by Einstein (1905) and appluMl 
to the photoelectric and other relatetl phenomena. Later it was 
e\tend(Ml bj” Bohr (1913) to other processes, especiallj^ to llu* 
emission of spectral lines. 

Ecpiation (207) holds not onl^^ for the transformation of atomic 
energj” into radiant energy' (the emission process), but also for 
the reverse process of eiiergj'' absorption. In this cas(» I0(i. (2()7) 
means: if a radiation of a definite frequency v acts upon an 
atom, energy" can be absorbed (•ontinuousl^' only if an el(*ctron 
can increase its orbital encu’gj' hy exactly — Vo = hv, i e , 

Vi — Vo corresponds to the jump of an el(»ctroii from one 
“stable” orbit to another. Thus, if it is at all possible for the 
radiation to deliver energj’^ continuously' to the atom, it takes 
place only in quanta of the magnitude hv. 

The frequency law (Aquivalentgesetz) makes no statements 
regarding the details of the mechanism by which the energy' is 
transferred between radiant and atomic energy'. In this respect 

^ * An excellent presentation of the theory and applications of enerKV 
quanta to inodern problems is Riven by IIkiciik, Fritz, “The 
Theory,” translated by Hatfikld and Brosk, E. P. Dutton & Company 
Numerous notes and references are given. 
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it is analogous to the energy principle, which likewise says nothing 
further than that in their transformations from one form to 
another certain amounts of energy are equivalent. Thus the 
(piestion of the details of the transformation are left completely 
open. 

From the standpoint of the last statement of 296, the freciuency 
law states that from all labile orbits between two stable orbits 
the electron always emits one and the same frequencJ^ Thus, 
according to the frequency huv, we have as the characteristics 
of the whole intermediate state between the two stable orbits: 
(1) the fre(iiicncy of the emitted radiation, and (2) the energy 
diHerenco Ui — f’o between the two stable orbits. 

It may be specially emphasized that I<]q. (207) is valid for a 
so-called elementary process, ?.c., it holds for the energy change 
of a singl(» atom or a single molecule 

'rhe complete removal of an electron and its return to the atom 
belong among those elementary processes for which K(i. (267) is 
<lin‘ctly applicable. According to Fq. (200) we get 

hv=-l\ = ‘}' (267a) 

Za 

or 

hy = t’/ + (2676) 

d('p(mding upon whether the electron at infinite distance from the 
kernel {a = Qc) is at rest or moving In the former case U i = 0; 
in the latter f'l is ecpial to the kinetic energy of the electron 
outside of the atom Ih- 

c. TjiFi Tua.\sfoumation op the Kinetic Enkiigy of the 

ELEt TKON INTO HaDIANT EnER(;Y,, AND VlCE VeRSA 

298. The Production of X-rays.’ l^ipiation (2076) may first 
be appli('d to the production of radiant energy by rapidly 
moving electrons. 

If an electron passes thioiigh n potential gradient- of 10, (XK) to 100,000 tolls 
and thus acquires a velocity (sec Fq (2.5Sa)) of about .5 04 10' ~ 0 6 
to 2 • 10'** cm /see Uk becomes rather large, and therefore, upon striking an 

‘ * For a discussion of the practical details of X-ray production ns well as 
a I'onsiderable amount of data see Kaye, “X-rays,** 4th cd , Longmans, 
(Jreen & Co (1923) 
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atom in which it is absorbed, a radiation of very high frequency with a wave 
length of the order of magnitude I • 10“® cm (lA.) \vill be omitted. This 
involves the emission of X-rays and a continuous X-ray spectrum ( the“\\ lute*' 
Roiitgen light) is obtained if the electrons hit with difTerent velocities 
Since in atoms or atom ions it is generally only the outer orbits, i c ,with 



relatively great radii, which are unoccupied and therefore it is to these orbits 
that tli(‘ electmii can return directly, it is practical to disicgard the energy 

term in conipanson with Ujt when the production of X-rays is being 
considered; for each wave length w'e have the expression 

Uk = hp. 


(267c) 
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The kinetic energy Vk is now equal to Ee^, wherein represents the potential 
grai hciit thnniKh which the electron has passed. The greatest value which E 
can assume is the total potential difference 2?o between the two elcctnales. 
'rhorefore, the kinetic energy has a maximum value which amounts to 
Ukm, = Et^o Trom Eq. (267c), therefore, the frequency of the continuous 
spectrum must also have as its maximum value 



at which the spectrum suddenly stops. 

This conclusion has been confiimed by the experiments of various investi- 
gators. The appnixiinatc distribution of intensities among the various 
wave lengths of a continuous X-ray spectrum is shown in Fig OS, which is 
based uiion observations by C T Ulrcy. The X-rays were produced from 
various metals, using a potential of 35,(XX) volt-s, and the intensity of the rays 
after being resolvcil into a spoclium was measured bv ionization The sharp 
disappearance of the continuous .spectrum (on the left side of the diagram), 
and especiallv its i ulependence of the kind of metal with which the electrons 
collided dining the emission of the X-rnys, are striking. (For mulybdeiium 
several bands of the lino spectrum also appear ) 

JOqiiation f26S) can thus be used directly for determining the universal 
constant /i 'Hie procedure is unusual in its simplicitv We need only 
measiiK^ the direct -cm rent potential En across the X-ray tube fapart from 
small correction factors) and the wave length or rate of vibration of the 
limiting fic<niency at which the X-ray Rpectrum sharply disappears The 
methods most generally used for measuring the w'avc lengths of the X-rays 
arc given in 322. TJic values of /i found by various investigators using this 
method vary between 6 M f Wagner) and 0 557 • 10“” (Blake and Duane) 
and may be placed among the most accurate determinations of this constant 
of natuie ^ 

299. Application of the Frequency Law to the Photoelectric 
Effect. — If Kq. (2076) is applied to the transforniation of radiant 
energy into tlic kinetic energy of electrons, it retiuircs that 
X-rays of a definite wave length liberate electrons with velocities 
differing by definite amounts (i e , discontinuoiisly) from the 
atoms. This, of course, has been known for a long time in the 
production of the secondary cathode rays by illuminating solid 
boilics with the X-rays; quantitative measurements performed 
by dc Hroglie completely confirmed lOti. (2076).® 

1 Articles w Inch summarize tlic inateiial on this subicct are: Wagner, E , 
Jahr Rtvhunkt Elckhovik , 16, 190 (1910), Ladenbuug, U, thul ^ 17, 93, 
273 (1920), also the reprint, *‘ Plnnckselementiiros Wirkiiiigsquantuin iisw',** 
published by S llirzcl, TiCipzig (1921) *Bk\(}g, W H and W. L., “X-rays 

and (Vystal Stuctiire,’* chap IV and VI, Bell, London (1924). 

» J. phys, (6), 2, 265 (1921). 
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Moreover, there are extensive observations on the liberation 
of electrons from metals, etc. by visible and ultra-violet light, 
a phenomenon which has already been described in 288 as the 
photoelectric effect. The energy quantum hv in this case is 
about 1000 times smaller than with the X-rays, so that only the 
outermost electrons can be set free. However, according to 

286, the work required in separating electrons from solid 

metals consists much less in the work of freeing the electrons 
from the atomic union, since in the interior of the metal they 
are certainly very loosely bound, than in the work employed 
in bringing them through the surface. 



Fig 69. 


The experimental pi oof of Eq (2676) is obtained by allowing monochro- 
matic light of frequency v to fall upon the metallic surface and measuring 
the velocity of the emerging electron. From this it is found that elec- 
trons w'lth different velocities emerge when the surface is illuminated with a 
definite frequency, but that there exists a maximum velocity to which can 
be assigned a value which is more or less accurate, luit seldom exceeded. 
When Eq (2676) is applied to the photoelectric effect, the term Uk signifies 
the kinetic energy of those electrons which emerge with this maximum 
velocity. The measurement of this quantity is made by surrounding the 
illuminated metal by a collecting electrode ('* Faraday’s cage’’) and applying 
a potential difference E^ between it and the metal just sufficient to prevent 
any electrons from reaching the electrode For the kinetic energy of the 
most rapid electrons at the instant of their emergence we have Vu = Eoeo, 
The potential difference Eo read directly upon the measuring instrument is 
generally not the effective difference E between the illuminated metal and 


THE STRUCTURE OF MATTER 


539 


the Faraday cage, and a correction must be introduced which liecoincs 
especially important when the potential differences are small. The dis- 
turbing factor is due to a “contact potential” K between the two different 
metals (cf. 371). In place of Eq (2676) we obtain, therefore, 

hv = (^0 "H "f“rt ■ = V Coust.f (269) 

So 

4.' 

U K ^ IS considered as one constant. 

2ru'o 

]*](iuati()n (260) is evaluated by measuring the values of the potential Eq, 
the threshold potential, at which the electrons just succeed in traveling 
from the metal to the cage for different monochromatic radiations. The 
transfer of electrons is indicated by a galvanometer against which the 
Faraday cage is earthed. Some observations by Millikan on lithium are 
reproduced in Fig 69, in w’hich the current read on the galvanometer is 
represented as dependent upon the retarding potential and the relatively 
sharp appearance of the current at the dciimte potential is indicated. (Eo is 
negative in these observations.) 



Fio. 70. 


If the threshold values of the tension Eq are expressed graphically as a 
function of the frequency v of the incident radiation, a straight line is te be 
expeirtcd according to Eq (269). This requirement is fulfilled by the 
observed results as Fig. 70 shows. The slope of the straight line thus 
obtained must be independent of the nature of the illuminated metal and be 

equal to ^ (cf. 4). This expectation is also confirmed by the observations. 

Co 

Tho value of h found with various metals by vanous investigators from the 
slojicH of such curves vary between 6 41 10“*' (Al) and 6 58 • 10^*' (Li). 

d. Photochuhical Phknomena 

300. General Photochemical Laws. — It is well known that 
light rays have an exceptionally marked influence on a number of 
chemical processes. The number of facts concerning such photo- 
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chemical reactions is already very large, yet the majority of 
phenomena are so complicated that up to the present in only a 
few cases has an insight been obtained into the mechanism of the 
photochemical effect.^ Iti spite of this it can scarcely be doubted 
that the frequency law fortns the basis for all photochemistry. 
Before entering into the details of this law, several other general 
photochemical laws which may be considered as firmly estab- 
lished by experience will be briefly mentioned. 

1. Only such rays as are absorbed by the system can possibly 
have a photochemical effect (Grotthus, 1817). It is not neces- 
sary, however, that the rays be absorbed by one of the redacting 
components; under certain circumstances a “sensitizer*' which 
does not actually take part in the reaction can cause the absorp- 
tion. For example, by the addition of a suitable red d3'e, 
photographic plates which react only to blue and other rays of 
short wave lengths can be made sensitive to rod light also. 

2. On the other hand, not all of the different kinds of rays 
which arc absorbed arc photocheinically effective. Light of 
short wave lengths (ultra-violet) quite frequently has a photo- 
chemical effect, while light of long wave lengths (red) is quite 
often absorbed without exerting any chemical influence. 

3. When secondary disturbances due to the products of reac- 
tion are avoided, the amount of substance changed by photo- 
chemical means is proportional to the product of the intensity 
of the photochemical ly active radiation and the time of illumina- 
tion (Bunsen and Roscoe, 1862), i.e., to the amount of radiant 
energy absorbed by the system. 

301. Classification of Photochemical Reactions. — To discuss 
the existing material theoretically, it must first be classified in 
a suitable manner. Similar to ordinary chemical reactions the 
following may be differentiated: 

1. Processes in which light acts catalytically; therefore, pro- 
cesses in which a reaction taking place normally in the dark may 

^ Extensive discussions of photochemical phenomena are given by Wsifi- 
ERT, F., “Die chemischen Wirkungen des Tichtes,” Stuttgart (1911); 
Benrath, “Lehrbuch der Photochemie,” Heidelberg (1912); Plotnikow, J , 
“Lehrbuch der allgemeinen Photochemie/’ Berlin (1920); •Lewis, W. McC., 
loc. city vol. 2, chap. 14; vol 3, p. 134 ei seq; Taylor, H. S., “Treatise on 
Physical Chemistry,’* loc. city vol. 2, chap 18. 
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be either accelerated or retarded. {Example: The effect of 
lid^t on the combination of H] and Cli to form HCl.) It is 
clear that only a very small amount of radiant energy will be 
required for such a catalytic effect. 

With light as with ordinary catalysts, speciffc effects can be 
observed, although not so often. Trautz^ succeeded in showing 
that, while the oxidation of pyrogallol was retarded by ultra- 
-violet light, it was accelerated by red light. 

2. Ilcactions in which the equilibrium point reached by the 
chemical system under the influence of light is different from that 
reached in darkness. One of the most familiar e.xamples of this 
sort of reaction is the reduction of carbonic acid in plants, which 
proceeds only in light. The polymerization of anthracene to 
dianthracene^ represents an experimentally investigated case in 
which the displaceincnt of the (Kiuilibrium during the illumina- 
tion could be quantitatively followed. Of course, a considerably 
greater amount of radiant energy is generally required for the 
attainment of an observable displacement of the equilibrium 
than for a mere catalytic effect. 

In order to apply the frequency law to photochemical reactions 
it is necessary, similar to the theory of reaction velocity of 
ordinary reactions, to resolve the observed gross reaction into a 
number of steps. Only one of these steps, usually the first, the 
primary photochemical reaction, is dependent upon the effect 
of light; the remaining steps, the secondary reactions, generally 
take place without any special peculiarities. 

Various hypotheses have been advanced regarding the nature 
of the primary photochemical reaction. Warburg* and Nernst* 
assume that the primary reaction always consists of a diatomic 
molecule splitting into atoms. O. Stern and M. Volmer have 
shown* that it is more expedient to look upon the primary photo- 
chemical reaction as the transition of the molecule from the 

^Phynk. 7, 899 (IflOfl). 

* Lutheb and Weiuert, Z phyeik. Chem., 61, 297; 68, 385 (1905); * also 
Taylor, II A. and Lewis, W Me. C , J. Am Chem Soe., 46, 1606 (1924). 

' Berl Akad., Ber., p. 314 (1916), also Z. Elektrochem., 86, 54 (1920); 87, 
133 (1921). 

* Z. Elektrochem , 84, 335 (1918). 

* Z. vnes. Phot., 10, 276 (1920). 
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normal condition to one with a greater energy content and 
therefore to a more labile or reactive state. ^ 

Like the secondary reaction, an exchange between the mole- 
cules having a high energy content (designated by [A'Ji) and the 
others is directly connected with the primary reaction. Perhaps 
in many cases the first secondary reaction involves a dissociation 
of the “energized” molecules into atoms, which then, in turn, 
enter into other combinations; yet, as a rule, the “energized” 
molecules appear to react directly with other molecules whether 
these be of the same or of different species. 

302 . Application of the Frequency Law to Primary Photo- 
chemical Reactions. — The amount of energy Lh which the 
molecules of the primary photochemical reaction absorbs from 
a radiation of frequency v is given by Eq. (267) : 

= hv. ( 2 (> 7 ) 

This, then, represents a supply of energj' at the disposal of the 
secondary reaction, which, in yellow light, amounts to about 
50,000 cal. per mole; in violet light, to about 70,000 cal, and in 
ultra-violet light of the wave length 2000 A., up to 140,000 cal. 
From the magnitudes of these energy quantities it may be readily 
understood that a considerable number of reactions will be 
infiuenced by light, and without further remark it is seen that 
light of short wave lengths (ultra-violet) must, in general be, 
more active than thiit of long wave lengths (red). 

A direct test of the frequency law in the form Ui, = hv, such 
as by the establishment of a definite threshold value of v at which 
an observable exchange begins, meets with difficulties on the 
following grounds: on the one hand, the amount of energy 
absorbed from the radiation is often not completely consumed in 
the promotion of the secondary reaction. If, for example, the 
energized molecule did not have the opportunity of reacting 

* Siii^rting this conception there is the remarkable fact that an amount 
of radiant energy can be added to certain diatomic molecules which is greater 
than the energy of dissociation, yet without resolving them into atoms. 
The Ii molecule is an example of this. For a time it is able to absorb nearly 
double the amount of its dissociation energy and emit it again as fluorescence 
without dissociating (Sec Stern, Otto and Volmer, M , Phymk Znt., 
20, 18.3 (1019) ) According to the Nernst-Warburg hypothesis, all radiant 
energy absorbed above the dissociation energy must lead to dissociation. 
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with another molecule for a certain period, or, in other words, if 
during this time some of its collisions were chemically ineffective, 
a part of the stored-up radiant energy would be lost without 
being chemically utilized.^ On the other hand, the stored-up 
energy need not, under all conditions, be sufficient for the amount 
required by the secondary reaction. 

In such cases the energy lacking can bo taken from the heat 
motion of tJie molecules. * 

However, in a number of cases it can be shown by other means 
that the fundamental assumption in Eq. (267), that energy is 
absorbed in quantum increments, is correct. 

It may be assumed that the energy quantum absorbed by the 
primary reaction is greater than that required by the secondary. 
Tluj individual molecule with which the primary reaction is 
concerned cannot absorb either more or less energy than the 
quantum hv^ since energy cannot be further subdivided. In 
order to induce a primary reaction involving a definite number 
of molecules (AT') and, accordingly, to induce the sccondaiy 
reaction, the same number (iV') of energy quanta is always neces- 

' The mean length of time during which the molcoulo remains in the ener- 
gized state seems, as a rule, to be very short, of the order of 10”* to 10“* ^ec, 
(See Stkrn and Volmeu, Zoc. cit ; also Noddack, W , Z EMtrochem , 27, 
IJ59 (1921)). In other cases, however, it may attain very large values. 
The development of the latent image of a photographic plate and phos- 
phorescence phenomena serve as examples of this. 

* If, for example, the absorbed energy quantum is 70,000 ccU per mole and 
the energy required by the secondary rca<?tion only 100,000 cal , the heat 
motion needs only to exceed 30,000 cal ; this is much easier to attain, and, 
accordingly, the reaction can take place at much lower temperatures than 
if the total heat of reaction of 100,000 cal, had to be suppplied by the heat 
motion. 

Assume a reaction of the same type ns the formation of water vapor, 
2A2 + B2 = 2A26. According to the approximation Eq. (239) for a heat of 
reaction of 100, 000 cal , at T= 300 and p = 1 atm , it is found that the degree of 
dissociation is about 10”** m darkncs.s, while in light with a heat of reaction 
of 30,000 cal. It is about 10“^ *. This degree of dissociation must be reached 
as a limiting value under very intense illumination, provided the kind of ray 
involve*! (4000 A ) is actually photochemically effective for the particular 
reaction under consideration. The complete formula for the displacement 
of equilibrium by means of illumination may be found in an article by 
Einstein, A , Ann. Physik.j 87, 832 (1912), *or in Lewis, W. McC., loc. at., 
vol 3, p. 134. 
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sary. The system must, therefore, remove an amount of energy 
Q' = N*hv from the radiation, provided A'' molecules are to be 
photochemically transformed. Thus, 


or, expressed in moles. 



(270) 


Since the total radiant energy absorbed during the reaction, 
Vf the mean frequency of the applied radiation, and n', the number 
of transformed molecules, can all be measured, this equation^ 
can be subjected to experimental test. 

Equation (270) appears on first sight to be paradoxical and in 
opposition to general experience, because it states that the 
amount of material transformed becomes smaller as thc^ frequency 
increases. It is to be noted, however, that this equation is valid 
only if the threshold value hv = Ui, which is sufficient for the 
reaction, is exceeded. If v rises above this threshold value, the 
energy quanta hv^ each of which falls upon one molecule, will 
always become greater; thus a definite amount of available 
energy can only activate and transform a smaller number of 
molecules. 


303. Experimental Tests of Eq. (270). — For testing Eq. 
(270), reactions were chosen as far as possible from those which 
showed a shifting of the point of equilibrium under illumination, 
because if light acted only as a catalytic agent there would exist 
the possibility that the primary reaction only took place with 
very few molecules and that some intermediate products within 
certain limits would account for the progress of the reaction. 
The total transformation in this case would be considerably greater 
than would be expected according to Eq. (270). As an example 
of such a case the combination of hydrogen and chlorine to 
form HCl may be mentioned. Considerably more II Cl is usually 
formed than Eq. (270) accounts for, but what the intermediate 
products are cannot be established with certainty. Since the 
presence of water vapor (in traces) is absolutely essential for 
starting off the combination of these two gases by photochemical 
means, it may be supposed that the first secondary reaction is 
^Einstein, Ann. Phyttik. ( 4 ), 17, 132 ( 1905 ); 37, 832 ( 1912 ). 
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the combination of an activated CI 2 molecule with a water 
molecule. 

A carefully investigated photochemical reaction in which 
illumination shifts the equilibrium point is the decomposition 
of hydrogen iodide into its elements.^ 

It is assumed that the reaction takes place in the following steps: 

HI — > [HI]fc Primary reaction 

[HIJfc + HI — > H 2 + I 2 Secondary reaction 

Through the absorption of one energy quantum by the primary 
reaction, a total of two molecules of HI is decomposed .as the 
result of the corresponding secondary reaction. Therefore in 
this case the yield must be twice as great as given by I5fi. (270). 

Warburg’s experimental results are colh'cted in Table 73, in 
which the number of moles of UO?') actually formed during the 
application of 1 cal. (Q' = 1) of radiant energy is compared with 
the doubled value as calculated from Kq. (270). 


Table 7.3 

Wave length of the 
light used (A.) 

ohs. 

11 

2070 

1 44 10-* 

1 4.58 10-* 

2530 

1 85 10-* 

1 781 10-« 

2S20 

2 08 • 10-* 

1 985 • 10-» 


The result represents a complete confirmation of the Einstein 
equation, and shows, in particular, that by the application of a 
definite amount of energy more molecules arc actually decom- 
posed when the wave length is longer, the corresponding quantum 
of radiant energy thus being smaller. 

Equation (270) is confirmed equally well by the following 
reactions: 

The conversion of oxygen to ozone by wave length 2000 A.* 

1 Warburo, Berl. Akctd. Ber , p. 1228 (1918). 

* Warburg, E., Berl Akad. Ber., p. 644 (1913); p. 872 (1914). 
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The decomposition of hydrogen bromide into its elements.^ 
The reaction between bromine and hexahydrobenzol.^ 

The action of chlorine on trichlorbrommethane.® 

The decomposition of solid silver bromide into its elements.^ 

There are, of course, a number of other reactions which do not 
exactly confirm this equation, yet in the majority of these cases 
it seems probable that the results are to be explained by means 
of secondary phenomena,® especially through the loss of energy 
by the activated molecule before the occurrence of a chemically 
effective collision. In this respect the above-mentioned action 
of chlorine on the trichlorbrommethane, investigated by Nod- 
dack, is instructive. If chlorine is dissolved in pure trichlor- 
brommethane, the lOiiistein law holds, but the more the solution 
is diluted with carbon tetrachloride the loss becomes the actual 
exchange as compared with the amount calculated. Since dilu- 
tion reduces the? probability of a collision between an activated 
CI2 molecule and a C-BrCla molecule, these results indicate that 
an activated CI2 molecule without doubt exists in this state for 
only a limited time. The question of whether the molecule loses 
its energy spontaneous!}' on the way, perhaps by an emission, 
or as the result of a collision with a GCI4 molecule, must certainly 
remain open for the present. 

€, Atomic Spkctra 

304. General. — It has already been mentioned in 262 that 
atoms are able to radiate spectra which consist of a number of 
discrete lines. 

According to Bohr, each spectral line corresponds to an energy 
transition from one (quasi) stable state of the atom to another 
and thus depends upon the fundamental Kq. (267); since only 
a certain number of states (electronic orbits) arc present, there is 

^ Warburo, E , Berl Akcul Ber , p 314 (1916) 

* PuscH, Lotte, Z. Elektrochem , 24, .337 (1918) 

* Noddack, W , Z Elektrochem , 27, 3.59 (1921). 

* Eggebt, J , and Nuddack, W , BerL Akad Ber , p 116 (1923)i 

^ In the action of X-rays on ])hotographic plates, one energy quantum is 
able to split up inanv Ihousaiids of AgBr molecules. Without doubt, this 
is a case where the primary absorbing atoms send out secondary cathode 
rays (299) through which a supplementary distribution of energy quanta is 
effected; in the case of X-rays this energy is quite large. 
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likewise only a limited number of possible energy transitions or 
spectral lines. Continuous spectra are obtained only when the 
electrons return to the atom from infinity with velocities which 
vary continuously. As a result of the highly developed methods 
of optical measurement, all the details of these line spectra can 
be determined very accurately, thus giving an insight into the 
inner processes of the atoms such as is furnished by no other 
physical or chemical phenomena. 

a The Means of Exciting the Emission of Spectral Lines from 

Atoms 

306. Excitation by Means of Absorption. — At ordinary tem- 
peratures the atoms generally exist in a normal state in which 
the electrons describe their fundamental orbits which are dis- 
tinguished by a minimum of potential energy. An emission 
of spectral lines associated with an energy change according to 
Eq (267) is, therefore, impossible; in order that such an emis- 
sion can occur, at least one electron must first be ‘‘raised’^ to 
a more distant orbit by an addition of energy or, as it is custom- 
arily expressed, the atom must be ^*exatc(L*^ Now when an 
electron returns from a more distant orbit to the fundamental one 
or jumps into one of the intermediate, quasistable orbits, a 
spectral line is emitted whose frequency, according to Eq. 
(267), corresponds to the energy difference of the two orbits. 

The energy necessary to raise the electron from the normal to a 
more distant orljit can be imparted to the atom in various w'ays. 

First, the energy taken up by the atom can be supplied by the 
absorption of radiant energy. Since the atom is able to remove 
only definite energy (pianta €i, € 2 , € 3 , from its surroundings 

(the field of radiation) on account of the limited number of stable 
electronic orbits, it will not absorb all the radiation equally but 
only a limited number of sharp spectral lines; this follows from 
Eq. (267). Continuous absorption is obtained only when the 
impinging energy quantum is greater than is necessary to raise 
the electron to the outermost orbit, ?.e., when the electron is not 
only completely removed from the atom but is emitted with a 
certain additional kinetic energy f/*. This has been demon- 
strated for a number of atoms in certain regions of the X-rays 
as well as in the visible and ultra-violet portions of the spectrum. 
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Conversely, if an electron returning to an atom strikers an 
atom ion with a certain kinetic energy Uk and at once reaches 
the orbit of the normal state, then an emission of a radiation is 
to be expected whose frequency number is defined by Eq. (2676) 


as 61 / = Uh + 0 which ^ ■ is the energy of the normal orbit. 
Since Ih varies continuously, a continuous six'ctruin which lies 


A' 


above the frequency corresponding to I7i — = 0 + - 


must accordingly be liberated under certain conditions. This 
continuous emission spectrum is completely analogous to the 
continuous absorption spectrum. (C/. 292.) 

At the present time we do not possess a more accurate concep- 
tion of how the transformation of radiant energy into atomic 
energy proceeds. At any rate it may be said to be very probable 
that the act of emission or absorption (because of passing through 
a number of labile transition orbits) does not take place instan- 
taneously but within a finite time. In favor of this is the fact 
that spectral lines exist which are still able to show interference 
up to the path differences of about 1 m. 

306. Stokes’ Law. — Sometimes the radiant energy absorbed 
by a system is again emitted either at once or aft(‘r some time in 
the form of radiation, ?.c., light. If liberated at once, the 
phenomenon is called fluorescence; if lat(»r, phosphorescence.^ 

It may be assumed that the atom has taken up the energy c = 
fti'o by absorption, 7 .c., has absorbed a line j^o. In case the electron 
returns directly from the excitcMl state back to its normal state, 
the fre(j[uency of the emitted light will be given simply by 
in other words, the fluorescent light has the same freciuency as 
the light which excites it. But the electron often proceeds back 
to the normal state over various intermediate steps, in which 
case hvQ > hve or > Xo must be true. 

The frequency law thus explains an old rule first expressed by 
Stokes (1852), which stated that the fluorescent and phosphor- 
escent light emitted was, in general, of a longer wave length than 
the absorbed (exciting) light. 


^ P. Priiigshclm has a summary of the extensive material on this subject 
in his monograph, '^Fluoreszenz uiid Phosphoreszeiiz,” 2nd cd., Berlin 
(1923). 
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The exceptions to Stokes’ rule which have been observed from 
time to time are theoretically possible, since the energy necessary 
to raise an electron to an outer orbit does not correspond to a 
single energy quantum but might be a combination of several 
different amounts such iis several quanta absorbed successively 
hvQ + hvi . . . Under certain circumstances energy can flow 
into the atom from another source, such as from a collision 
with another atom, simultaneously with the absorption of a 
(luantum hv^ from the radiation. In such cases, therefore, there 
is a larger energy quantum available for emission than would 
be taken up by the absorption of the frequency vq alone and the 
result would then bo < Vc. 

307. Excitation of the Atoms by Molecular Collision. — A 

second way in which the atom can obtain the energy’’ necessary 
for its excitation is by collision with other atoms or molecules. 
Since the moh'ciilar eiK'rg}^ increases as the temperature rises, 
it is evident that the number of transitions from the normal to the 
excited state, and therefore also the number of atoms returning 
to the normal state or, in other words, the intensity of the omitted 
radiation, can be very much increased by raising the tempera- 
ture. To be sure, the mean kinetic energy of the molecules, 
even at relatively high temperatures, is too small to raise the 
electron to an orbit from which the energy difference U\ — 

{ = hv) compared with the normal state corresponds to a vibra- 
tion lying within the range of visible light. However, as a result 
of Maxwell’s law of distribution of velocities, molecules are 
found in every gas with velocities considerably greater than the 
mean value, so that sufficient energy is available to excite an 
atom, especially if it undergoes several collisions. 

For example, in order to excite a line in the visible region of the 
spectrum of about 5000 A. = 5 • lO"® cm, corresponding to a 
single jump in the normal orbit, energy amounting to at least 


6.55 X 10-27 X 3 X lO'o , 
6X10-‘ “ 


10~‘® ergs is required. Now 


let the mean kinetic energy of a molecule Iks expressed directly 
as a function of the temperature (Kq. (84)) IJt = hT = J-j X 
1.37 X IQr^^T ergs. A single molecule must, therefore, possess 


energy corresponding to a temperature of T 


4 X 1 0~‘* 

^ X i737'X 10-“ 
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~ 20,000® before the collision takes place, in order to be able to 
excite an atom in the manner described. Now the calculation 
according to Maxwell’s law indicates that 

The Fh\ction of Indr’idual Mole- 
When the Me\n Abhomitk Tempers- cfleh, F:\rH of Which H\s Kinetic 

TURB OF THE Ci\H IS KKERHY OF AT LE\fi»T 4 10 » 

500 ° 7 1 10 -“ 

1000 ° 5 7 10 -" 

2000 ° 1 35 10 -® 

5000 ° 7 5 10 -* 

Thus, if one mole of a gas is considered, then in the time in which 
a rapid molecule travels over its mean free path only t).0G X 10®* 
X 7 X 10"®® approx. 400 atoms will bo brought into the excited 
state at T = o()0°; but, of these, usually only a part will lose their 
energy (luanta b}^ radiation, while the remainder return directly 
to the normal state as the result of molecular collision. There- 
fore, as far as radiation at oOO® ahs, is concerned, so few atoms are 
actuall}'’ effective that a luminosity of the gas is not apparent. 
This agrees with experhmee. However, the number of atoms 
excited in a definite time increases so rapidly with increasing 
temperature that the lieginning of luminosity at a somewhat 
sharply definable temperature can be readil}' understood. For 
atoms which actually radiate visible light by the return of an 
electron to the normal state* (c <7 , in a number of metallic vapors) 
this temperature is about 800® ahs. It follows that only rela- 
tively few of the atoms of luminous gases are able to take part 
in the emission of light at the same time — at least if the period 
of emission of a single atom is regarded as being relatively short. 
For h3'drogen, oxj'gen, and nitrogen the beginning of lumines- 
cence lies at a verj' much higher temperature than for the metallic 
vapors, one reason being that these substances form diatomic 
molecules at low temperatures, and another that a greater amount 
of energy is requires! to excite the atom out of its normal state 
than corresponds to a radiation of visible light {cf. 310). 

308. Excitation by Means of Collisions with Electrons. — The 
excitation of atoms by collision with electrons is of particular 
interest. AVhen electrons are caused to travel through a definite 
difference of electrical potential, it is possible to determine 
accuratel}'’ the energy added to the atom and to test if definite 
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exciting energies result in single spt^ctrul ranges as is tu he 
expected from Eq. (267). 

I'ranck and Hertz (1914) first succeeded in showing that gase- 
ous mercurj’- atoms struck by electrons suddenly begun to emit 
the mercury line 2536.7 A. when the potential gradient which 
the electron passed through amounted to 4.9 volts. This is 
exactly the same potential at which the first inelastic collision 
occurs {cf. 296). Thus, the total energy given up by the “4 9- 
roU electron” is completely consumed in the removal of the elec- 
tron from the normal orbit of the atom to another orbit from 
which the electron, in returning to the normal state, emits the 
line 2536.7 A. Ikiuation (267) is therefore again found to Ixj 
quite accurately confirmed; for the energy quantum of line 
25;16.7 A. we have 


, 6 55 X 10-” X 3 X lO"* 

2.5367 X 10-» = 

while the energy of a ‘4.9-roZf electron’^ in absolute units is 


1.59 X 10-2« X 4.9 X 10^ = 7.8 • ergs. 

The same effect was later demonstrated fo^ a number of other 
substances, in particular the noble gases, ordinary diatomic 
gases, and metal vapors. The potential through which the electron 
viust pass in order to cause the first inelastic collision ivith the 
atom and to excite the emission of a spectral line is called the reso- 
nance potential.^ 


If the resonance potential is relatively hi^h, ns in the noble gases, the 
emitted line lies among the short wave lengths of the ultra-violet portion 
These wave lengtlis are most readily detected by means of their photo- 
electric effect (sec 288). The apparatus already described in 296 can be 
used The emitted radiation is collected upon the electrode 0 (Fig Go) 
from which electrons are thus liberated and thrown out with a low velocity. 
If the electrons arc prevented from traveling from D to 0 by placing a 
suitably strong opposing field between G and A', then G can become positively 
charged only as the result of the photoelectncally liberated electrons, i c, 
a positive current flow's through the galvonometer The observations agree 
completely with these considerations If the accelerating potential acting 
on the electrons is gradually increased, the galvanometer first shows an 
appreciable movement when the resonance potential is reached, i e , at the 

^ * In this case one of the outer electrons is merely /orced into another orbit 
of higher energy content. Compare with the definition of ionization 
potential. 
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moment when the first resonance line is emitted Upon increasing tlie 
potential still further, the photoelectric current remains nearly constant 
for a time and later inci eases suddenly at a deftmte potential. This dis- 
continuous increase which under certam circumstances may repeat ‘ itself a 
number of times is explained as follows: upon reaching the resonance 
potential the line corresponding to it is emitted for the first time If the 
electrons are accelerated above this resonance potential, they w'lll emit no 
new line until the energy of the impinging electron becomes sufficient to 
remove one of the elect nms of the ahmi from the normal orbit to a second 
orbit; a new line of shorter wave length Is then suddenly emitted The 
discontinuous increase of the photoelectric current at several potentials 
is thus a result of the emission of new spectral lines which suddenly appear 
at particular points. As was mentioned above, the resonance potential 
indicated by the first occurrence of a galvanometer movement is associated 
with the appearance of a quite definite spectial line and in the same way the 
other observed breaks on the photoelectric curve are also to be associated 
with definite spectral lines. 

If the wave length of the corresponding spectral line is calculated from the 
potential Ek at the break (cnEk = hv)^ it is found to agree in most cases with 
a well-known spectral line, and, indeed, the agreement between the obBcr\'ed 
and the calculated hues concerned in these cases is so satisfactory that it is 
possible to determine the value of the universal constant h quite accurately 
from the values of Ei and p. This procedure gives, as an average value, 
h = 6.58 • 10“®’, whicii is in good agreement with the values found by the 
other methods. 

Finally, if the potential is increased still further, the point 
is reached at which an electron is removed to an infinite distance 
from its normal orbit. I'he potential difference through which 
the colliding electron must pass in order to obtain the energy required 
far this purpose is called the ionization potential. Thus, this is a 
direct measurement of the work of separating an electron from 
its normal state. Since above the ionization potential the 
electric current flowing from the collecting electrode G is produced 
not only by the electrons sent out photoelectrically but also by 
the positive ions (produced by the liberation of electrons) striking 
the electrode, the break corresponding to the ionization potential 
is particularly well defined.* 

® Franck, J. and Einsporn, E , Z Physik., 2, 18 (1920); * sec also Davis 
and Gougher, Phys. Rev., 13, 1 (1919) 

* J. Franck discusses a large number of the more recent investigations of 
the excitation of light by electron impact, and of ionization potentials, in 
Physik. Zeit., 22, 388, 409, 441, 466 (1921). • See also Foote and Mohler, 

loc. cU , chap. Ill, and p. 149. 
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/? The Hydrogen Spectrum 

309. Empirical Relations. — In order to appreciate better the 
laws which hold for the various electron orbits and which were 
found from the spectral phenomena, we shall ))egin with a con- 
sideration of the simplest atom, hydrogen, which, according to 
291| consists of a singly charged positive nucleus with a single 
electron revolving about it. 

Experience shows that the spectral lines emitted by hydrogen, 
as well as numerous other elements, can be combined into several 
‘‘series,*' whose wave lengths and frequency numbers are given 
in an abbreviated form in the following table: 


Table 74. — Some Spectral Lines from IIydhooen 



Wave length 
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15 
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2 
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1 

2 
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07405 

1 

3 

07401 28 
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violet) 
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1 

t 
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found only in 





1 
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100077.60 


stellar spec- 
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In Fig. 71, the Balmer series is graphically represented, this 
series being typical also for other line spectra: towards the 
long wave-length end of the spectrum (small frequency numbers) 
the distance between individual lines is large; towards the short 
wave-length end they draw closer and closer together; at a very 
definite point (the head of the series) the line spectrum ceases. 
(The continuous spectrum mentioned in 305 is also connected 
with this point.) 
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By means of the following empirical formula, Balmer (1885) 
was able to reproduce the wave huigths of the hyilrogen lines 
lying in the visible region with great accuracy: 

X = 3045.0 (271) 

in which ?w can assume the value 3, 4, 5, (>, . , 

Written in another form, Eq. (271) becomes 

i = = '^^( 2 * - i2)(»' = 5. 6 . (271«) 

if v' is the reciprocal of the wave length, the so-called wave 
number, i.e., the niimlxu* of waves (measured in vacuum) occur- 
ring in a path 1 cm. long.^ 


Red Blue Uliraviolel’ 

e''00 5000 4000 jx ,n A 



The constant 9^, the Rydberg constant, has the value 100577 00 

for hydrogen. The first term gives the head of th(» series, 

since for m = oo the second t<?rni vanishes. The Pascla'ii series 
may l)e brought into the same form as the Balmer s(‘ri(‘s: ^ 

Finally for the Lyman s(*ries we have 

v' = 5»(J - Js)(»« = 2, 3, 4 ). (271f) 

310. The Energy Differences between Various Electronic 
Orbits. — The relationship between Eqs. (271a, b, c) and (207) 
is readily seen. If they are combined, the denominator of the first 

^ The true frequency p is greater than the wave number by a faeter equal 
to the velocity of light: p = \Iip\ 
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member being represented by and the result then multiplied 
by AVj, we obtain 








n = 1, 2, 3 . . 

{m > n = 2, 3, 4, 5, {)). 

(271d) 

The number in is variable and 
is culled the current number. 
It distinguishes the individual 
successive members of the 
series from each other. The 
constant number n varies from 
series to series but is a constant 
for each series. Since we are 
concerned with two electronic 

orbits, the term — evi- 
dently corresponds to the 
energy U 2 of the one nearer 

to the nucleus, while — ^ 

corresponds to the energy Ui 
of the more distant orbit. In 
general, therefore, the energy 
of the electrons in the wth 
orbit is 


jr WlVl 


C7> 

1. 

Cif 

c 

UJ 


(272) 

if the calculation starts at the 
normal orbit where ?i = 1. 

We can best appreciate the 
energy relations in the II atom 
by means of Fig. 72, which 
illustrates the magnitude of 
the energy differences 
between the various orbits. 

The energy xehich is necessary 

to remove the electron to an infinite distance (jn = oo) from the 
normal orbit (a = 1), and which is equivalent to the work of ionizor 
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tion I (308), gives the limit or “head" of the series for the short 
wave lengths {hvMi = I). Just as the wave length of the first 
spectral line can be calculated from tlie resonance potential, the 
ionization potential gives the limit of the series (Lyman series) 
which is emitted when the electron returns to the normal state 
from an infinite distance. 

311. Bohr’s Model of the H Atom. — ^Nicls Bohr has discussed 
the question of the physical conditions which determine the 
positions of the various stable orbits which the electrons describe 
without radiating.^ It may first l)e assumed that the electrons 
move only in circles around the nucleus. Bolir’s fundamental 
assumptions may be formulated as follows: in each stable 
orbit the kinetic energy Uk is equal to a whole number times an 

energy quantum of the value where ft is the “frequency” 

of the electron in its virbit which varies for different orbits and 
which is connected with the angular velocity (w) by the formula 
27rfi = (I). Thus: 

Ul = " 2 ^- (h = 1, 2, 3 . ). (273) 


On the other hand wo have for the kinetic energy of the electron 
which revolves on a circular path with the radius a (see 296) the 

relation Ui ~^'a ’ 



»io 
2 


2 ..,* 


(274) 


Finally we have 

cn* Wo , , nhu 
2a ~ 2 “ 4t‘ 

If wo eliminate w in one case and n in another, we find that the 
charaeteristic conditions for stable electronic orbits are given by 


71 Vt* 

47r*/»oCo* 

SiT^OToCo* 

nW 


(275) 

(276) 


The distance between the electronic orbits thus increases propor- 
tionally to the square of the whole numbers 1, 2, 3, 4, . ; 

* PhU. MaO; 86, 1 (1913). A general aumninry will be found in Bona, 
“The Theory of Spectra and Atomic Constitution,” Cambridge (1922). 
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tlic angular velocity varies invoi’sely as the cuIh!. If // is elini- 
iuated from lilqs. (275) and (270) it follows that 


a* = Const., 

nio 


(276o) 


a relation which shows that Kepler’s third law is valid also for 
electronic orbits. 

The total energy of the electron in the nth orbit amounts to 


Co* I 1 Co* _ _2jr-/Hueu* 

2 o “ 


(277) 


If this equation is compared with Kq. (272), then the llydberg 
constant must lie 

q> _ iEl^»oea* _ 2jr*Co_' //no\ 

‘A»Vi Vco/ 

This expectation has, indeed, been confinued and is one of the 
greatest results of the Bohr theory. By introducing into Plq. 

Co 


10-«; - = 5.31 

' t/lo 


(278) the experimental values for co = 4.77 

10"^; Vj = 3 • 10’®; A = 6.55 • 10“*^, it is found that 91 = 1.0950 • 
10®, which is in satisfactorj' agreement with the values found 
by optical methods. 

It has been proved repeatedly that the frequency y of the 
radiation emitted by on atom is determined only by the condition 
that Ay = — Ut and, in general, it is not at all the same as 

the orbital frequency of the electron n = 2ir«. 

For high values of n and m, i.e., jumps between orbits, which 
are very far from the nucleus but still “within” the atom, y and n 
approach closer and closer. From 1'^. (27 Id) we obtain 

= 9l( 

\n- m-J \ / 

In case m and n are large numbers and differ only by 1, the per- 
centage difference between them becomes very small, so that it 
can be written approximately that 


= 


91?,; »' = 


/r*' /i® 

Taking Eqs. (278) and (276) into consideration, we obtain 
finally: 


hhi^ 


27r 
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Thus, Jor the traimtion between two neighboring orbits whieh 
are at a large dista nee from the niwleus (therefore possessing slow 
velocities of revolution) the orbital frequeneij /a and the frequency 
vof the emitted wave become equal. Since this equality between the 
orbital frequency and the frequency of the emitted wave is 
characteristic of the classical theory (296) whieh is valid for 
macroscopic processes, the transition from quantum laws t(^ 
classical laws is accomplished, and thus one of the most important 
fundamental requirements of the theory as a whole is fulfilled. 


312. The Motion of the Nucleus. — For the preceding ciilcuhitiuii of the 
oiicrgics of the electronic orbits, it was tacitly assumed that the mass of the 
nucleus is infinitt^ly groat compared with that of the electron and that, there- 
fore, the center of gravity of the whole system coincided with the nucleus 
As a matter of fact, this assumption is not quite coirect The nucleus ami 
the electron actually move about their common center of gravity similar to 
the sun ami the earth In other words, the nucleus also pei forms ceitam 
motions ami therefore possesses both kinetic and potential energy referred 
to the common center of giavity. In view of this, the formula foi the Jtyd- 
berg constant for an atom with an atomic weight M is found to be 

2ir2//i„cc,< __ x 








1 + 


Mo 

M 


(27Sa) 


instead of Eq (278) reiiresents the e\trapolate<l limit of the llydberg 

constant and corresponds to the constant for an iniinitely heavy atom; 
Nmo liss replaced by Mo 

Equatiijii (278a) has been completely confirmed by expoiiinont. llyd- 
beig’s constant is involved not only m the formula for the line spectrum of 
hydrogen but also in the formula for all other lino spectra. OptiCtil measure- 
ments indicate a small change iii the llydberg constant with the atomic, 
weight; this change is gieatest between hydrogen and helium, for wh|ch the 
optically detei mined ratio is 

9b/ _ 109677 091 _ noooro- 
'JiH. “ 109722 114 “ 0 

while the ratio to bo expected from Eq (278(/) is 

.i= 0.999593. 

^ iSOT 


By means of Eq (278a) the value Rrjo = 109737 11 is obtained as the mean 
value for all the observations available at the present. This number is one 
of the most accurately determined constants of nature Therefore this 
equation can be used to calculate the values of the other constants mo, Cu, 

or h appearing m it If = 1.765 • 10^ and Co = 4.774 • lO”*® then h = 
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6.545 ■ 10"^^, a number which at the present tunc icpro.scnts the most 
accurate value of Planck’s elementary quantum of action.^ 

313. Elliptical Orbits. — For what is to follow, espociall}'^ 
for the problem of the electron configuration in the atoms above 
hydrogen, it is necessary to consider under what conditions 
elliptical orbits, as in the motion of planets, will also occur. 

It IS obrious from the previous discussion that to every circular 
orbit which is stable or quasistable according to the quantum condi- 
turn Eq. (273) a number of elliptical orbits can be assigned such 
that all those which have the same period of rotation and therefore 
the same frequency as the circular orbit arc grouped together. 

The following propositions now result: 

1. Since, according to Kepler’s third law (Eq. (27r))), which 
holds for electronic orbits also, the scpiare of the period of revolu- 
tion varies as the cube of the major axis or of the diameter of the 
circular orbit, the major axes of all elliptical election orbits which 
correspond to a definite period of revolution t are the same and arc 
equal to the diameter of the circular orbit of the same period. 

2. The electron moving on an elliptical oibit has the same energy 
as an electron moving on the corresponding circular orbit. As an 
exhaustive calculation shows, the total orbital cmergy (the sum 
of the kincitic and potemtial energy) in an ellipse depends only 
upon the magnitude of the major axis; thus E(i (277) still holds, 
but a becomes half the major axis of the ellipse instead of the 
radius of the circle 

Since the frequency law states that the frequencies of the 
emitted spectral lines depend only upon the energies of the vari- 
ous orbits, Eqs. (271a) and (278) hold rigorously for elliptical 
orbits also. Thus a distinction between elliptical and circular 
orbits cannot be made by the spectral analysis, l)ut this pre- 
supposes that the assumptions upon which this result is l)ased 
are exactly fulfilled. 

314. Perihelial Rotation or Precession of the Elliptical Orbits. — 

A fundamental change occurs if other forces are superimposed 

' * The term h has the (limciisionK (fj-MT~^) of a moment of momentum. 
In general clynamic.s, such a quantity is called an “action" fmm the “prin- 
ciple of least action*' in which it a])pcars 

[Action] = [Energy X Time.] 

(See Andrade, loc cit., p 141.) 
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upon the force obeying Coulomb’s law and proceeding from the 
point center (nucleus), even though the perturbing force is small. 
Since such disturbances arc always present in the atom, their 
nature must be considered in some detail. As is well known, 
similar disturbances, the so-called “secular perturbations," 
occur even in astronomy, due to forces superimposed upon the 
simple Newtonian law which also refers to a point center (of 
mass). 

It may first be assumed that the force of attraction proceeds 
only from the nucleus but that, besides the force which obeys 
Coulomb’s law, there is another force varying in a different 
way with distance. For example, suppose that the equations 
for central motion, which hold for a rigorous quadratic relation 

between force and distance, 
arc modified by a relativity 
change of mass with veloc- 
ity,^ which, at least approxi- 
mately, can be formally rep- 
resented hy the addition of 
another force proportional to 
the reciprocal of the distance 
cubed. 

As soon as such an (appar- 
ent) additional, central force 
appears, the previously station- 
ary, elliptical orbit begins to 
rotate as a whole. The peri- 
helion” is displaced and rotat es 
slowly about the nucleus (see Fig. 73). Thus there is a double 
motion: the revolution of the electrons in the ellipse (p) and the 
motion of the ellipse itself (mO- The energy U of the total 
motion can, obviously, be considered as resolved into (1) the 
orbital energy Uo of the ellipse considered as stationary, and (2) 
the energy U' of the periholial rotation or precession of the ellipse, 
which is generally small compared to Uo; thus 



Fig. 73. 


U = Uo + u\ 


(279) 


^ According to Eq (263) the apparent mass of an electron in an elliptical 
orbit is not constant. 
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To each of these two rotations belongs a quantum eondition, 
which may be expressed most simply and generally for the kinetic 
energy, as above (Eq. (273)), by: 


nhno 

Lot = 2 


and Uk’ 


n’hn' 
~ 2 ’ 


in which n is the principal quantum number and n' the sub- 
ordinate quantum number. Thus for the total energies Ut and 
U' we have definite expressions analogous to those of 311. For 
Uo wo get as a first approximation the value given bj’- Kq. (277), 
but a small correction term is involved which introduces the 
circumstiincc that even for the electron moving in an ellipse 
(temporarily considered stationary) it is not otiJy the Coulomb 
force which is effective. For U' the calculation is relatively 
intricate, inasmuch as m' depends not only upon n' and the 
universal constants, but also upon n. 

Without going into further details, only the result which is 
most important for theoretical purposes can be emphasized at 
this point, namely, that y', like mo in Eq. (276), cannot assume 
all, eontinuously changing values but involves a quantum 
selection. Since the velocity of precession of the elliptical orbit 
as a whole is dependent upon the form (eccentricity) of the 
ellipse, m' becomes greater as the eccentricity increases. This, 
then, is the reason why all ellipses are not possible and why quantum 
selection is invoiced. Expressed in terms of a formula, the result 
is relatively simple and states: in addition to each circular orbit 
which is permissible according to the principal quantum condi- 
tions, i.e., whose radius essentially satisfies the conditions of 
Eq. (275), there are a number of possible elliptical orbits whose 
major axes are equal to the diameter of the circular orbit and 
whose minor axes satisfy the condition that 

b = (280) 

n 


Excluding the value n' = 0, for whieh the ellipse degenerates 
to a straight line and the electron therefore approaches infinitely 
near to the nucleus, the orbits illustrated in Fig. 74 are obtained 
by placing whole numbers for •» and n' in Eq. (280) up to « = 
4; the precession of the orbits is, of course, not shown in 
these diagrams. Furthermore, it is to be concluded from Eq. 
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(280) that the principal quantum numljer n is always greater 
than the subordinate quantum n'] if both were the same, there 
would be a circle instead of an ellipse. To distinguish the forms 
and magnitudes of the electron orbits, especially those of the 
higher atoms, the two quantum numbers offer a very convenient 
aid. According to IJohr, each individual orbit is represented 



n-2 




by «„>. We may thus speak of a 4i orbit (the largest and 
longest ellipse in Kg. 74), a Ss orbit (the second largest circle in 
Kg. 74), etc. 

316. The Fine-structure of Spectral Lines Due to Relativity 
Effect of Velocity on Mass. — If now Eq. (279) is introduced 
into the frequency law (I''jq. (267)), the following is obtained for 
the frequency of the spectral lines: 

V = J(ffoi - t/.*) + \iu,' - 
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Since U* is small compared with (the same holds for the differ- 
ences), a spectral line is essentially characterized by a definite 
jump of the actual orbital energy I7o. However, due to the 
presence of 6", the line does not appear homogeneous, but, 
because of the discontinuous variation in U', it is resolved into 
a number of lines lying very close together; in other words, 
spectral lines have a “fine structure.” By means of Eq. (280) 
the number of components into which a single spectral line 
resolves may be determined without difficulty. Each elliptic 
orbit which is possible according to Eq. (280) corresponds to a 
definite rotational velocity /x' of the perihelion and therefore to a 
definite value of U'. For example, in the Balmer line //« the 
numlier of initial orbits is 3(n = 3), of final orbits 2{n = 2); 
thus, a total of 3 X 2 = 6 closely neighboring lines are to be 
e\pect(»d. But since the differences between the f-' values of 
th(? three' initial orbits arc smaller than those of the two final 
orbits, the six components present in this spectral line separate 
into two somewhat more widely spaced groups each consisting 
of three lines lying very close together. With hydrogen, due to 
its singly charged nucleus, the value of T', and therefore the 
separation of these lines, is very small; on this account the finest 
apparatus available at present has only succeeded in experi- 
mentally resolving the //« line into the two groups. 

The experimentally determined distance between them (about 
0.14 A ) agrees very well with the result of the complete theory 
(first developed by Sommerfeld), so that the fundamental con- 
ceptions, ('Specially the assumption that discrete elliptic orbits 
are pres('nt, may be considered as experimentally proved, oven 
though the proof is indirect. Moreover, in the higher atoms, 
whose nuclear charges are greater than that of hydrogen, the 
separation of fine-structure lines is considerably greater, at least 
for the spectral lines sent out by the more deeply situated electrons 
but here the relationships are less simple than for hydrogen. 

316. The Nodal Motion of the Orbital Planes of the Electrons. 
If another external force acts upon the electron besides the 
forces which obey Coulomb’s law (somewhat modified, if need 
be) then the whole plane of the orbit begins to rotate or process 
in space — ^the orbital plane performs what is called a nodal motion 
or precession. To describe this rotating motion a plane XY is 
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established perpendicular to the direction of the external force Z 
(see Fig. 75) ; the line of intersection of this plane with the or])ital 
plane, the so-callcd "'nodal then rotates with a certain rota- 
tional velocity /i" about the direction of the external force. In 
principle, the considerations in 314 are now repeated: the total 
energy of the electron in its revolution about the nucleus is 
composed of three parts- - the energy C/o of the original elliptic 
orbit (considered stationary), the energy L"' of the perihelial 
motion, and, finally, the energy f/" of the nodal motion. For this 
now motion again, there is a special quantum num])er, the 
so-called equatorial quantum number n”, so that the complete 
quantum representation of the whole motion rcciuiros three 
quantum numbers. 


I* 



Fio 75. 


317. The Zeemann and Stark Effects. — The Rimplost example 
of a case where nodal motion of electron orbits within thc*atom 
occurs is given by the effect of a magnetic held. In optical 
e.xperiments this made itself manifest in the discovery bj' Zee- 
mann (1896) that a spectral line which was approximately sharp 
in the beginning was resolved into several components. If abeam 
of light emitted by a gas placed in a magnetic field is observed at 
right angles to the held, then in the simplest cases the normal 
Zeemann effect is obtained; in addition to the original spectral 
line which is now polarized parallel to the magnetic field, a new 
component is found on each side of it which is polarized perpendic- 
ular to the field. If the observations are made parallel to the 
field, only the two new components are present and they are 



THE STRUCTURE OF MATTER 


565 


oppositely circularly polarized. The distance between the com- 
ponents in such cases is always proportional to the strength of the 
magnetic field. It is noteworthy that this effect, as H. A. Lorentz 
had shown even before its experimental discovery, may be 
deduced from the classical electromagnetic theory of light, and 
for a time served as a support for it. However, Sommerfeld 
(1916) succeeded in proving that it also fitted in remarkably well 
with the quantum theory. 

Of the results of these calculations, only one can be mentioned 
h(‘re: just as in the plane only a certain mimiier of elliptical 
orbits arc possible due to the quantum conditions, so in the nodal 
motion due to the magnetic field not every slope of the orbital 
plane with respect to the direction of the force is possible, but 
onl}’' those which satisfy the condition fsee Fig. 75) that 

cos t? = ,• 

n 

Thus a directional quantization takes place as soon as a nodal 
motion is added to the perihelial motion. 

It is noteworthy that Ciorlach and Stern’ were able to establish 
this result experimentally by means of the following investiga- 
tion. A straight beam of vapor consisting of silver atoms was 
conducted through a non-homogeneous magnetic field; if all 
positions of the atoms with respect to the magnetic field were 
possible, then the original })eam must have been somewhat 
deflected and must have appeared continuously broadened by 
the magnetic field. Actually, the Ix^am was split into two sharp 
components which corresponded to the quantum numbers a" = 
n' = 1 not only qualitatively but quantitatively. (The case 
of a quantum number w" = 0 is to be excluded as physically 
impossible on the same grounds as for a^) 

The effect discovered by Stark (1913) consists in the splitting 
of one sharp spectral line by means of an electric field into a 
number of components which, when examined transversely (the 
direction of observation is perpendicular to the electric field), 
arc polarized partly parallel and partly perpendicular to the direc- 
tion of the field. While according to classical theory an electric 
field would be expected to have absolutely no effect on spectral 
1 Z. Phynk., 8, 110 (1921); 9, 349 (1922). 
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linos, or at most a very trifling one, the quantum theory of the 
Stark effect, developed first by Epstein and Schwarzschild 
(1916), is in very good agreement with the observations. The 
electron orbits are considerably more complex in the Stark effect 
than in the Zeeniann effect, even if the relativity effect on the 
mass is entirely neglected; the minor axis of the elliptic orbit 
varies back and forth between two limiting values with tlu^ 
same period as the nodal motion. 

318. The Correspondence Principle.^ — l^y means of the previ- 
ously discussed assumptions of the (luantum theory it is only 
possible to calculate the frequency of a spectral line; nothing 
can be said concerning the other optically observed properties 
of spectral lines, the intensity, the state of polarization, the 
ability to show interference phenomena, etc. Closing this gap 
involves difficulties because a more exact knowledge of tlie proc- 
ess of emission is required. However, Bohr succeeded in evad- 
ing this by means of the following considerations: for relatively 
slow motions (high values of w) the laws of quantum theory, 
which are still partially unknown, must transform completely 
into the better known classical laws; therefore, for rapid motion 
(small quantum numbers) a certain relationship {correspond’- 
ence) l)etween the two must remain. It has already been shown 
in 311 that for high quantum numbers the freciuency v emitted 
by a circular orl)it was really the same as the rotation frequency 
p, corresponding to the demands of chissieal theory. Proceeding 
towards the smaller <iuantum numl)ers, this equality disappears, 
yet the emitted freciuency v always lies l)etween the rotation 
frequencies pi and p 2 of the initial and final orbits. It was then 
further concluded that quantum jumps, which appear possible 
according to the frequency law (Eq. (267)), arc, in reality, onl}'^ 
permissible when extrapolation into the region of higher quantum 
numbers results in no disagreement with any of the classical 
laws. For example, it can be seen immediately (311) that in 
circular motion by no means all quantum jumps lead to the 
equality of v and /*, but only those jumps for which Aa = 1. 
Thus, 2/1 a pure harmonic (sine-wave) motion, such as a circular 

^See also Buchwalds, E, “Das Korrespondenzprinzip,” Braunschweig 
(1923); * SoMMKiiFELD, loc cU , p 577; AndradEi loc. cil , p. 159 et 
p 217 et seq , cf also final footnote to this paragraph. 



THE STRUCTURE OF MATTER 


567 


motion represents, only electron jumps into neighboring orbits are 
possible. 

The relations are different for electron orbits other than circu- 
lar, e.g., for the elliptical Kepler orbits. The motion in such an 
elliptical orbit can be considered as being composed of a numI}or 
of harmonic motions just as an ordinary musical tone can be 
resolved into a number of “pure tones,” the “fundamental” 
and the “overtones”;* thus, if an electron from such an orbit 
radiates electromagnetic waves according to classical theory, 
then there are found existing simultaneously in the waves the 
fundamental vibration p and its overtones (2p, ‘.ip, ). 

Of course, the quantum theory has nothing in analogy with a 
simultaneous emission of a fundamental and several overtones 
by a simple vibrating system, yet it can at least explain the emis- 
sion of intlividual overtones simply by means of a single quantum 
jump of several units; for example, by repeating the process of 
reasoning in 311 for large quantum numbers the first overtone 
{v = 2p) is obtained by means of the quantum jump An = 2, 
the second overtone (v = lip) from An = 3, etc. Each overtone 
vibration of the stationary orbits thus corresponds to a definite 
quantum jump; e g., if in two stjitionary orbits the overtone vibra- 
tion with the frequency 5p is lacking, then, according to the 
correspondence principle, a quantum jump of five units is impos- 
sible; since the overtone concerned cannot be present according 
to classical theory, its emission must likewise be impossible on 
quantum theory. However, these considerations hold not only 
for the jumps of the principal quantum number n but also for 
those of the subordinate quantum number h'. Now since the 
periheliid rotation p' always represents a pure harmonic (circular) 
motion (therefore overtones can never occur), the subordinate 
number corresponding to p' can change by only one ( ± 1) unit.* 
From this it follows that the electron cannot perform jumps 
between any optional elliptical or other orbits, even when the 

^ * Soo Bucuwalos, too. kU ,p 48, concerning the resolution of an elliptical 
Kepler motion into harmonic components 
2 This s(».lection principle of the subordinate quantum number has been 
derived in a totally different way by Ruhinowitz {Physik. Zeii , 19, 441 
(10 IS)). However, according; to Rubmowitz, the quantum jump 0 must 
also be permissible, which does not appear to agree with experience. 
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overtone vibrations corresponding to the quantum jumps are 
present; but only between orbits whose subordinate quantum 
numbers differ by just one unit.^ 

In a similar manner a selection principle may be derived 
from the correspondence principle for the equatorial quantum 
number n” also; in this case, of course, it is permitted to have 
jumps of An" = 0 as well as An" = ± 1. 

On the basis of the correspondence between the presence of 
certain overtone vibrations in the stable electron orbit and the 
occurrence of definite quantum jumps, it is not only possible to 
decide whether a given spectral line will occur or not, but it is 
also possible to estimate its relative intensity. The more 
strongly pronounced the overtone vibration corresponding to 
the quantum jump the more frequently will that quantum jump 
occur and therefore the greater will be the intensity of the 
spectral line. This sort of calculation was employed by Kramers 
for the theoretical determination of the relative intensities of the 
components of several spectral lines resolved by means of the 
Stark effect as well as the relativity change of mass with velocity; 
this led to a satisfactory representation of observations which at 
first seemed quite irregular. 

As Bohr himself always emphasizes, the correspondence 
principle has a purely formal character at the present time, yet 
without doubt it is suitable for indicating the way which leads 
to clearing up some of the details involved in the actual process 
of the emission of spectral lines, concerning which we are still 
working in the dark. It appears as if the correspondence ppnei- 
ple, which is based upon classical theory, supports the charactcr- 

^ Under special experimental condition.s this selection principle frp(|uently 
breaks down; eg , J Stark (Ann Phytnk , 66, 584 (1918)) has observed senes 
in helium in a strong clcctnc field in w^hich the subordinate quantum number 
changed either two units or not at all. 

* However, a more detailed examination of the correspondence principle 
indicates that this is precisely what would be expected; in fact, Bohr pre- 
dicted that it should happen before Stark’s work was published. See Part II 
of '‘The Quantum Theory of Line Spectra" (in English), Danish Academy of 
Science (1918), p. 69, especially the footnote. Those two papers by Bohr 
and the one bv IT. A. Kramers on “The Intensities of the Spectral Lines," 
also published in English by the Danish Academy (1919), form a most 
important part of the literature on quantum theory. 
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istics of the intermediate orbit calculation, for these the classical 
radiation laws hold to some degree of approximation; between 
two orbits with the fundamental frequencies m and m, an inter- 
mediate orbit apparently can exist only when two corresponding 
harmonic overtone vibrations ntn and nn 2 arc present in the 
stationary orbits. The more pronounced these overtone vibra- 
tions the greater is the probability that the electron actually 
enters the intermediate orbit and thus emits a frequency of 

approximately ^ (mi + 

7 Spectra Similar to the Hydrogen Spectrum 

319. The Fowler and the Pickering Series. — In spectral 
(discharge) tubes containing a mixture of hydrogen and helium, 
Fowler observed a series which could be expressed by the formula 

= = . ) (281) 

and which was first ascrilxjd to hydrogen. 

In the spectra of nebular stars Pickering discovered the series 

- - ‘ ,,A (.» - 2, 3, 4 ), (282) 

\ (“ + 2-)j 

which later was also produced in spectral tubes. 

Disregarding for the moment the possible differences between 
the Rj'dberg constants of different elements (312),* the Pickering 
series will have the same limit as the Balmer series for hydrogen 
(as Eq. (282) indicates) and its lines will always fall in between 
the lines of the Balmer series. For example, if it was permissible 
to use values of ?n which were not whole numbers, e.g., values 
such as 2J^, 3J^, etc., then the Balmer series would be obtained 
directly. The origin of the Pickering series was therefore sup- 
posed to be the hydrogen atom. 

This supposition was supported by the discovery that there 
were also lines with m = 2}^, 3^, etc., which really belonged 
to the Pickering series but which appeared to coincide with the 

^ * Sec however the footnote to 296. 

* The observations upon wliieh Kqs. (281) and (282) were based were not 
at first of sufficient accuracy to permit anything certain to be said regard- 
ing the magnitude of Rydberg’s constant 
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Balmcr lines and thus remained hidden for a long time. In 
order to avoid current numbers m which are not whole numbers, 
it is expedient to write Eq. (282) in the form 

/ = 49e (], - (/« = 5, 6, 7 ). (282a) 

In the same way, the Fowler series can be written 

ih ~ mO = -I* 5, 6 . ). (281a) 

Thus the Fowler series corresponds completely to the Pascheii 
scries except for the factor 4. 

A more exact examination now showed that the Rydberg 
constant %n Eqs. (281a) arid (282a) corresponded to helium and not 
to hydrogen. The conclusion that both these series were duo to 
helium was experimentally confirmed hy Stark, who succeeded 
in detecting under certain conditions (in the presence of a 
strong electric field) both the Fowler and the Pickering series 
in spectral tubes filled with pure helium. 

320. The Influence of Increased Nuclear Charge.- -It may 
be shown that the factor 4, which is the main difference between 
the hydrogen spectra and the spectra Ecj. (2.Sla) and (2S2a), 
is due simply to the double charge on the helium nucleus. Repeat- 
ing the process of reasoning which led to the expression (Kq. 
(278)) for Rydberg’s constant, but with a nucleus of Z charges 
instead of a unit charge, it is first found that 
Woo 1 (Zeo)eo nhta 
2"'"* 2 a iir' , 

From this it follows that the expression for a (Eq. (275)) must be 

multiplied by 1 , while the value of the Rydberg constant repre- 

/j 

scnt«d by Eqs. (278) or (278a) nuist be multiplied by Z*. Thus 
the following equation is obtained for the spectrum: 

For a doubly charged nucleus such as must be assigned to the 
helium atom because it is the second atom in the p(.*riodic system 
of the elements, the factor becomes 49}//«. The present simple 
calculations hold merely for the case in which a single electron 
revolves about the nucleus. The origin of the Fowler and Picker- 



THE STEVCTrRE OF MATTER 


571 


ing series is therefore not to be sought in the neutral helium atom 
but in the singly charged ('positive) ionized helium atom (Z = 2; 
1 electron). 


While the spectra of the neutral helium atoiiii which has two electrons 
revolving about the nucleus, cannot be represented by an equation of the 
form of lOq (283), it must be possible to do so in the case of a doubly charged 
lithium atom which consists of a nucleus with three chaiges and a single 


electron. The .spectra of this must be of the form p - — l: 

indications of its CMstence indeed appear in the spectra of certain nebular 
stars, yet a positive proof of this form of equation has not been found up to 
the present time. 


6 The Spectra of the Higher Atoms 

321. General. — An atom consisting of a nucleus with more 
than one charge and the corresponding number of electrons is 
able to emit a v(»ry much greater numlier of spectra than a 
hydrogen atom; a part of these spectra originate in eiwTgy transi- 
tions of electrons revolving ‘‘inside/' close to the mudeus (the 
internal spectra), another part from energy transitions of the 
outer eh'ctrons (the external spectra). Although no sharp 
boundary is to be drawn Ix'twcen these two kinds of spectra, 
they are generally <iuite noticeably ilifl’eriMit from each other. 
While the first kind lie in the extremely short wave lengths, 
mostly in the X-ray region, due to the iK'arly complete effective- 
ness of the total nuclear charge Z (rf. .Hep (2S3)), a single outer 
el(?ctron is afflicted by a force of the ordi'r of magnitude of a 
single elementary charge, since the remaining (Z — 1) electrons 
act in opposition to the Z-charges on the nucleus.^ Therefore, 
the orbital energy of these oiiU^r electrons is of the same order of 
magnitude as in hydrogen, so that the spectra depending upon 
them he in the ultra-violet or visible portion of the spectrum; in this 
they are again similar to hydrogen. 

Compared to the II atom and the He ion, an exact calculation 
of the spectra of the higher atoms has not yet been performed 
successfully because the consideration of the mutual effects 
between the outer electrons involves great difficulties. Here, 
again, there is a problem such as frequently occurs in astronomy, 
eg./m the calculation of the disturbing effect produced by other 

^ * This is the so-called screening effect of the electrons. 
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planets on a given orbit, but the mutual effects among actual 
planets are considerably less than among the electrons of an 
atom. Thus, on account of the complexity of the calculations, 
investigators must resort to the use of simplifying assumptions 
and approximation methods; for this reason alone it must be 
expected that the results will be much less exact than for the 
hydrogen atom. 

An approximate calculation of the orbital energy U of an 
electron in a complex atom can be performed l>y means of an 
expression which is directly related to l^(i. (283) : 

L’ =5R/iV,^J» 

in which the true nuclear charge numl^er Z must be replaced 
by an “effective” nuclear charge 2*, and tin? true quantum 
number n by an “effective” quantum number n*; this gives 

U = 

The apparent change in the nuclear charge is due entirely to the 
screening effect of the other electrons on the nuclear charge; 
therefore Z* is always smaller than Z. The apparent change in 
the quantum number is due to the same cause. In the simpler 
cases, such as the X-ray spectra, it is sufheient to change Z 
to Z* and retain the value of ?<; more complex cases, such as 
when Z* changes during the period of revolution of the electron, 
are easier to treat if is introduccil into the calculation. 

In certain individual cases it was possible to perform an qxact 
calculation; Kramers^ with the assistance of a special method was 
able to calculate rigorously the work of ionization of neutral 
helium. He assumed that the previously accepted laws, which 
were satisfactorily confirmed for hydrogen, were correct. No 
agreement could be obtained between theory and the observed 
results. If the assumed model of the helium atom is correct 
(see 830), as it very probably is, one of the more general assump- 
tions upon which the calculation was based must be unsuitable. 
Since the theoretical difference between the higher atoms and 
the hydrogen atom is that the individual (emission) electron is 
affected not only by a static electric force on the part of the 

1 Z. Physik., 13 , 312 ( 1923 ). 
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nucleus but also by a varying force due to the motion of the 
neighboring electrons, the 'present disagreement probably arises 
became in rapidly changing fields the laws previomly applied 
require fundamental change or extension, 

322. The Measurement of the Wave Length of the X-rays by 
the Reflection Method. — Defore proceeding to the closer 
examination of the X-ray spectra which are sent out from the 
electrons situated close to the nucleus, and their laws, the most 
important methods for the exact measurement of these wave 
lengths will be briefly described.^ The basis upon which all 
methods for the measurement of such wave lengths are founded 
is the discovery (Laue, 1912) that the regular arrangement of the 
atoms in ciystals represents a three-dimensional diffraction 
grating for the X-rays.* For practical purposes Lane’s original 
method, in which the diffraction of a ray passing through a 
crystal was measurod, is loss applicable than the one developed 
by W. 11. Bragg (the ‘‘reflection-angle” method), in which the X-ray 
beam is considered as being simply reflected from a crystal plane. 
The latter method depends upon the following phenomena: 

Only a small fraction of a beam of X-rays with a definite wave 
length X striking upon a crystal surface will Ix) reflected from the 
real surface; the main portion penetrates into the interior. The 
same, relatively small, fraction of the beam will be reflected at 
every layer of atoms (lattice plane). Since the reflection from 
any single atomic plane is very weak, the intensity of the reflected 
rays becomes perceptible only when the waves coming from the 
different parallel planes reinforce each other by interference 
phenomena. In order that this should occur, the paths of the 
waves reflected from a single plane must differ either by exactly 
one wave length or liy a whole number (w) times the wave length. 
The condition for this is expressed (see Fig. 76) by: 
n\ = CD DB — AJ3 = DB — DE = DF — DE = EF = 2d sin a, 

(284) 

^ An excellent discussion of these methods is given by P. P. Ewald, “ Kris- 
tallc und Kontgenstrahlcn,’' Berlin (1923); also Bragg, W. L. and W. H., 
“X-rays and Crystal Structure,” London (1924); Siegbahn, Jahr. RadioakU 
Elektronikf 13, 296 (1916); *Siegbahn, “ Spektroskopie der Rontgen- 
strahlen,” Springer, Berlin (1924) 

* For a general summary see Laue, M. v , Jahr. Radtoakt. Elekironik^ 
11, 308 (1914), 
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where d denotes the distance between neighboring parallel atomic 
planes. When X (monochromatic light) and d arc both fixed, 
it is evident that only a is variable, or if the angle of incidence 
is varied, a perceptible reflection will occur only at certain 
definite values ai, a 2 , . . . , which arc called the reflection 
angles of the particular wave length used. 

In order to measure an X-ray spectrum (generally excited 
by bombarding a metallic surface with cathode rays), the crystal 
is turned slowly about one of its axes so that it passes through all 
angles and the angles at which the reflect(Hl X-rays have especially 
high intensity are determined. In order to obtain X in absolute 
units, the distance between the atomic planes must be known as 



accurately as possible. In the simplest cases, if the atoms are 
arranged with complete symmetry in cube's and the mean 
distance Ao between the atoms is simplj' eeiual to the? distance d 
between the layers, this length Ao follows directly from 13q. (255), 
for the solution of which an accurate knowledge of Avogadro^s 
number N and the atomic volume is required. 

An example showing how sharply the X-ray spectrum can be 
photographed at the present time is given in Fig. 77, page 502, 
which shows a portion of the X-ray spectrum of ytterbium. 

323. The K-, L-, M-, and N-series. — The results which have 
been obtained up to the present on the X-ray spectra of atoms 
may be summarizcxl as follows: each element emits several 
series of spectra; the structures of the spectra of the elements are 
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all quite similar. With respect to wave lengths, the various series 
for a single element are widely different, so that, contrary to the 
majority of spectra (of the hydrogen type) lying in the visible 
region, they cannot be brought into coincidence. The series 
with the shortest wave lengths is called the K-series. It consists 
of only three plainly distinguishable groups of lines (K^, 
whicli, in general, can be further resolved into a number of single 
lines, c q , up to the present a maximum of seven a-lines has 
been found: K„j, etc. 



3 4 5 6 1 8 9 10 II 12 13 14 
Wave Lcng+h :n A Uni+s 


Tifi 7S 

The next series, w’hich has longer waves, is the Ij-series; in 
it fourteen lines could be found, but, of course, not in all 
elements. 

After this comes the M-series, which has a relatively complex 
structure and probably consists of a larger number of lines than 
has yet been measured. 

Finally, there is the N-series, of which only a few members 
have been found, and these only in the heaviest elements. 
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Figure 78 gives a survey of the change in the scries from 
element to element; the X-ray spectra of the elements are simply 
plotted under each other in the order of the atomic numbers. 

It will be seen that, with increasing atomic number, the 
spectra are displaced in an absolutely regular manner from 
longer to shorter wave lengths. Since the shortest wave length 
which has yet been measured with certainty is al:>out 0.15 A., 



Fig 79. 


the longest about 13 A., it has only been possible to measure the 
L-, M-, and N-scrics for the elements of high atomic weight; for 
those of lower atomic weight only the K-series has been measured, 
and these merely down as far as sodium. 

This behavior of the X-ray spectra is, as has already been 
emphasized in 263| in complete antithesis to the optical spectra 
which have a decided periodicity. 
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As Moseley (1913)' showed, the regularity in the displacement 
of the K-scrics lines from element to element is most clearly 

indicated when the quantity V v' or * is plotted as a function 

of the atomic number. The resulting graph for each spectral 
line Ka, K^j, is very nearly a straight line (see Fig. 79). 

According to Moseley, the displacement of the K-line may be 
expressed mathematically by 

or 

p'=mz-iyQ-2,)> (285) 

an equation which hints at a dose relation between the K-spcc- 
tniin of the higher atoms and the Lyman series for hydrogen. 
The first lino of the Ij-serios, for the elements investigated up to 
the present, may be represented by the equation 

v' = dt(Z - 7 Ay Q, - (285o) 

which may be compared with the Balmer series. 

324. Conclusions Regarding Atomic Structure Drawn from the 
Internal Spectra.^— Although Eqs. (285) and (285a) do not give a 
(luite exact representation of the facts, yet it follows with absolute 
certainty that the fundamental orbit of the K-series is a one- 
quantum orbit (n = 1) and that of the L-serios a two-quantum 
orbit (n = 2). For the higher X-ray series no simple formula, 
not even an approximately valid one like Eqs. (285) or (285o), 
can be given, but, by considering the phenomena of these series 
as a whole, the following general conclusions can he drawn: 

The existence of individual, widely separated spectral series 
leads directly to the fundamental conception that a number of 
electron groups arc present in the atom which differ considerably 
from each other with respect to orbital energy and the distance 
between the electrons and the nucleus. Therefore, a single series 

1 • Phil Mag , 26 , 1024 (1913); 27 , 703 (1914) 

> iSce particularly the article by Bohk and Costek, Z. Phynik , 12 , 342 
(1923). 
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arises from the transition of an electron from one of the outer groups 
{e,g,y the L-, M-, or N-groups) to one of the inner groups {e.g.^ 
the K-group). The fine structure of the individual lines is due 
to the energy differences within a definite group; for example, 
the Kai and Kai lines are to be explained by transitions from 
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two somewhat different L-orbits to a single K-orbit (according to 
Wentzel the remaining K„-lincs probably do not occur unrlcr 
normal circumstances, but only in ionized atoms of more than 
one charge). 

Just as in the above for the H atom, a number of energy levels 
may be ascertained from the various spectra, for, according to the 
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froqiKjncy law, each spectral line corresponds to the difference 
between two energy levels. The result of such investigations 
for elements whose atomic numl>ers are in the ncighl>orhood of 
54 are represented diagramniatically by Fig. 80,' from which the 
number of the levels known at the present time and the spectral 
lines arising from individual transitions may be seen * 

It was first attempted to explain the difference between the 
levels of a single group, which has a definite principle quantum 
iiumbcjr, b}’’ differences in the subordinate quantum number (the 
orbits are thus partly circular, partly elliptical^, but the number 
of levels is actually greater than the number of values possible 
for w'. Formally, this condition is accounted for by introducing 
one more (luantum number, the exact physical significance of 
which has not yet be(?n interpreted. 

A graphic representation, from which the absolute valu(?s of the 
individual energy levels of all elements can be taken, is given in 

V U Z* 

3fV h ~ plotted as a function 

of the atomic number Z, As a matter of principle all the X-ray 
lines of the individual elements in the normal ionized state can 
be found from these curves. For example, the wave number v' of 
the of Ag (Z = 47) corresponiling to a transition from 

the Aim-level to the Lrlevel is found to bo v' = 9i(lG7'* — 

= 9i X 2:iS = 1097:37 X 2:38 = 2.01 • 10^ emr^, i.c., the 

wave length X = :3 S:3 A. 

Now, putting n = 1 for the K-group, //. = 2 for the L-group, 
etc., the effective nuclear charge Z* can obviously lie deter- 

Z* 

mined from the behavior of curves of ^ = f{Z) in Fig. 81. 

Even without a special calculation we can see that Z* in the 
different levels, especially for the heavier atoms, does not vary 
in the same w'ay with increasing Z. According to Bohr, impor- 
tant conclusions regarding the structure of atoms can be drawn 
from this behavior. 

1 The distances between the individual groups are drawn relatively too 
snuill, those between inciubcrs of the same group too large 

- The presence of the line in the X-senes as well as several of the lines in 
the M- and li-series have not yet been directly observed in the elements in 
question, but have been assumed in analogy with the heavier atoms. 
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The difference between the true nuclenr chiirRe Z and the 
effective nuclear charge Z*, the so-called “Kernladungsdefekt,”^ 
is due, as has already been indicated, to the effect of all the elec- 
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This “nuclear-charge defect'* is frcqiicntlj' called the screen number or 
screening constant and is designated by s; thus s = Z — Z.* (See Som- 
MERFELD, loC. Clt,, p. 498.) 
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irons of the outer portion of the atom. For example, if it is 
assumed that the emitting electron belongs to one of the middle 
groups, the addition of an electron located outside this group 
has an almost imperceptible effect,^ while the charge of the 
electrons located in a deeper layer becomes very much involved in 
the phenomena as the nuclear-charge defect of Z. Now consider- 
ing the higher atoms of the series which are formed by increasing 
the nuclear charge step by step and correspondingly allowing an 
electron to be added to the atom from the outside, then it is 
possible to see directly from the behavior of the nuclear-charge 
defect or the effective nuclear charge number Z* whether the new 
electron stays in the outer portion of the atom or whether its orbit 
lies entirely or partially in the inner portion. A steeper slope of 
Z* 

the -curve, which corresponds to a rapid change of Z*, i.e., 

a slight change in the nuclear-charge defect, indicates that, in 
comparison with the group containing the emitting electron, the 
newly added electron lies relatively far out in the atom; a smaller 
slope indicates a perceptible increase in the nuclear-charge defect 
and thus that the new electron approaches somewhere near the 
group concerned. If a portion of the curve is quite horizontal, it 
means that the increase of tnie nuclear charge is the same as the 
increase of the nuclear-charge defect, i.e., the new electron enters 
into a group which is closer to the nucleus than the emitting 
electron. 

In view of these considerations, the following conclusions 
regarding atomic structures may be drawn from the breaks in 
Z* 

the -curves of Fig. 81, In the elements 21 to 28 the entering 
n 

electron for the first time takes up a position which is not in the 
outer but in a deeper portion of the atom. This is repeated with 
the elements 39 to 46. The most striking cases are found in the 
elements from 58 to about 72, in which the new electron appears 
to penetrate particularly deep into the atom. From the magni- 
tude of the changes of slope it can be concluded that in the first 
two cases the new electron takes up a position in the M- or N- 

^ In this ease the relations arc similar to those of electrostatic processes 
within a metallic, conducting, hollow sphere which are known to be inde- 
pendent of the charge on the sphere itself. 
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groups; but in the last case also the electron must fall into the 
N-group, since in the 0-group, which is still farther from the 
nucleus, the increase of nuclear charge is entirely compensated 
by the nuclear charge defect. 

z* I 

Since the quantity N direct measure 

of the orbital energy (work of removal to infinity), Fig. 81 further 
indicates the remarkable result that up to about Z 75 it is 
easier, but above that more difficult, to remove an electron of the 
subgroup Nvii from the atom than from <)i or On. From the 
absolute values of the nuclear-charge defects of the individual 
levels, it must be theoretically possible to determine the number 
of electrons in each group for the different elements. However, 
apart from the theoretical difficulties mentioned at the end of 321, 
this calculation cannot easily be performed in an exact manner; 
for example, it must be considered that the removal of an electron 
from an inner group simultaneously involves a change in the 
effective nuclear charge and thus a change in the energy of all 
the outer groups The gap in our knowledge occasioned by this 
fact may, fortunately, be bridged by relatively simple considera- 
tions which involve the periodic character of th(‘ chemical proper- 
ties of elements and which give directly the number of electrons 
in each group (sec 347). 

326. Excitation Conditions for the Internal Spectra.- With 
regard to the conditions for exciting the internal spectra, it must 
be noted that there is an important distinction in comparison 
with the external spectra, due to the fact that, as a rule, all inner 
groups (K-, Ij-, M-groups, etc ) already contain tli(‘ir maximum 
numbers of electrons and this number cannot be e\ceed(»d; 
stated otherwise: the inner groups are complet(»ly “filled,” 
while some of the orbits in the out(*r portion of the 
atom are generally free; to these the electrons of the surface 
of the atom will be “raised” and from them th(‘y will 
return to the normal state accompanied by the emission of 
an optical wave. 

The emission of an X-ray line thus can occur only if an inner 
electron is first removed entirely out of the atom or at least to 
one of the unoccupied orbits of the outer portion. For example, 
the emission of the K^-linc can take place only if an electron of 
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the K-group is first entirely removed from the atom, so that in 
this group place for one electron is left free. If an electron from 
the L-group falls into it, a K„-lino is emitted, or if the electron 
falls from the M-group, a K^line results. The place left open 
in the Ir- or M-group is, then, soon after occupied by an elec- 
tron from a still more distant group, etc. I’lie electrons thus 
fall back into the K-ring by a procc^ss which, to a certain degree, 
takes place as a series of steps, but jumping ov(?r several steps, 
and oven the direct return of an outer electron to the K-ring is 
not unusual. 


The energy for raising an electron from the inner portion to 
the surface of the atom can be absorbeil either from rapidly 
moving electrons (cathode rays) or primary X-rays. In the 
first case the energy of the impinging electrons must be at least 
Em Ca = hv^, whore v^ is the limiting frequency of the K-series 
and Eq the potential across the tube. 

As Webster has shown by experiment, when the potential 
through an X-ray tube is gradually increased, the series of lines 
K«, K^, do not appear in order (as was the case in the experi- 


ments described in 318), but the whole spectrum appears at one 

time as soon as the potential Eq = is exceeded, at which the 

Co 


en(»rgy is sufficient to remove an electron completely from the 


atom. 


If the substance to be excited is illuminated with primary X- 
rays, the beginning of the excitation may be recognized by the 
consumption of energy, i ,€ , by an absorption of the radiation 
falling upon the substance. In agreement with the conception 
that an electron of the K-group cannot be raised directly into 
the Ij- or M-groups, experiment shows that the K-lines, just like 
lines of the other spectra, do not appear in absorption; an absorp- 
tion first takes place when the freciuency of the radiation applied 
exceeds the limiting frequency vi of the particular scries concerned. 
Since above the limit every wave can be used for excitation, on the 
other side of the limiting frequency Pi a continuous absorption 
spectrum for each series is obtained. Of course, the beginning 
of the absorption spectrum is not quite sharp, but has several, 
very closely neighboring absorption lines which correspond to 
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the above-mentioned transitions of the electrons into the unoccu- 
pied orbits located in the outer portion of the atom.^ 

326. The External Spectra of the Higher Elements. General. 
The external spectra of the higher elenioiits may be resolved 
into the arc spectrum and the first and second spark spectra. 
The production of these spectra depends, as their names indicate, 
upon the conditions under which they arc excited, and therefore 
they generally do not appear simultaneously. We may state 
with certainty that the arc spectrum is due to the neutral atom, 
the first spark spectrum to the ionized atom with a single (positive) 
charge, and the second spark spectrum to the ionized atom with 
two charges. 

Up to the present it has not been possible to arrange completely 
all the lines of the external spectra of the higher elements into 
series, as with hydrogen. First considering the arc spectrum, 
the relations are simplest for the elements of the first vertical 
series of the periodic table, especially for the alkali metals. Pro- 
ceeding further towards the right side of the table, the structures 
of the spectra as a whole become more and more complex. For 
the elements of the second and third columns, as well as helium 
and neon, it is still possible to arrange most of the lines in series; 
for the remaining clcmciits, the number of lines is so very large 
that at the most only single series can be sorted out. 

For all of the known spectral series of the higher atoms there 
are several fairly general regularities in behavior; these will bo 
met in their simplest form in the arc spectra of the alkali metals 
and will be briefly explained in that connection. As far as the 
spectra of the other elements may be differentiated from tli^m, 
a greater multiplicity of lines is the chief difference for example, 
the typical scries of the alkali metals resolve into several sub- 
groups for a number of the other elements; in place of the doublets 
of alkali series, triplets are found, etc. 

327. The Arc Spectrum of the Alkali Metals. — The arc spec- 
trum of the alkali metals when produced under normal condi- 
tions of excitation, such as in a Bunsen flame, consists of four 
different series. Figure 82 represents these series for potassium. 

The scries ending in the shortest wave length is called the 
principal series; the next two arc called the diffuse and the 

1 See Kosbel, W., Z. Physik., 1, 119 (1920). 
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sharp series from the appearance of their lines; the last is 
the Bergmann or ‘‘fundamental’* series.^ 

The analogy to the corresponding series in hydrogen, the 
Lyman, Balraer, and Paschen series, is unmistakable. 

The appearance of the individual series, neglecting the occur- 
rence of the doublets,* is similar to the Balmer series (Fig. 71). 
In all cases the lines become closer and closer together as the 
wave length decreases, and the series ceases abruptly at a certain 
point, the head of the series. 

From the figure the following typical regularities are noted: 

1. The heads of the diffuse and the sharp scries coincide. 
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2. These two series consist of doublets whose components are 
separated by a constant distance; the head of the series likewise 
is a doublet which has the same difference of frequency number 
as the other lines of the series. 

3. The principal series also consists of doublets, but the dis- 
tance tetween the component decreases as the head of the series 
is approached, so that the head appears as a single line. 

4. The frequency difference between the common head of the 
diffuse and the sharp series and the head of the principal series 

^ * Since there is nothing particularly fiindu mental in the “fundamental 
series/’ the term “Bergmann senes” will be used to avoiii misunderstanding 
on this point. 

* In the figure the distances between the two components of the doublets 
are represented about ten times greater than they would be if drawn to the 
same scale as the main distances. 
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is equal to the frequency number of the first inemlior of the princi- 
pal series (Rydbcrg-Schustor rule). 

The significance of these rules, which remained mysterious for 
a long time, follows liirectly from the fundamental conception 
of the origin of spectral lines, which, in turn, is based upon the* 
frequency law {cf. Fig. 72) : 

1 and 2. Both the diffuse and the sharp series arise from electron 
transitions from different initial orbits to two similar final orbits. 

3. In the principal series the final (normal) orbit is single, 
the original orbits are double; however, the mutual difference 
between the two initial orbits diminishes as the size of the orbit 


increases. 

4. The first doublet of the principal series arises from electron 
transitions from the two final orbits of the diffuse ami sharp 
series to the normal orbit of the principal series. 

The representation of the alkali metal series by means of 


equations may thus be completely fitted into the general form 
y = For the individual t('rms the simpler Ihilmer 


expression no longer holds; a more complex function must 


be introduced. According to Rydberg we can put as a first 


approximation 

r ^ ^)fV, 

h (m + a)“ 


(286) 


in which a is constant within each series but, in general, is 
variable from series to series. 

Ritz gave the more accurate formula 

h ^ [m + a + aflm,'a)f 

in which a is a new parameter, f{m, a) is a function of 7n and a, 
which vanishes for large values of m. If we confine ourselves 
to the Rydberg expression, which, of course, does not represent 
the spectra of the higher atoms nearly so accurately as the Balmer 
formula does for the visible hydrogen spectrum, we obtain, for 
example, for potassium: 

Principal series 

/ f 1 1 \ 


I'' = yt 


(1 +0.770.,. (.„ + l«.|4|j)< 


(/M = 2, 3, 4 
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Diffuse series 


/ = 


Sharp series 


p' = 


i / „ , i 0.2348 V (»» + 0-7701 )* 
10.23181/ 


(w = 3,4, 5. 


(m = 2 , 3, 4 . 


,l(wj = 4, ."S, 6 .), 


Bergluaim series 

^ ^*1(3 - 0.1405)* ~ (m - 0.01)*t 
in which two values of a indicate a doublet. 

Written in a more general fashion, the various series are 
usually designated as the difference of two terms, as follows: 

Principal senes | 1 nt = 2, 3, 4 . . . 

Diffuse senes *’*, ” (g’ | w = 3, 4, 5 . . . 

Vi' = ( 2 , Pi) - {m, d)j 

Sharp series | ~ ®- 1 w = 2, 3, 4 

l*'2 = (2, P») - (w, «)J 

Hcrgiiiaiiii series p' = (3, d) — (fn,f) m = 4, 5, 6 . . . 


Principal senes 


Diffuse series 


Sharp series 


m = 2, 3, 4 . . . 


m = 3, 4, 5 


rn = 2, 3, 4 


Hcrgiiiaiiii series 


m = 4, 5, 6 . . . 


Thus, there are a total of four kinds of terms, the s-, p~, rf-, and 
/-terms; the constant firat terms, or limiting terms, obviously 
correspond to the negative energy values of the final orbits; 
the varialde second terms, the current or secondary terms, 
correspond to the energy values of the initial orbits. For 
example, for the (uiergy of the final orbit of the principal scries, 
which lies deepest in the atom and therefore represents the normal 
orl.)it of the outer electron , \\c have —U = ft Vj ( 1 , s) ; in the special 
case of the potassium atom we have, 

rr _ SfftVi _ 109737 X 0.54 X 10 X 3 X 10'" _ 

1.77022 1.77022 

0 87 • 10“'“ erg. 

Now, since the negative cnergj’^ of the fundamental orbit is equal 
to the work of ionization of the atom (see 310, conclusion), 
according to Eq. (258a) an electron, after passing through a 

0 87 • 10“'2 

potential difference of jB = ' 10*abs. units = 
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4.32 volts^ must have sufficient energy to ionize the potassium 
atom; the observed value for the ionization potential of this 
element is £ = 4.1 voUs. 

328 . The Shape of the Outer Electron Orbits of the Alkali 
Metal Atoms. — ^According to 314 , the shape of an electron orbit 
is determined mainly by the principal and subordinate quantum 
numbers. 

For the present purposes it is simpler to determine the sub- 
ordinate quantum number first. Since, according to the selec- 
tion principle of 318 , the subordinate quantum number can 
change only by ± 1 during electron jumps under normal condi- 
tions, the conclusion must l^e that Ix^twecn the a- and the 
p-terms, the p- and the rf-terms, and the d- and the /-terms the 
subordinate quantum numl)or increases or decreases by only one 
unit. This condition is most easily taken care of by setting 
n' = 1 for the 5-tcrm, w' = 2 for the p-term, w' = 3 for the 
d-term, and w' = 4 for the /-term. To be sure, if a number of 
other arrangements were compatible with each condition, they 
could not be combined with the considerations which follow. 

In the simple spectrum of hydrogen, the principal quantum 
number n could l^e obtained directly from the magnitude of 
Z* 

the term JR present case, however, this procedure 

cannot be applied because the squares of whole numbers are no 
longer in the denominator. Since from theoretical considera- 
tions the quantum number must always be a whole number, 
the reason for this can only lie in the fact that, while an oxpps- 
sion of the form of Eq. (286) is practically suitable for calculating 
the values of individual terms, it is unsatisfactory in principle. 

Z*® 

If it is attempted to fit the expression 9i to the individual 

terms, using whole numl)crs for ti, it is found that Z* varies 
from term to term. This behavior can be explained directly if 
it is assumed that the orbits concerned deviate greatly from 
the circular form; then the orbit will lie partly outside the 
kernel of the atom, and partly penetrate into the kernel also.^ 
While over the outer portion of the orbit Z* has the value of 
approximately 1, in the inner portion it has considerably larger 

^ * Bohr calls such orbits penetrating orbUe (see Fig. 83). 
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values and even approaches the full value of Z temporarily. 
If vre follow along the succession of progressive terms in a series, 
if n is increased while n' is kept constant, the penetrating 
part of the orbit is almost unchanged but the outer portion 
becomes increasingly greater. 

Some idea as to the approximate correctness of this statement 
can be obtained directly from Fig. 83, if a small circle represent- 
ing the kernel of the atom is placed about the nucleus and then 
the courses of the ellipses for which n' = 1 are followed. There- 



fore the average effective nuclear charge Z* for the total orbit 
will gradually decrease as the major axis of the ellipse increases 

(increasing n). Instead of changing the numerator Z* in 91 

from term to term, it is preferable to keep it constant and there- 
fore change the denominator so that the same object is attained 
algebraically. Thus in place of (he true principal quantum num^ 
her n which is always a whole number, an effective quantum number 
n* is introduced; usually this is not a whole number but, similar to 
n, at least increases by approximately whole numbers. 

However, not all orbits penetrate into the kernel of the atom, 
but only those which are elongated, i.e., those for which the 
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subordinate quantum number is relatively small. When the 
diameter of the kernel is known, it is even possible to state exactly 
up to which values of n/ the orbits will still penetrate. It can 
be shown that the breadth of the ellipse at the focus, the 
so-called parameter, depends only upon the subordinate quantum 
number and therefore upon neither the major axis nor the princi- 
pal quantum number. By performing this calculation for all 
the alkali metals except lithium, it was found that only the 5 - 
and p-orbits with the subordinate quantum numbers = 1 and 
n' = 2 penetrated and the other orbits with greater values of n’ 
revolved around the entire kernel. (Fn Kb and especially C's 
the d-orbits approached very close to the kernel.) 

On the basis of these considerations it must be expected that 
in the s- and p-orbits Z* (if n is a whole numlier) will vary con- 
siderably or that there is a large dilTerencc l)etween n and w* for 
a definite, constant value of Z*, while in th(' d- and /-orbits Z* is 
always approximately equal to 1, and /«* must ho nc^arly the 
same as n. In this way we obtain directly from the above 
formulas for the series of the potassium spectrum, = 4 for the 
smallest /-orbit as well as n = 3 for the smallest d-orbit (final 
orbit of the Bergmann series). These orbits are, therefore, 
represented by Wn' = 33 and rin' = 4.i, and are circular 

For the penetrating orbits the true quantum number n must 
be determined by calculation from the terms of th(‘ spectral 
lines or from /i*, but the exact calculation of this number is still 
prevented hy a number of difficulties, of which those m(?ntioiied 
at the end of 321 are particularly important. Yet from t^ie 
calculations made up to the present^ it seems probable that the 
smallest s-orbit (the normal orbit of the outer electron) as well 
as the smallest p-orbit has the principal quantum number n = 4. 
This result, which is still somewhat uncertain, will be confirmed 
by the considerations in 347 , according to which the principal 
quantum number of the normal orbit is increased by one unit in 
the alkali metals following in the order of the periodic system; 
from this we find for Li, n = 2; for Na, n = 3; for K, n = 4, etc. 

In this way a quite considerable difference is obtained between 
the true and the effective quantum numbers; for the s-terms of 

^ SciiRdDiNGER, E., Z. Physik, 4 , 347 (1921); Fues, ibid , 11 , 316; 12 , 
1 (1922); VAN Urk, ibid., 13 , 268 (1923). 
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potassium the diflfcrencc is about 2.299; for the /^-tcrms, 1.7652 
or 1.7682. 

Although the normal orbit of potassium is to be designated 
by the quantum number 4i as a first approximation,^ the actual 
electron orbit differs rather considerably from a normal 4i- 
cllipse such as is found in the hydrogen atom. It must first be 
noted that the effective nuclear charge on the average, i.e., taking 
into consideration the inner portion of the orbit, is greater than 
unity; therefore the average (negative) orbital energy is appre- 
ciably greater and the greatest distance between the electron 
and the nucleus is smaller than in a 4i-eliipse in the hydrogen 
atom. A very marked precession is also characteristic of the 
motion. This happens l)ecause the electron temporarily comes 
very close to the nucleus; at this moment the full nuclear charge 
acts on it, causing such a strong deflection that a relatively very 
sharp turn around the nucleus takes place. In the sense of 314 
the strong precessional motion is formally explained by saying 
that as the result of the variation in Z* the force really acting 
upon the electron from point to point no longer follows C'oulomb's 
law. A schematic representation of the outer electron orbits 
of potassium is given in Fig. 83 ; the region of the inner electrons 
is indicated by the shaded circular area. 

It is irapo.ssible here to enter into the consideration of the previous 
attempts to cxplnin theoretically the tinc-structurc of numerous terms and 
spectral line.s (doublets, etc); in order to describe them formally, it is 
necessary to introduce one further (inner) quantum number, just as with 
the X-ray spectrum ® 

329. The Spectral Displacement Law. — In 319 it was shown 
that for the singly charged, ionized helium atom (spark spectrum) 
wc had the same spectral formula as for the neutral hydrogen 
atom (arc spectrum), except that a factor 4 was introduced on 
account of the double charge on the nucleus, and the value of 

^ Corresponding to this result it is appropriate to intniduoe the true quan- 
tum number into the method of notation, e g , for the principal series of 
potassium we shall not write as previously (1, «) — (m, p) with m = 2, 3, 
•1 . . . but (4, s) — (m, p) with m = 4, S, 6 fSee Paschkn, F., 

Ann Physik, 71, 142 (1023) ) 

‘ * For information on these mutters the student should consult Sommer- 
FELD, foe. cit.f p. 358 ct seq. 
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the Rydberg constant was slightly different. This result was 
generalized by Sommerfeld and Kossel (1919) and stated as the 
law of spectral displacement: The arc spectrum emitted by a 
neutral atom shows a far-reaching similarity to the first spark 
spectrum of an atom with an atomic number one unit higher^ and 
with the second spark spectrum of an atom two units higher. 
This similarity becomes particularly striking when the terms of 
the first spark spectrum are multiplied by 4 and those of the 
second by 9. An example of this is given in the following for- 
mulas which hold to some degree of approximation for the sharp 
series: 

Arc spectrum of Na: 




First spark spectrum of Mg: 


Second spark spectrum of Al: 


m = 4, 5, 6 


Not only the general displacement law but also the manner in 
which the differences between the true and effective quantum 
numbers change is in excellent agreement with the ideas of atomic 
structure developed up to the present time. The spcctijum 
depends mainly upon the effective nuclear charge of the outer 
portion of the orbit; this increases from the arc spectrum to the 
first and second spark spectra in the ratio 1 to 2 to 3; therefore, 
according to Eq. (283), the factors by which the Rydberg con- 
stant must be multiplied are 1, 4, 9. 

However, the changes in the effective nuclear charge, which 
occur when an electron enters into the interior of the atom and 
whose effect may be expressed as the difference w — in the 
quantum number, l>ecome greater on a percentage basis when the 
effective quantum number is lowered from its relatively high, 
approximately constant value over the inner portion of the orbit 
to the value 1 in the outer portion than when it drops only to 2 
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or 3. Actually, the above formulas show directly that the 
difference n — n* becomes smaller from the arc spectrum of Na 
to the second spark spectrum of Al. 

330. The Spectra and the Atomic Structure of Helium. — 
Besides the spark spectrum mentioned in 319, helium also has 
two arc spectra which differ considerably from each other and 
never show transitions from one to the other, i.e., do not have 
terms in common. It was quite soon concluded that there must 
be- two modifications of helium, ^^parahehum" and orthohelium” 
While the spectrum of parahelium has a scries which lies in the 
ultra-violet region and has a one-quantum limiting term just as 
the Lyman series of hydrogen, the largest term of orthohelium 
corresponds to the quantum number 2. Since in absorption 
spectra ordinary helium shows only the shortest wave-length 
scries of parahelium with the quantum number of the limiting 
term n = 1, the parahelium modification is the normal state. 
The orthohelium modification can thus exist only in the excited 
state; in order to produce this from the normal state of para^- 
helium requires more powerful influences than an energy addition 
by means of radiation represents, c.f/., orthohelium forms by 
collisions with electrons which have passed through a potential 
difference of not less than 19.75 volts. Moreover, it follows from 
the behavior of orthohelium {e,g., as compared with the impuri- 
ties in the helium used for investigation) that a chemical activity 
must be ascribed to it similar to that of an alkali metal atom; 
therefore in this modification the helium atom has entirely lost 
the character of an inert gas. In view of this it is noteworthy 
that in every respect the spectrum of orthohelium is similar to 
that of lithium. 

The difference between the spectra and other properties of 
para- and orthohelium leads to the conclusion that the electron 
configurations of the two modifications must be entirely different. 
However, the possibility of a fundamental difference consists 
only in a difference in the spatial arrangement of the two electron 
orbits. It is, therefore, concluded that in the one modification 
both orbits lie in the same plane, but in the other they are crossed. 

The results of calculations indicate with certainty that in 
orthohelium both orbits are in the same plane and that the crossed 
orbits must be assigned to parahelium. This may be seen most 
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easily from the fact that the (liffereiicc n — n* for corresponding 
orbits, such as th(j elliptical 2i-orbit, is greater in the ortho than 
in the para modification. If both orbits lie in the same plane, 
the outer electron moving on a 2i-orbit will, on the average, 
approach closer to the inner (li-) electron than in crossed orbits; 
therefore, in the first case the outer orbit will exhil)it the character 
of a penc'trating orbit to a higher degree and thus a greater appar- 
ent diminution of n than in the second. 


/. The Spectua of IMoeecitles’ 

a The Rotation Spectrum 

331. Application of the Frequency Law to the Radiation of 
Rotating, Polar Molecules. — From the classical as well as the 
newer theory it is to be expected that rotating molecules (rotors) 
consisting of atoms with polar electric charges should send out 
electromagnetic waves similar to those sent out by electrons 
rotating around a nucleus. A spectrum from molecules can, 
indeed, be observed in the infra-w'd region which without doubt 
is due to these rotational motions and is, therefore, called the 
rotation spectrum. 

Now while, according to classical theory, all possil^le rotation 
frequencies are p(*riiii.ssiblc, an application of the results obtained 
for the electronic motions in the intc*rior of the atom would sug- 
gest that the rotor can, in general, assume only definite, stable, 
energy values- and that an interaction b(»tween radiation apd a 
rotor can occur only when its energy changes discontinuously. 
The frcquenc}'’ of an absorl)ed or emitted wave corresponding 
to an energy change of the magnitude f ’l — l\ is again deter- 
mined by the frequency law. In contrast to the oscillator and 
the freely rotating electron, the (rigid) rotor possesses only 
kinetic energy. 

1 For general articles on this subject see Euckkx, A., Jahr Radioalt, 
Elektronik, 17, 361, 1920; Kratzp:r, A., Ergebn. exakt, Naturwisaenschaftcn, 
1, 315 (1922); •Sommekfeld, loc cU , chap VII. 

® That the rotational energy of the molecule is really distributed in energy 
quanta could have been inferred from the decrease of tlie molecular lieat of 
hydrogen at low temperatures (sec 52). 
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For the total energy Ur of a stable (non-radiating) rotational 
movement, we can, therefore, set 

= = (n' = l,2,3 .), (287) 


which is similar to fki. (273). 

In order to obtain a convenient expression for the rotation 
spectrum with the help of .I0(|s. (287) and (267), it is expedient 
to consider the general (mechanical) cciuation for the energy of a 
rotor which will introduce the moment of inertia J into the calcu- 
lation. Thus, 

f’r = 2 = 2 


Now from Im|s (2S7) and (2SS) (dth(»r /x or Ur can I)o eliminated 
and the following obtained 


n7i 


M == 


47r‘V 


Ur 


SttV’ 


(289) 


The amount of energy which a rotor can take up docs not, 
therefore, increase linearly as for a Planck oscillator (Eejs. (94) 
and (99)), but as the square of the quantum number 

nic application of the frequency law gives the following 
for the rotation spectrum : 


hv 




Uo = 


iStt-V »/ 1 



(290) 


In case the molecule is not quit(' rigid, it is to bo expected that, 
as a result of the centrifugal force*, the moment of inertia will 
increase as the velocity of rotation (fiuantum number) increases, 
and that, therefore, Ji and Jo are somewhat dififerent. In some 
cases, especially diatomic molecules, the difference seems to be 
trifling, so that it may be nc'glected ^ Then, 


Since in this case tlu're is a h.armonic circular motion, the quan- 
tum number can only be changed by one unit (see 318) ; therefore 

1 ConoerninK an excej^tion for the CO 2 molecule, see Eucken, A., Z. 
phynik. Chem , 100, 161 (1022). 
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Wi' = W 2 ' + 1. In other words, only waves with the frequencies 
which satisfy the following relation will be emitted or absorbed : 

" “ “ iiX”' + 1 ) 

(n' = 0, 1, 2, 3 . . .). (2905) 
According to this, the rotation spectrum co7isists of a number of 

sharp lines with a constant interval between them. 

Up to the present only in one case, that of water vapor, has 
even a part of the rotation spectrum been accurately measured.’ 
It was shown that in the long- wave-length infra-red region of the 


Table 7/).- -Rotation SpErTiirM of Watek Vapok between 50 and SOO/x 



X cjilf. 

X oils. 

2 

237 

256 

3 

109 

175 

4 

131 5 

132 

5 

107 5 

105 8 

6 

92 

01 



83 

7 

79 

78 

8 

69 7 

72 2 

9 

62 5 

65 8 

10 

57 7 

56) 5 


spectrum, water vapor possessed a number of sharp absorjytion 
lines between 9 and 300/x, through which the discontinuous 
character of the rotation spectrum demanded by the quantum 
theory was directly confirmed. 

In the application of Eq. (2905) to these measurements, it is 
to be noted that a triatomic molecule, such as water, can perform 
rotation about three axes and consequently must have three 
principal moments of inertia so that the observed rotation spec- 
trum probably consists of three superimposed series of the type 
of E<i. (2905) or of the typo of I3q. (290a) if the molecule is not 
sufficiently rigid. As Table 75 shows, the lines observed between 

^Rubens, H, BerL Akad Ber., 8 (1021); this gives references to the 
previous literature. * Also see Lewis, W. McC., loc, cU,t 8, p. 85. 
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50 and 200/i all appear to belong to one scries, which, correspond- 
ing to Eq. (290b), may be satisfactorily represented by the 


formula I = 


»+5 

0.0591 


ctrr 


This gives a moment of 


inertia amounting to 3.2 • 10“^® g. cm.^ 

A strong absorption in the long-wave infra-red region can also 
l)e demonstrated for several other polar gases (e.g,, HCl gas). 
These are undoubtedly due to the rotation spectrum but the 
individual lines have not yet been measured. 


The Motion of the Nuclei in Molecules 

332. The Vibration Spectrum. — As has already been noted in 
52, it is necessary to assume that the atoms in a molecule are not 
bound to each other with complete rigidity, but that oscillations 
with respect to each other occur. In the case of atoms bearing 
polar charges, the presence of these oscillations is shown directly 
by electromagn<»tic waves; in general, these tvaves he in the short-- 
wave-length portion of the infra-red spectrum. 

Besides a fundamental vibration for which the energy may be 
represented by Uq,, there also exists a vibration spectrum for 
which, as far as can be determined at the present time, the 
formula for a Planck oscillator (72) holds as a first approximation: 

U. = n" Uo. (291) 

This formula states that the energy value of the various vibrat- 
ing states increases proportionally to the quantum number 
7 a".^ a more accurate representation of the facts is obtained by 
adding a term in the second degree (the so-called anharmomc 
oscillator), with the result that 

t/. = n" Uo + a/i"2. (291a) 

The application of the frequency law gives for the frequency of 
the emitted or absorbed radiation 

„ = (nx" - m") + a(ni"* - «,"*). (292) 

Thus the vibration spectrum, similar to the rotation spectrum, 
appears as a number of nearly equidistant lines; while for pure 

* This quantum number n" is not the same os the “equatorial” quantum 
number of 816 et »eq. 
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harmonic oscillators only quantum jumps of one unit can occur, 
in anharmonic oscillators all jumps are possible, due to the pres- 
ence of the overtone vibrations (sec 318). 


As yet, only a few (two or three) lines at the befrminng of the vibration 
spectrum have been directly measured, i c , only those lines for which the 
energy changes correspond to a few units and whose wave lengths, ns Kq. 
(202) demands, are proportional to small whole numbers. For example, 
ilCl gas shows absorption lines at 3 46 and 1 76 m; HBr at 3 91 and 1 08/x; 
CO at 4 67 and 2 35/i; IICX at 1 1 14 and 7 OS/x; water vapor at 6 26, 3 15, 
2 02, 2 66, 1 37, 0 0, and 0 60/x; in the last case the vibration spectrum is 
resolved into several series on account of the greater number of degrees of 
freedom, but only Eq (202) is required to represent each scries. 


333. Combination of the Vibration and Rotation Spectrum. — 
In general, the vibration spectrum does not occur alone but 
combined with the rotation spectrum. In thi? light of I?]q. (267) 
this means that, simultaneous with the emission of rotational 
energy, an emission of vibrational energy also occurs, using the 
terms ‘‘rotation’’ and “vibration” in the sense of the two pre- 
ceding paragraphs. On this account a number of new waves 
are obtained whose frequencies are given by the total energy 
difference of the system before and aft(?r emission: 



or if, on account of the harmonic character of the rotation which 
limits the (luantum jumps to one unit at a time, we put n'l = 
w'a ± 1, and further 

Un(n'\ - n"o) 

— h • 


we get 


V = vq + 


h hn\ 
SttVi - 47rVi 


nn 2 ' 
Stt^' 


0, - }} 


(293a) 


The first term pq, which is due to the vibration, is usually con- 
siderably larger than the remaining ones due to the rotation. 
Therefore a whole scries of vibrations are obtained on both sides 
of Po which lie rather close together, so that, as a whole, one gets 
the impression of a double band consisting of a number of sharp 
lines. For the separation Am of two neighboring lines, disregard- 
ing the term involving we obtain as a first approximation 

h 


Am = 


Air^Ji 


(2936) 
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These same differences are obtained according to Kq. (2906) 
for the rotation spectrum; it follows, therefore, that the rotation 
spectrum has been projected to a certain degree from the long- 
wave infra-red region of the spectrum into the short-wave region, 
so that it is possible to study its structure from measurements 
in the relatively short-wave-length region even when the long- 
wave-length region cannot be attained experimentally. 

Kquntioii i2\)Za) has been qualitatively confirmed by experiment In the 
rougher obhervatioiib the intramolecular vibrations do not appear as individ- 
ual sharp lines but us broad double bands, as is illustrated in Fig 84 (for 



Fio SI 


llC'l) With better experimental means, these bands can be re.solved into a 
number of sharp lines. An illustration of this is given in Fig So, fiom which 
may be seen the absorption band of IK'l at •i 40m as it appears after a more 
powerful resolution of the linas ^ It i.s remarkable that no wave of the 
fundamental frequency vn is present Moreover, this could not he halfway 
between the two strongly marked lines on the right and left of the gap, but, 

on account of the term j it must be dLsplaced by Besides the funda- 
mental vibration there is also lacking, as Fig. 85 shows, one other whose 
frecpiency corresponds either to tlie tinnsition n\ = 1, i/'i = 0 or n\ = 0, 
w/ = 1. As a re.sult of the squared term, the inteival between the lines is 
not (piite constant, but increases with the wave length. In the immediate 
» Imes, E. S., Astrophys, J., 60, 251 (1919). 
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vicinity of the zero line the influence of this term is small and therefore the 
moment of inertia J i of the molecule in the normal state can be calculated 
from Eq (293b)- Values for several molecular moments of inertia calculated 
in this waj' arc found in Table 76, column 3. 

Just as Avith the rotation spectrum, the relations for tri- and polyatomic 
molecules are more complicated than for the diatomic molecules, since the 
various senes of the rotation spectrum must also bo picked out from the 
fine-structure of the double bands. 



Fio S.'i 


334. The Infra-red Double Bands from the Standpoint of the Classical 
Theory. — It is noteworthy that the combination of an inner vibration of 
frequency vo ~ Mo with a rotation frequency vr =fir can be understood from 
purely classical theory without the use of the (luantum relation (Kq (293)) 
Consider a tiiQinK fork which Anbrates \A'ith the frequency i^o, and at the same 
time revolves rapidly (number of revolutions equal i^r); then “beats” of the 
frequency i», arise from the tone of freipiency vq The same beats may be 
produced from two differently tuned forks of the frequencies 

V = Pq ± Pr. 

Thus, in case a molecule sends out an inner vibration i^o nnd at the same 
time rotates AAith the mean frequency Prm (the stmeture of the notation 
Hiiectrum may be disregarded at this iKimt) then there is obtained in playc of 
1^0 the two frequencies pq ± Prm* For the distance bct-AA'ceikthc tAvo lines avc 
have Ap = 2i»rm. Noav the mean velocity of rotation (or, more accurately, 
the root mean square of the velocity) is related to the mean energy of a 
rotor in a simple Avay as the result of Eq. (287) and 

Ur = ^ (2iriVm)*. 

At higher temperatures the law' of energy partition holds appioximately for 
the present purpose, and since AA-e are concerned AAUth tAvo degrees of freedom 
it folloAVs that 

Vr = = 2 (2x,v„)«. (204) 

This equation, deriA'ed Avithout the introduction of quanta, permits the 
calculation of the molecular moment of inertia from the mean distance of 
the double bands which have not been resolved into their fine structures. In its 
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application it is to be observed that the term vrm docs not coincide with the 
most frequently occurring rotation velocity, t.c , with the vertex of the 
curve in Fig. 84 It is given by un equation similar to Eep (826) (set* 48), viz . 

Vrm = \/2vrh = whcrc \vrh represents the distance between the maxima 
V2 

of the double bands. The moment of inertia of a molecule is thus given by 


J 


kT 

^VrhV 


For IICI gas where the maxima of the double bands he at Xi 
and Xa = 3 10/i, we obtain 


and therefore 


Vi Vi 
Xa Xi 


(0.883 - 0.845)10“ = 3.8 • 10“ 


^ 1.37 X 10-“_X 300 ^ 
14.5 X 10“ X 10 


io-«. 


(204a) 
= 3 . 55 ai 


T\ni.K 7(1. — Mole<’itlar Moments of Inertix of Diatomic CiAsks 


Moment of inertia J *10*® (f/.-cw *) 


Gas 

Kqu.ation 
(294a), dis- 
tance be- 
tween infra- 
red double 
bands 

Equation 
(2936), dis- 
tance bc- 
tw’cen lines 
in infra-red 
bands 

Equation 
(296a), band 
spcctnim 

Distance 
between 
atomic nuclei 
d • 10® cm. 

X2. . 



n 

n 

CO 

14 7 



BtH 

(>2 . ... 





HBr 

3 6 


_l_ 


IICI . . 




1 28 

IFF 


mm 


0 04 


A few other results for the moment of inertia obtained in this way arc given 
in Table 76, column 2. 

The distance d between the two atomic nuclei may be found without 
difficulty by means of the formula 

“ wi + W N(Ai + ii,)’ 


For example, for IlCl (with J = 261* 10"*®, Ai 
/1.60 -10“« 36.5" 


1 , At = 35 . 5 ) 




35.5 


d 


1.28 • 10-» cm. 
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7 Electron Vibrations (Band Spectra) 

336^ Electron Transitions within the Molecule.- -In mole- 
cules also, there occur transitions of certain electrons from one 
orbit to another which result in the emission or absorption of 
radiant energy. That the characteristic radiation of a molecule 
can l)e due only to the outer electrons and must, therefore, li(> 
in the vicinity of the visible spectrum is clear since the interior 
of the atom is not affected by the formation of molecules. Con- 
cerning the arrangement of the spectral lines sent out hy thc'se 
electrons, existing knowledge is very incomplete; yet it is suffi- 
cient to estalilish that for them, just as for the electrons m the 
atom, a number of stal)le orbits fwitlunit radiation) will exist. 
The energy of these orbits may be designated l)y /(w); th(‘n a 
transition from orbit 1 to orbit 2 emits a wave of fre(iu(?iiey 

>' = /,/("•) ~ 

336. Origin and Structure of Band Spectra.— Tlie radiation 
caused by the electron transitions within the mok'cuk* never 
occur aloiK', lait arc always combined with the rotation and 
atomic vibration spectrum just as the last two always occur 
together. For the freciuency of such as oscillation we obtain, 
similar to the above, 

hi' = /(>/i) - /(no) ± ( f^i - l^o) ± (Uri - r-ro) (206) 
J^0i(kLK(’TKONS) ± J/yof ATOMIC VIBRATION) (ROTATION) 

In this Uai — r/,2 is to be replaced by Kq. (291^/), aiul Uii — 
Ur2 by Eq. (290). 

Altogether, we are confronted with three sets of (luantum 
transitions, corresponding to the electron transitions («i, fto), 
the atomic vibrations (/i"i, w"2), and the rotation (w/, 7/2'). 
It is clear that such a siiectrum, which from its appearance is 
called the 6a/irf spectrum, has an extraordinarily complicated 
structure. 

I’hc entire band spectrum of a molecule resol v(\s first into a 
series of different hand (jroups, which frequently are not to lie 
ol)served simultaneously, but appear separately ilepending upon 
the conditions of excitation. A definite electron transition 
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fin^ — f(n2) = voi corresponds to each band group. Nitrogen 
has six ])and groups, the violet cyanogen band, the red cyanogen 
l>ands, the first, S(>cond, and third positive groups, and one nega- 
tive group. The first two have been erroneously ascribed to 
cyanogen; the positive groups receive their name from the cir- 
cumstance that in the CU^sslor tube they are observed especially 
in the vicinity of the anode; and the nc^gative group is found near 
th(? cathode. 


337. The Structure of the Individual Band Groups. — Each individual 
band Kroup resolves into a iiuiiiber of individual bands, as is shown in the 
poMtive band bpectruin of nitrogen partially re pn>du(‘ed in Fig SO, page 502. 

The exact position of a baud is indicated by means of the null frc(|ueiicy 

Vo = Voi + Utl — Utif 

? r , the frecpicncy for the state in which no rotation occurs. Now if the 
oxpiossion Eq (201a) is substituted for (/,i and it is to be noted that 
after an electron transition the whole inner structure of the molecule will be 
changed, since the constants and a of E (4 (201«) havi5 been involved; 
before and after the electron transition there are two different modifications 
of the molecule For the null frequency vo of a single band we have 
Vo =* voi "h — I 


As lleiirlinger' has shown, in many cases all the null lines of the band spec- 
tiuni can be fitted into this formula, i c , all the null lines can be resolved into 
the two senes if in the one series is constant and variable wdiile m 
the other series n ”2 is constant and n”i variable 

338. The Structure of the Individual Bands. — The individual bands con- 
sist of a number of closely neigliboring lines, all of which correspond to a 
definite election transition and a definite change of atomic vibration but 
different transitions in the rotational energy (n'l and n' 2 ) 

If we combine the first two terms of Imj (2t)0) and, simultaneously, the 

expiession already given m E(| (2tKhi), , in the term vo, then we obtain 
for the line sequence of a band the formula 


- 4irVi”' 


h (J, - J 2 ) 


(296a) 


Sir* 

According to this, there are two branches of the band, one on each side of 
I'D, corresponding to the positive an<l negative signs This is similar to the 
infra-red double bunds. On account of the second-degree term of n', the 
tw'o branches proceed in opposite directions only for small values of 
w'here the term involving n'* becomes small; for larger n' values the negative 
branch reverses its sign (it then depends only on the squared term), so that 
both branches proceed in the same direction Near the inversion point, 
the so-called head of the band, the lines accumulate. 

^Z.Physik,, 1, 88 (1920). 
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According to the above the head of the band has no theoretical significance 
(the frequency number in general, lies some distance away from it). 
Since the lines of a single band lie so close together, cspcciaTly near Ww. head, 
it is clear that the disentanglement of such a band involves considerable 
difficulties. Moreover, it often happens that, in addition to the two 
branches already mentioned, there is also a third one for which the linear 
term in the equation is lacking; this branch is thus produced by an electron 
transition when the energy of rotation is constant (a'l = n\) but for which 
the moment of inertia changes because of the change of the inner gmiqnng 
of the molecule 

As far as the band spectrum has been resolved up to the present, the obser- 
vations may be represented fairly ivcll by Eq. (296a). One can, therefore, 
attempt to use the linear term involving n' for the calculation of the molecu- 
lar moment of inertia Ji. For CO it is possible to compare the nioincnt of 
inertia thus found with the value found by other methods; the result is quite 
satisfactory. A few other values for the moment of inertia of diatomic gases 
calculated from the band spectra are also given in Table 76, column 4. 

339. The Significance of the Band Spectra in the Theories of 
Molecular Structure. — When light of short wave length is emitted 
or absorbed as the result of electron transitions inside a molecule, 
the explanation of both the rotation and the vibration spectrum 
is obtained at the same time. Just as the rotation spectrum 
becomes superimposed upon the atomic vibration spectrum, the 
present case may be considered as a projection of both spectra 
into the electron spectrum. It is worth noting that these phe- 
nomena no longer involve the condition of polar atomic charges, 
but that the motion of non-polar molecules is also represented in 
all details in the short-wave-length band spectrum. 

Since the band spectrum reveals all the possible energy 
transitions within a molecule, it represents an extremely valuable 
physical means for investigating the constitution of molecules. 

One of the most important general results following directly 
from a study of the band spectrum is that the molecule is quite 
similar to the atom in being capable of existing in a large number 
of states. The number of these states, even for the simpler 
molecules, appears to be considerably greater than in atoms, as 
is shown by the complicated structure of the band spectrum. 
The quantitative investigation of the band spectrum involves 
great difficulties. The first attempt is to ' ^disentangle” the 
spectrum, i.e., to find the lines belonging to a single series and to 
fit the observations to Eq. (296a). Happily, it is now feasible, 
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as Wood has shown, to excite under certain conditions only 
single lines (closely related lines, e.g., those belonging to dehnite 
n'l, and n"i, values) as fluorescence lines, by which the unraveling 
of the complicated band spectra is remarkably facilitated and 
in many cases is made possible for the flrst time. 

A problem which involves a complete analysis of the band 
spectrum would be the search for a model of the molecule which 
corresponds to the band spectrum, just as Bohr succeeded in 
finding the model of the hydrogen atom from the Balmer series. 
There can thus be no doubt that the investigation of the band 
spectra promises to be of great importance for chemical problems. 

g. The Law op Black-body Radiation* 

340. The Hollow Body as an Ideal Source of Black-body. 
Radiation. — The line spectra of atoms and the bund spectra of 
molecules stand out sharply (except the X-ray spectra) only if 
the material is subjected to the action of radiant energy while 
in a very dilute gaseous state. Even the gases at higher pressures 
give broad and indistinct lines, while in the liquid and solid 
states the individual differences l)ctwcen spectra, with but few 
exceptions, become still less definite; generally, only broad, 
vaguely defined spectral regions in which absorption or emission 
occurs arc found. 

For a number of solid substances the individual differences 
are so nearly completely wiped out that a general law for the 
spectral distribution of the radiated energy is obtained which has 
the cliaractcr of a limiting law. Since this same law is obtained 
in a more general form for the free radiation from materials 
which are called “optically black” (soot, platinized platinum, 
etc.) than for other substances, it is generally called the law of 
black-body radiation. 

As an ideal black body, for which the limiting law for black- 
body radiation is completely fulfilled, a hollow opaque body 
(Hohlraum) with a large surface, but of any shape, from which 
the radiation can issue through a very small opening can be used. 

‘ Planck, M , “Theory of lloat Radiation," translated by M. Masiiis, 
Blakiston, Philadelphia (1014). * Lewis, W. McC , toe. etl , vol. 3, chap. II 
et seg. 
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The reason why in a hollow body all individual characteristics 
of the walls are eliminated and the original radiation is “purified” 
is based upon a law announced by Kirchhoff, according to which 
the ratio of the power of emission to that of absorption depends 
only upon the wave length and temperature and is the same for 
all bodies. If, therefore, a certain form of radiation (wave 
length) in a hollow body of uniform temperature is especially 
strongly emitted, the same radiation will also be very strongly 
absorbed and thus cannot exceed a certain limit inside the hollow 
body. Conversely, a radiation whose wave length is l)ut seldom 
emitted is only slightly absorbed during its passage through the 
hollow body and may thus be strengthened until the absorption, 
which likewise is increasing (in per cent), sets a limit to this 
increase. The hollow-body radiation is no longer d('pendr»nt 
upon the number of particles (oscillators) emitting at various 
wave lengths; it is just as if exactly the same number would 
have been present from all the oscillators of dilTerent wave 
lengths. As a result of this compensating action of the hollow 
body, not only the number but also the other special character- 
istics of the oscillators become of minor importance, so that one 
needs only relatively simple (schematic) assumptions about the 
oscillators in ord(»r to understand the theoretical significance of 
the law of black-body radiation. 

341. Definitions. — While for the line Jind band spectra the 
intensity of the individual lines is of Imt slight interest m com- 
parison with their wave lengths, these intensities are of prime 
importance for the law of l>lack-bod 3 '' radiation. 

In order to be able to express the of a radiation in a 

formula, an exact physical definition of this concept is necessary. 
The total intensity of radiation S is understood to be the amount 
of (spcctrallj' unresolved) energy which is radiated from I cni,^ 
of the surface of the radiating body or hollow l^ody over a space 
angle of 1 in unit time and at right angles to the surface. For the 
monochromatic radiation intensity a cross-section of the 
width rf\ = 1 of the spectrum is considered. Therefore, a body 
with the surface q would radiate in the time t in a width dK of 
the spectrum in a definite space angle perpendicular to the 
surface an amount of energy 

U = Ey, - t • d\. 
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If the color of the light is expressed in terms of the frequency 

Vi . 

V = ^ instead of the wave length, then 

U = E^q • t - dyl/ dv, 

in which is not the same as E^y the relation between these two 

terms being given by £?x = mice dv = — ^2 ■ 

Besides the intensity of the radiation S or E^, the conception 
of radiation density is also indispensable for radiation theory. 
Inside a hollow space filled with radiation, a certain amount of 
energy is stored at every instant, namely, that energy which is 
under way (flowing) due to the mutual radiating of the walls. 
Just as material bodies possess a certain heat content, so must a 
certain amount of radiant energy be ascribed to the hollow space 
whi(;h is thought of as fn^e from matter. The energy content of 
1 of the hollow space is nothing other than this radiation den- 
sity. l^y spectral analysis we get the idea of a monochromatic 
radiation density which is related to the intensity of radiation 
E^ or Ex of the hollow body by the simple expression 

“ \/*» ’ (29/) 

Vi V‘i 


342. Empirical Results. — The law of black-body radiation 
thus consists in a statement concerning the dependence of the 
radiation intensity Ex of a definite wave length, or of the radia- 
tion density m,,, upon (1) the temperature and (2) the wave 
length or frequency. 

In the experimental determination of this dependence, it is 
expedient to vary only one of these two variables at a time. If 
the radiation sent out by a black body is analyzed by means of a 
prism or other spectral methods, it is possible to observ^e a cer- 
tain color and follow its change of intensity as the temperature is 
varied {isochromatic viethod). The exi^eriineiital results of such 
an investigation, using several wave lengths, is given in Fig. 87. 

If the temperature is fixed and the intensities of the different 
lines (colors) are measured over the whole spectrum {the iso- 
thermal method), a family of curves like those in Fig. 88 is 
obtained according to the measurements of Lummer and Pring- 
sheim; these pass through a decided maximum which is displaced 
towards the shorter wave lengths as the temperature increases. 
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The behavior of the isochromates as well as the isotherms may 
be represented by the following formula, which was found empiri- 
cally by Planck (1900) and later given an exhaustive theoretical 
foundation: ‘ 

(298) 

1 

It has recently l 3 een satisfactorily confirmed by the measure- 
ments of H. Rubens and G. Michel.^ The two constants ci and 
C 2 , according to the new measurements, have the values ci = 
5.89 • 10“® erg cm,^ secr^, = 1.430 cm. deg. 



Upon differentiating Ey, with respect to X {T is kept consti 2 |nt) 
and equating to zero, the maximum Xm of the isotherm is found 
C2 C2 

always to be at = 4.9651, i.e., XmT = ^ 9551 ’ 

This regularity (called Wien’s displacement law) explains why 
the color of a radiating black body changes, as the temperature 
is increased, from red to yellow, then to white, and finally to 
blue. By measuring the color of the intensity maximum, the 

^ On the basis of general (thermodynamic) considerations, W. Wien as 
early as 1893 had found that the radiation law must have the general form 

E\ = ^(\T) (Wten*8 radiation law). 

*Berl. Akad. Ber,, 590 (1021). 
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temperature of the radiating (black) body can be determined, 
although not very accurately. 

The total radiation S sent out by a black body is obtained by 
integrating E^dK over all wave lengths at constant temperature. 
This gives the simple formula 

S = cT\ (299) 



Fia 8S. 


which was first found empirically by Stefan (1879) and later was 
given a theoretical basis independent of Planck’s radiation law 
by Boltzmann (1884). The constant (r is an abbreviation for 
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the expression which the numerical value^ 

is 5.75 ergs emr^ secr^ deg.-^ 


343. Derivation of the Law of Black-body Radiation on the 
Basis of the Einstein Frequency Law. — Einstein has shown (1917) 
that the law of black-body radiation can be found from tluj fre- 
quency law (J5q. (267)) in a way which has the advantage of not 
requiring any special assumptions as to the nature of the radiat- 
ing body. By so doing, this supports the actual relations from 
the best calculations, since the black radiation of a hollow' body 
is actually quite independent of the material of the radiating 
body, etc. 

The OMsfcncc of :i nunihor of iitoins or iiioicculos which arc found in the 
various cloinontary state.s (I, ‘2, .‘1 w) is assumed Each clemcnlary 

state will be characterized by its enerKy, Ui, U 2 . f'n At every 

transition of an energ}' state Ui into a state U 2 A frequency v = 

be sent out In order to find out how often (and thus the intensity) a given 
frequency is emitted, a factor which occurs in the law of black-body radia- 
tion, we must first ask how often the energy transition ('1 — ('2 will occur 
But, in order to be able to say anything at all about this last factor, the 
number Zi or Z 2 of elemental y states which are (characterized by energy 
values Ui or U 2 must be known For this the generalized Maxwellian 
distribution law', us ap])lied in 136, is assumed - 

- La 

Zi or Z 2 — Zifi 

According to 1<]instein, it is now' to be assumed that an elementary state 
with the energy U i passes over spontaneously without any external motive 
to a state w'lth energy V 2 within a certain time while emitting a rac^iation; 
this is similar to a radioactive decomposition of an atom For the number of 
such transitions dZi from an energy state Ui to one of energy U 2 the simple 
Eq (17) holds and thus 

_ Vi 

dZi = koZidt = kiyZ^ (It, (300) 

On the other hand, a certain infliMuice is established on tin* en(»rgy transi- 
tions by means of the radiation field, wrhose energy density u may amount to 
(for the frequency i^). Certain forces will be exerted upon the atom 
through the field of radiation, by which it will be caused to take up energy 

^ Since it is more difficult to measure ci directly by experiment t han o-, the 
above value for Ci is based upon a determinutioii of a, 

* Strictly speaking, one more factor p, the ** statiMtcal weighty* which is 
independent of T, must also be introduced, but this would be eliminated 
during the latter part of the calculation. 
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at one moment and give up energy at another, due to the purely accidental 
ciiaracter of theae forces. There e\istH, therefore, apart from the energy 
loss which IS independent of the radiation and which is expressed by Eq. 
(300), a certain piubability (irO on tlie one side fur an energy absorption, 
and on the other for an energy loss ( W 2 ), due to the influence of the radiation; 
the probability in both cases is to be considered as proportional to the 
energy density of the radiation. For these w'e obtain : 

IFi = Ai iU 

1^2 = A 2 dl 

The nuinber of transitions occurring m tins way, therefore, amounts to 

dZy! = Zikiu^n 
dZ% = Zikiu^t^ 

and the total number of transitions from state 1 to state 2, including both 
those which have been influenced by radiation and tliosc which have not, 
IS given by 

_ 

dZ\ 4" dZ\ — dZ 12 = Zi^- ^3f’(Ao 4" kiUp)dt 
and for the reverse process, state 2 to state 1, 

_ Vt 

dZ 21 “ Z{fi tT* kjyitytlt. 

In the stationary state, for example, where the hollow-body radiation 
exists in radiant erpiilibrium with the walls, we must liave dZ 12 - dZ 2 it and 
therefore 

c ^3^^A'o 4" kiUy) “ c A 2’’ Uyk 2 


For w'e get hrst the condition expressed by 

_ I’l 
A'uC_ 

r, 


Uv = 


Cl 

KT 


ktp Ar - A*,f 
Kxpeiieiicc shows that at high teiiiperatuies wheie 


Vx _ Cl 

kT : 


V I 


301) 


the density of the radiation becomes very great. According to Eq (301), 
this can happen only if the difference A '2 — A*i becomes vanishingly small — 
therefore, when k\ = k 2 This equation then takes the form 

_ A'o 1 ^ A'o 1 

fci 1 1 “ t’* hp (301a) 

e kT -1 ekT -I 

In order to express the ratio in terms of universal constants or v, it is 

Ki 

again necessary to consider the limiting condition for high temperatures and 
small values of for which Eq. (301a) according to Eq (25) becomes 


Up = 


Jto kT 
ki hv' 


(3016) 
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In tills case the relations are such that the classical theory, %,e , the energy 
distribution law, can be assumed to hold, this being confirmed by the form 
of the eciuation u, ^ T. 

The way m which a continuum filled with stationary waves is to be treated 
from the standpoint of the energy distribution law has already been indi- 
cated in 76. To each vibration possibility,” i e., each wave which can form 
in the space, one degree of freedom is ascribed. As was first shown by Lord 
Ihiyleigh, from such considerations we obtain, according to the classical 
theory, a formula for the radiation density which in principle is identical 
with Eq. (30 lb), 

“ v» 

1 

and from winch by comparison with E(i (301 it follows that 

8iri#® _ ko 
kihv’ 

Finally, the equation for the radiation density is obtained in the form 

o 1 

= Sirh i (301d) 

- 1 

344. Planck’s Derivation of the Radiation Law. — In a quite 
different way, Planck (1900) arrived at this equation theoreti- 
cally by assuming that the walls of the hollow body consist of 
oscillators whose energy content was represented by Eq. (976). 
Between the energy of the oscillator and the radiation density 
there is a simple relation which has already been obtained in 
Eq. (301c) as a special case; in the sense of the classical theory 
the product kT signifies the energy of an oscillator. For a 
general theory one would therefore put 

* 

where u is the energy of an oscillator. If the value of u found in 
Eq. (976) is substituted in this, Eq. (301d) is obtained directly. 
It is to be observed that this derivation of the radiation law does 
not make use of the Einstein frequency law, which is fundamental 
for all emission processes. The reason for this is that for the 
Planck oscillator the frequency n of the oscillator, at least for 
energy transitions into neighboring states, .coincides with the 
frequency v of the emitted wave. (For a Planck oscillator with 
the frequency we have Ui = ?ziA/x; U 2 = (wi — 1)6/*; by apply- 
ing the frequency law we get p = /*.) 
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For the intensity E\ of the radiation it is found from Eqs. 
(301d) and (297) that 

= (301c) 

1 

A comparison of this equation with Kq. (298) leads to the 
Mth 

relations Ci = ^2 = ^ ' from which both of the universal 

constants h and fc or N = may 1x5 calculated from the values 

of Cl and C 2 given by radiation measurements. From the above 
given quantities we get 

h = 6.55 • 10-27 
k = 1.373 • 10-1® 

N = 6.05 • 10=®. 

4. THE LINKAGE OF ATOMS 

a. Chemical Valence 

346. Heteropolar and Homopolar Compounds. 1 — The basis 
of the following considerations is the assumption that a chemical 
union of two atoms is effected by means of the electrons of the 
outer group; these electrons are often referred to as the valence 
electrons. A chemical combination occurs whenever one or 
more of the valency electrons belonging originally to one atom 
enter simultaneously into the assemblage of another atom. 
Two limiting cases are to be distinguished which lead to the 
classification of chemical compounds into two groups. 

1. The valence electron is almost completely removed from the 
one atom and enters the assemblage of the other; the first atom 
thus becomes a positively charged ion, and the second a nega- 
tive ion. Such compounds, which are said to be heteropolar 
and which decompose wdth relative case into ions, are held 
together mainly by Coulombian electrostatic forces. 

2. In the other case, the valence electrons describe such orbits 
(in the compound) that they belong equally to both atoms; 
since these atoms have the same electric charge, such compounds 

^ • Often called pclar and non-polar compounds. 
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are called homopolar. They show no tendency to dissociate 
into ions. 

A large portion of the chemical compounds can be classified 
in these two limiting groups without much difficulty. Of course, 
rigorously homopolar compounds exist only in the union between 
two atoms of the same species, such as is found in II2, O2, N2, etc. 
As soon as different kinds of atoms combine, some dissymmetry 
in the division of the electric charge can always be observed by 
such means as the existence of an infra-red spectrum. In a large 
number of compounds, especially those in which carbon takes 
part, this dissymmetry is relatively trifling, so that without 
doubt they can be classified as homopolar compounds in agree- 
ment with their other properties. 

It may be remarked that in earlier times the contrast between 
the heteropolar and homopolar compounds led to two funda- 
mentally different conceptions of the nature of chemical valence, 
which as the dualistic theory (led by Berzelius) and the unitary 
theory (led by Dumas) sometimes occasioned great dispute. 
According to the modern conceptions, both ideas arc equally 
correct, but neither of them embraces all compounds 

346. Abegg’s Law of the Sum of the Maximum Valencies. — 
If the heteropolar compounds are first considered, it will be seen 
that they were correctly interpreted even in rather early times. 
Berzelius in particular made a sharp distinction between electro- 
positive and electronegative valences; in the former, valence 
electrons were given up, while in the latter one or more additional 
electrons were taken on. In polyvalent compounds the njiniber 
of valence electrons transferred is equal to the valence. Cor- 
respondingly, an element which had the ability to lose //« valence 
electrons is said to be an n,-valent positive element, one that can 
add tie valence electrons is an tJe-valent negative element. A 
number of elements have different valences in their various 
compounds; frequently an element which is positive in one com- 
pound is negative in another. 

Abegg in 1906 emphasized the fact that the sum of the maxi- 
mum positive valence and the maximum negative valence of an 
element is always equal to 8. Nitrogen may be taken as an 
example, as it has a maximum negative valence of 3 in NH3, and 
a maximum positive valence of 5 in N2O6; chlorine and the other 
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halogens have their maximum negative valency of 1 in HCI, and 
a maximum positive valency of 7 in ('UOy. In a compound, a 
halogen can take on one additional electron or lose a maximum of 
seven. 


6. CllKMICAL VaLKNCE AND AtoMIC STRUCTURE 

347. The Formation of the Stable Electron Groups in the 
Atoms of the Noble* Gases. — Since the noble gases, as far as is 
known at present, are unable to enter into compounds which are 
stalJe to any degree,^ it must be assumed that the electron 
arrangements in these atoms under normal conditions are 
particularly stable. 

Following the elements in the order of their atomic numbers, 
it is evident that the electron add<?d at each step in thcj series 
cannot 1)(^ held with equal strength, but that certain very closely 
correlated electron groups must be formed, a result which has 
already been indicated by consideration of the internal spectra. 
At (‘ach noble gas one of these groups is completed. However, 
only the first two groups (the K- and L-groups) are definitely 
completed in the noble gas structure; the higher groups subse- 
quently undergo a further incnxise in their electron number 
beyond the number attaimMl by the noble gas (see 348). 

Only those electrons which are located outside of the group closed 
by the nohlc-gas configuration are to be considered as valence elec- 
trons. This explains why in the periodic system elements are 
found at the same distance from a noble gas, which arc chemically 
similar, and why the positive valence increases from left to right 
while the negative valence increases in the opposite direction. 
The elements involved possess the same number of valence 
electrons; in proceeding from left to right this number increases 
by one unit at each step. 

According to Kossel* all atoms teml to attain the electron con- 
figuration of the noble gases, because these configurations are 

^ In spectral tubes in which the atoms are strongly excited because of the 
influence of the electrical discharge, the labile compound Hc 2 forms, as is 
indicated by the appearance of a band spectrum. The existence of this 
compound is easily understood from the considerations in 330 (see Lenz, W., 
Verh. Dent, physik Gesell.j 21, 637 (1919)). 

* Ann. Physik.y 49, 229 (1916). Also * Lewis, G. N., J. Am. Chem. Soc., 
38, 762 (1916). 
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the most stable; therefore, all atoms attempt, as far as the possi- 
bility for doing so exists, either to give up all the valence electrons 
(electropositive valence), so that each arrives at the electron 
number of the preceding noble gas, or to take on so many elec- 
trons that the outer electron group will be brought up to the 
number of electrons of the next higher noble gas. By this 
means Abegg’s rule, according to which the sum of positive and 
negative valences is eciual to 8, can be simply explained for at 
least the liglitcr atoms up to ('a; up to this point the difference 
between two successive noble gases is actually eight electrons. 
For the heavier atoms the relations arc somewhat mure complex, 
due to the appearance of another phenomenon (sec 348). 

The reason why even configurations with quite definite num- 
bers of electrons are particularly stable cannot be c.\plaincd 
theoretically at present on the basis of a complete theory. 
From a purely mechanical standpoint a particularly stable state 
of a system is the result of a pronounced minimum in its energy 
content. Actually, for example, when a four-<iuantum orbit 
is added to argon with one more nuclear charge (the formation 
of the potassium atom), the energy of a 4i-orbit is considerably 
less, i.e., the negative energy is greater, than that of a 42-, 4j-, 
or 44-orbit (see 328). However, the quantum conditions play 
a decisive r61e in determining the electron configurations 
in the atom. For example, it frequently happens that the con- 
figuration which is the most stable mechanical group cannot be 
realized on account of some quantum restriction. It seems that 
the exact conditions favorable to an attainable, stable configura^ 
tion are always fulfilled when the structure involved posseWs a 
bigh degree of symmetry. Therefore it has been attempted to 
bring the arrangement of electrons in a group of eight into 
relation with the distinctive symmetrical properties of the cube 
and to find an explanation for its great stability in this fashion.' 

348. The Arrangement of Electrons in Chemical Elements. — 
By means of the recent investigations by N. Bohr it has become 

‘ See LandA, A , Verh, DeuL phyatk Gesdl., 21, 2, 644, 053 (1910); Z. 
Phyink., 2, 83 (1920); * further, a number of articles, by G. N. Lewis and 
by I. Langmuir (see footnotes to 847 and 849). An excellent summary of 
the theories of "cubic atoms" is given in the monograph on “Valence and 
the Structure of Atoms” (Chemical Catalog Co. (1923)) by G. N. l^wis. 
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possible essentially to complete the general picture of the whole 
atom previously o])tained in which the atom consists of a number 
of sharply separated electron groups. The advance consists 
mainly in the fact that Bohr has been able to draw certain con- 
clusions regarding the nature of the orbits of the individual 
electrons from a number of properties (predominantly optical). 
Bohr considered the atoms of the entire periodic system as built 
up by increasing the nuclear charge in steps of one unit each, 
and at the same time adding on an electron from the outside. 
As shown in 328, the type of the orbit of the new electron can 
then be determined in a number of cases. ^ 

We now have as a fundamental law that an electron 'previously 
added generally retains its type of orbit, ?.e., its quantum numbers, 
even when heavier atoms are formed by further increasing the 
nuclear charge and adding on new electrons. Of course, the 
dimensions of the orbits already present will not be retained; as 
a result of the increase of the nuclear charge they must decrease 
more and more as the atom becomes heavier. 

The entire result of Bohr’s investigation is contained in 
Table 77. 

The innermost (K-) group is completed at helium, i,e., a 
newly added electron can no longer find place in the K-group, 
which consists of two crossed, one-(iuantum, circular orl)its (see 
330), and it is therefore com|KdIed to describe a two-quantum 
orbit. 

Thus the formation of the second (Tj-) group begins with 
lithium (Z = 3). The question whether the added electron 
occupies a 2i-orbit or a 22 -orbit is decided absolutely in favor of 
the 2i-orbit by the behavior of the external spectrum. The 
considerations which were employed in 328 for the orbit of the 
outer electron of potassium remain essentially the same for 
lithium also, but, on account of the relatively weak nuclear 
charge, the electron does not penetrate the K-group but merely 
approaches very close to it from the outside. For beryllium the 
addition of one more 2i-orbit is to be assumed, while in ])oron it is 
uncertain whether the new electron describes a circular or an 

^ In these investigations by Bohr the conclusions which arc to be drawn 
directly from the experiments are more prominent than purely theoretical 
calculations. 
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TaULK 77 N UMBKK OF DiFFEUENT ElECTKONIC-OKBIT TyPES IN ElEMENTH 

IN THE Noumal State (Bohr) 
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elliptical orbit. If, from reasons of symmetry, four 2i-orbits 
are assigned to the next element, carbon, as seems to be quite 
appropriate, then in boron also only 2i-orl)its could be present, 
provided the principle of invariability of quantum numbers always 
holds. However, since this principle certainly l)reaks down in 
several cases (such as Cu), it is probable that it also happens in 
the transition from boron to carbon. 

When another electron is added in the formation of nitrogen, 
the symmetry would be very much disturbed if it likewise 
described a 2i-orbit; the only possibility remaining is a circular 
22-orbit. The succeeding atoms arc also formed by adding on 
more 22-orbits until at neon the L-group with four 2i-orbits and 
four 22 -orlnts is completed 

The building up of the third series (M-group) of the periodic 
system (Xa to A) takes place in exactly the same way as in the 
second series; first the electron enters in the form of 3i-orbits, 
later in the form of 32-orbits. In these cases, however, the 
interpretation of the sj^ectroscopic data is altogether in favor of 
a 32-<)rbit for the added electron in Al, and not a 3i-orbit (the 
largest term corresponding to the most stable orbit is not in this 
case, as it is in the alkali and alkaline earth metals, an «9-term but 
a /Menu (see 328 )). It is not-e worthy that, compared to the 
building up of the second series, the end of the series at A, a 
number of possible orluts (the 3-orbits) belonging to the M-group 
have not yet appeared. 

However, in the formation of the fourth series this gap becomes 
filled. At first, of course, just as m the earlier groups, two 4i- 
or])its are occupied (K and C'a); but at scandium the unfinished 
M-group begins to be completed by the appearance of a 33 -orbit. 
The fact that, from element 21 (Sc) on, the M-group must be 
completed has already been disclosed in 324 by the behavior of 
the internal six?ctrum. 

One of the reasons why beyond a certain point the 33 -orbit, 
which in potassium is still rather far removed from the nucleus, 
is more stable in scandium than a 4i-orbit is without doubt to 
be found in the fact that, upon increasing the true nuclear charge 
by two units, the effective nuclear charge of the whole 33 -orbit 
(which lies outside of the kernel) is multiplied by 3; the diameter 
of the 33 -orbit must, therefore, decrease by one-third, while in 
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the 4i-orbit only the force acting on the outer portion of the 
orbit is trebled. Therefore, on the average, in the transition 
from K to Sc the negative value of the energy and the stability 
of Ba-orbit increase more than those of the 4i-orbit. Further, a 
comparison of the arc spectrum of K and Ca shows that even in 
Ca the difference between the energy of the Sa-orbit (the first 
d-term) and that of the 4i-orbit (first s-term) is much less than 
in K. 

In the next following elements also (Ti, V, etc.), the new 
electrons enter into the M-group; after a certain point, which 
has not yet been definitely established, even the number of Bl- 
and 32-orbits is increased from 4 to 6. This enlargement of the 
M-group is finally concluded at element 29 (Cu) ; from this point 
on the added electrons again place themselves in 4i- and la- 
orbits in the normal fashion. 

The discovery that between Sc and Cu the electrons do not 
simply take up outside positions agrees very well with the chemi- 
cal behavior of these elements.^ Here for the first time there is 
met a series of elements with metallic characters, each of which 
has several different positive valences; if the compounds of neigh- 
boring elements at the same valence level are compared, a certain 
similarity in their physical and chemical properties is found which 
otherwise occurs only within the vertical series of the periodic 
system. 

The variation in the valence of these elements is explainable 
because the added Bs-electrons in the M-group are, at least to 
some extent, quite as easily removed from the atom as the 41-elec- 
trons already present. The significance of the similarity in the 
chemical compounds of the neighboring elements at the same 
valence level is to l)o found in that, after a definite number of 
electrons has been separated, the remaining part of the atom is 
not so very different from one element to the next. 

^ It should be noted that all the elements in which the added electron takes 
an inside position are distinguished by the following physical properties" 
small atomic volumes, jmramagnetism in their compounds (the compounds 
of all other elements are diamagnetic), colored ions in aqueous solution (see 
Fig 57). Tlie siiiallness of the atomic volume can be explained directly 
by the fundamental assumptions; a theoretical explanation of the other two 
properties, in so far as this would be possible at the present time, lies beyond 
the scope of this book. 



THE STRUCTURE OF MATTER 


621 


The final completion of the M-group after reaching its full 
number of electrons is by no means so definitelj’’ marked fis the 
earlier completion of the II i- and 32-orbits at argon; yet it follows 
from the chemical behavior that the electrons of the M-group, 
as the group approaches completion, are held considerably more 
firmly than previously. While at Mn five electrons are easily 
removed from the M-group, in the elements from Fe to Cu only 
one electron of this group is able to participate in chemical reac- 
tions. An exception occurs in the case of Cu, wdiere oven one 
of the 4i-orbits of the previous element is changed to a Ss-orbit, 
this showing with particular clearness the tendency of the M- 
shell to complete its configuration. That Cu actually has only 
one outer 4i-orbit follows without any doubt from the great 
similarity between the arc spectra of Cu and the alkali metals. 

The formation of the fifth (0-) group of the periodic system 
takes place in exactlj” the same way as that of the third and fourth 
groups, only now there arc 5i- and 52-orbits instead of the 4i- and 
42-orbits of the N-groups, and the 43-orbit instead of the 83. It 
is to be observed that at first no 44-orbits develop, and therefore a 
gap remains open, as in the formation of the third group. 

The sixth group (P-group), analogous to the oth(u-s, begins with 
the addition of two 6i-orl)its to the xenon configuration (the 
formation of Cs and Ba); the next electron, likewise quite ana- 
logous to the previous cases, enters a Oo-orbit in the 0-group. 
Now, how’ever, a new process begins with the formation of the 
rare-earth elements. The next fourteen electrons do not enter the 
0~(iroup hut the still deeper N~group; they first fill up the empty 
44-orbits, but, besides this, increase the 4i-, 42-, 43-orbits already 
present from six to eight electrons. 

These facts, which are important for the understanding of the 
entire periodic system, follow directly from the relations between the 
internal sepetra, and were discussed in 324. 

It is due to the relatively deep-lying position taken up by the 
added electron that the outward effect^ of the kernel in this part 

^ The effect of an electron orbit towards the outside of the atom obvioasly 
depends less upon its mean than upon its maximum distance from the 
nucleus. Thus, a new circular 44-orbit has much less effect on the external 
atomic properties than an elongated 61-orbit, even when the mean nuclear 
distances of the two are not far different. 
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of the periodic system changes verj' little from element to element; 
in this way the great similarity of the ph3"sical and chemical prop- 
erties of the rare earths and their compounds are easily explained. 

Only when element 72 (hafnium), which has just recently 
been discovered, has been reached is it possible to continue build- 
ing up the 53-orbits of the 0-group, which began at lanthanum. 
Thus we get an atom whose external structure corresponds to 
that of zirconium, and therefore, according to Bohr, it must lie a 
chemical homologuc of this element, although it had previously 
been considered as liclonging to the rare earths.^ In this way 
the path to its discovery was indicated; actually, it has been dis- 
covered in zirconium minerals by C'oster and v. llevesy.® 

Of the seventh group only five elements are known; the place- 
ment of the added electrons without doubt occurs in the same 
way as in the previous groups. At elements 87 (not yet dis- 
covered, probably a strongly radioactive alkali metal) and 88 
flla) we fin<l 7 i-orbits for the first time, and at actinium Gj-orbits. 
For the completion of the missing 03- and o^-orbits which would 
be expected in analogy with the behavior of the O-group, it is 
remarkable that no indication exists."^ 

c. Thk Stuucturk of ]MoLKcrLi:s 

a Heteropolar Compounds 

349. Models of Heteropolar Compounds. — According to 341 
a heteropolar molecule arises from the transfer of valence electrons 
from one atom to another, \ e,, from the electropositive to an 

^ * Biirj' (J. Am Chem. Soc , 43, 1602 (1921)) by a modification of the 
TjCwis-Langmuir theory secured the same niimbei's of electrons in the various 
shells as Bohr, lie also predicted that clement 72 should resemble Zr. 
These two investigators arrived at these conclusions by means of such 
totally dilToreiit coasiderations that no question of ])rioritv is involved 

* Naturwisttcnschaften, 11, 133 (1923),* and Chemical lieviemj 2, 1, (1925) 

* Even before Bohr had developed his detailed theory of the periodic, 
system, li Ladenburg (NcUunoissemchafteHj 8, 6 (1920); Z Elektrochem , 
26, 262 (1920)) showed that, contrary to the conception prevailing at that 
time, in progressing along the periodic system the added electron did not 
appear to take up a place in the outer portion of the atom m a number of 
elements, but that it went deeper into the structure. The conception 
developed by him that this took place by the formation of special “inter- 
mediate shells” IS unnecessary now. 
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electronegative atom. As an example, the compound HCl 
may l)e considered to be formed from one chlorine and one hydro- 
gen atom. At the beginning, the inner part of the chlorine atom 
is surrounded by seven outer electrons. Since the ten electrons 
near the nucleus arc not involved in the formation of molecules, 
the neutral chlorine atom behaves as a kernel with seven charges 
surrounded by seven outer (valence) electrons. If the valence 
electron of hydrogen is added to these, it might be assumed 
that the electrons are arranged on the corners of a cube while the 
hydrogen nucleus is fixed outshle of the cube somewhat as indi- 



cated in Fig. 89. As a result of the mutual repulsion of the 
nuclei and the attraction of the nuclei by the electrons, the cube 
of electrons is displaced slightly towards the hydrogen nucleus. 
It is clear that the model cannot be an accurate representation of the 
actual structure, s^nce it considers neither the movements nor the 
centrifugal forces of the electrons to which the structure as a whole 
owes its stability. Although in the model shown in Fig. 89 the 
centrifugal force is replaced by an unknown force which holds 
the electrons rigidly on the corners of the cube, yet it seems as if 
this model correctly reproduces many of the properties of 
hydrogen chloride. 
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In analogy with this molecule^ the models of the other hctero- 
polar compounds have also been represented by cubes; as a first 
approximation the sodium chloride molecule would be represented 
by two nearly rigid cubes lying side by side.^ 

In a number of cases it is possible to use still simpler models. 
Suppose that all the atoms of a heteropolar compound arc com- 
pletely ionized and regard the ions simply as approximately 
rigid spheres* which according to their charges either repel or 
attract each other. The coherence of a heteropolar compound 
is then determined on\y by Coulomb’s law, and we have for the 
work A' of decomposing a simple molecule consisting of two 
oppositely charged ions, the expression 


€iC2 

ri + ^ 2 * 


( 302 ) 


where ri and arc the radii of the two ionic spheres. 

360. Calculation of the Aflinity of Formation of a Heteropolar 
Compound. — The formation of a heteropolar compound from 
two neutral atoms, which were originall}'' at an infinite distance 
from each other, can be considered to take place in such a manner 
that the valence electron is transferred from the electropositive 
atom to the electronegative, or, what amounts to the same thing, 
first take the electron away from the electropositive atom and 
then give it to the electronegative; during the process both 
atoms become ionized. The formation of the compound thus 
occurs in such a way that, due to their electrostatic charges, the 
ionic spheres approach each other as closely as their radii permit. 

The aflinity of formation or the heat of formation A of a sipiple 
binary gaseous compound from its ions thus consists of the 
negative work of ionization Ji and J 2 of the two atoms, together 
with the electrostatic work A' which will be performed by the 
approach of the spherical ions to the distance ri + r 2 . 

A = - - J, + A'. 


1 * See Langmuir, J. Am, Chem Soc,, 41 , 868 (1919). A simpler exposi- 
tion of the theory is given by Ehvood Hendrick {Chem Met. Eng , 21 , 73 
(1919)). Liingiuuir discusses the application of the theory to mtnigen 
compounds and complete ionization of salts in J. Am. Chem. Soc ^ 42 , 
274 (1920). 

* By means of the rigidity of the spheres the mutual repulsion of the outer 
electrons is brought into the calculation. 
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For the formation of HCl the following data exist: the work 
of ionization of hydrogen according to 310 is simply equal to 
hv^, where Vqo is the limiting frequency of the Lyman series, or 
also 9lVjA (per atom), or 9fViAN = 1.3 ■ 10** ergs = 310,000 cal. 
(per mole). The work of ionization for the chlorine atom can 
only be found indirectly and amounts to approximately —90,000 
ccA. per mole, i.e., the Cl atom has the tendency to ionize spon- 
taneously, while the ionization of the H atom requires work to 
Ixi performed on it from an outside source. The work of separat- 
ing HCl into ions* if the distance ri + r* l)e set at 1 • 10“* in 
round numlicrs amounts to *4.' = 330,000 cal. However, greater 
accuracy may be claimed for the value 315,000 cal. detennined 
directly from the ionization potential by P. Knipping.* It 
follows, then, that the affinity of formation of the molecule 
from the atoms is 

.1 = -310,000 + 90,000 + 315,000 = about 95,(M)0 cal. 

In order to compare this value with the observed heat of 
formation, 22,000 cal. of HCl from elementary (diatomic) chlorine 
and hydrogen, the work or heat of dissociation of the two ele- 
ments into atoms must be taken into consideration. For 
chlorine this amounts to about 30,000 cal. per gram atom, for 
hydrogen to about 45,000 cal. The observed heat of formation of 
HCl from the atoms is, thus, 22,000 + 30,000 + 45,000 = 97,000 
cal. The agreement l)ctwecn this value and the one calculated 
above may lx: considered as quite satisfactory in view of the 
uncertainty of some of the data involved in the calculation. 

It is thus seen that in the gaseous state the dissociation of 
HCl into atoms takes place much more readily than the dissocia- 
tion into ions, since the work of dissociation, A = about 100,000 
cal., is considerably less than the work of ionization, A' = 315,000 
cal. 

^ Due to the displacement of the atomic nuclei towards one side ( 349 ), the 
distance between the midpoints of ionic spheres, which is involved in this 
calculation, is in any case less than the distance 1 28 * 10~* determined fnim 
the atomic nuclei given m Table 76. 

*The value given by P. Knipping (Physik, ZeiL, 7, 328 (1021)) for the 
ionization potential of HCl has been corrected by J. Franck, 
{.ihvi , 160 (1922)). 
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361. Electrolytic Dissociation of Heteropolar Compounds in 
Aqueous Solution. — The relations in aqueous solutions are 
quite different, as experience shows, in that the molecules are 
practically completely ionized and therefore the work of separat- 
ing the compound into its ions must Ix) very much less. 

In formal terms, an explanation for the reduction of the work 
of ionization A' is obtained when it is noted that the effective 
force between two electric charges is inversely proportional to 
the dielectric constant D of the medium between them. Since 


for water D = 80, the work of ionization is 


315,000 

80 


~ 4000 cal, 


which is so small that even at room temperature an extensive 
separation of the ions seems to be quite likely as the result of 
the heat motion of the atoms. That this consideration can 
represent only a rough approximation may be seen from the fact 
that the mam part of the work is performed m separating the 
ions to molecular distances, by which the conception of the dielectric 
constant, which holds for a continuum, loses its meaning. 

If we do not wish to treat the influence of the solvent in a too 
arbitrary fashion and yet desire to avoid the use of the dielectric 
constant, then we may try to determine in what manner an 
isolated, gaseous ion would enter into a reaction with the solvent. 
In various ways it can be shown that, by the addition of detached 
ions to the molecules of the solvent (especially in water), a very 
considerable electrical work of “hydration” -.1* is set free, which 
is about as large as or, in many cases, is even larger than the 
work of separating the ions A'. In the case of IIC.U, it is found 
from various considerations (see 362) that the approximate 
value of the work of hydration is about 250,000 cal for the 
H ion and about 100,000 cal for the Cl ion, so that the total work 
of hydration for the detached ions is about 350,000 caL, which is 
somewhat larger than the work A'. Therefore in the solvent 
the ions will not combine w’ith each other to form neutral 
molecules, but will unite individually with molecules of the 
solvent to form “hydrates” and thus remain separated from 
each other. 

362. The Influence of the Charge and Size of the Ionic Sphere 
on the Chemical and Electrochemical Behavior of the Hetero- 
polar Compounds. — If the exchange of the valency electrons is 
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considered as being completed and the hetcropolar compound is 
thought of as simply being built up of ionic spheres, then, as 
Eossel has shown, a number of chemical properties of hetcropolar 
compounds can be most simply understood by means of a purely 
electrostatic explanation in place of the more complicated chemi- 
cal explanation which had been previously sought. 

As the characteristic properties of ions which are significant 
in the formation of hetcropolar compounds it is only necessary 
to consider: 

1. The magnitude of the charge. 

2. The radii of the ionic spheres. 

As Kossel was able to show, the size of the charge exercises 
a decisive influence on the entire behavior of hetcropolar 
compounds. 

A simple example may be found by comparing the three hydro- 
gen compounds IICl, II2O, and NH3, in which the charge of the 
anions increases from 1 (Cl) to 3 (N) As a result of this increas- 
ing charge, the hydrogen ion is relatively loosely bound in HCl, 
considerably more strongly in II2O, but in NIT3 it is so firmly held 
than no measurable amount of 11+ ion dissociates off. 

The tripl(5 n(?gative charge of the nitrogen permits not only a 
very firm ])inding of the H ions originally presc'iit, but also acts 
powerfully upon other ions which do not yet belong to the mole- 
cule, so that monovalent positive ions can be superimposed upon 
the nitrogen in addition to the three hydrogens. If, for example, 
a neutral NII3 molecule is brought into contact with an 11+ ion, 
the ion NTI4+ is formed. Of course, the similarly charged H+ 
ions, repel each other, which counter! )alances the attraction of the 
nitrogen, but the repulsion of four monovalent ions is still 
smaller than the attraction. • 

On the basis of the above assumption it may be calculated 
numerically how many monovalent ions can be added on an 
7w-valent ion. If there bo no motion of the molecules due to 
heat, that combination will always be formed for which the poten- 
tial electrostatic enorgy is a minimum or for which, by the union 
of the constituents, the electrical work performed is a maximum. 
At higher temperature, of course, the most stable compounds 
again decompose partially, due to the heat motion of the molecules. 
The electrostatic work is composed of the work of attraction 
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= ■ ■ , of the inner m-valent ionic sphere (radius n) on the 
ri + r2 


other ions (radius r 2 ), each of which carries an opposing 
single charge, as well as the work of repulsion of the latter 
upon each other. 

For the following values are obtained for an increasing 
number /i" of the ions whose centers, as a result of their repulsive 
actions, are arranged on a sphere of radius ri + r 2 in the most 
symmetrical, regular manner possible: 


/i" = 2 * ^> = - - -- • n" = 3 • $ = ^ 

" ^ 2rx + ra’ " ^ Vgri + r* 


1.73 


J-i + r,' 


0-\/y e* 


n" =A{k-ttafu-iIra): <!>, = - “ = 3.G7G - , - ; 

4 ri + rj ri + r*’ 

>t K ^ / 3 , GV2 , 1\ c* c* 

\V3 2 2/ri + r 2 ri + r*' 


Considering a trivalent nitrogen ion (/« = 3) to which single- 
charge H+ ions are brought from an infinite distance, the factors 

by which the quotient ^ of the total work performed - O, 

are to be multiplied fonn a series of values as follows: for n" 
= 2, 5.50; n" = 3, 7.27; n" = 4, 8.32; n" = 5, 8.52; n" = 6 , 
8 . 00 . Since the maximum lies at n” = 5, an ion NH 6 ++ sh 6 uld 
be formed in a solution containing free H+ ions, but the work of 
separation of the fifth ions is so small that even at room tem- 
perature it is practically completely dissociated and only the NII 4 + 
remains. 

In a pure aqueous solution of NH 3 , in which the concentration 
of H+ ions is very slight from the beginning, it is well known that 
for a portion of molecules an H'*' ion leaves the compound HjO and 
attaches itself to the NHs, so that in the solution NH 4 '*' ions and 
OH~ ions are present. 

This case may also be easily calculated. The electrostatic 
energy of the HjO and NHj molecules amounts, respec- 
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gS lA 77-s 

tivcly, to 3.50 , - and 7.27 , ; and together to > 

ri + n ri + r2 ® 

if the same diameters are assigned to the O' and ions. 

On the other hand, the electrostatic energy of the OPI~ and 

ions amounts to 

= (2.00 + 8.32) - = 10.32 • 

fi + rt ri + r* 

It is thus shown that the affinity of formation of the neutral 
molecules from the individual ions is the greater, yet the energy 
diffurence between the two systems, NII 3 + PI 2 O on the one side 
and NHi'*' + OH~ on the other, is rather small, so that it is not 
difficult to understand that, as a result of the heat motion of the 
molecules, a portion of them arc found in the ionized states Nil 4 + 
and OII~. These considerations lead to the further result that 
the undissociated hypothetical compound NH4OH cannot form 
at all or at the most in exceedingly small amounts, since the 
repulsion between the doubly charged negative O ion and the 
tnibly charged negative N ion is much too great. 

An example which is completely analogous to the formation 
of the NH 4 + ion, but which involves a triple positive charge on 
which are added monovalent negative ions, is found in the mole- 
cule AuClj, which unites with a Cl“ ion to form the AUCI 4 - in 
an HCl solution. 

For an ion with four charges like the Pt+++''' ion the possibility 
of adding on oppositely charged, simple ions is considerably 
greater than for an ion with three charges. The calculation 
shows that the electrostatic work involved in the union 

of ions is a maximum for six added monovalent ions, which agrees 
with the chemical result that a PtClt" ion is formed in HCl 
solution. If to such a solution NH 3 molecules are added, it is 
possible, on account of the triple charge of the nitrogen, to dis- 
place the Cl~ ions wholly or in part, so that there are formed radi- 
cals or ions such as Pt(NH 3 )CU-, Pt(NH 3 ) 2 Cl 4 , Pt(NH 3 ) 3 Cl 3 +, 
Pt(NH 3 ) 4 Cl 2 ++, Pt(NH 3 )*Cl+++, Pt(NH 3 ).+-H-'-. A greater elec- 
trostatic work is performed in the formation of the system 
Pt(NH 3 ) 6 ++++ -1- 2H'‘' + 601“ from the individual ions Pt++++, 

N , etc. than in the formation of the system PtCU + 2 H''' -|- 

6 NH 3 . 
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In a similar manner it is possible to explain, from a purely 
electrostatic viewpoint, a number of other phenomena in the 
field of the inorganic complex compounds, especially the so-called 
^‘molecular compounds,” the understanding of which involves 
certain difficulties from the older chemical viewpoint, and w’hich 
required the existence of “coordinative linkage,” as distinguished 
from the ordinary chemical valence, to be assumed. 


The hydration of ions already mentioned in the preceding paragraph may 
be explained, at least schematically, by simple electrostatic addition, even 
though the relations arc somewhat different from those in the formation of 
the Nil 4 '*' ion, etc , since the individual ions arc comjilctcly surrounded 
by the molecules of the solvent and the individual ion is apiiareiitly not 
bound to any definite molecule of the solvent In spite of this, the sort of 
calculation illustrated by the above example seems to lead to at least 
approximately correct results for hydration also It may thus be assumed 
that an 11+ ion in water adds on only one H 2 O molecule. Since the electrical 
work involved in the formation of the II 2 O molecule from one doubly charged 

c* e* 

O ion and two 11+ 10 ns is (2 X 2 — ^ 2 ) ’ 1 “ = ■ 1 - ^ the formation 

Ti + r2 ri + r2 

e® c* 

of the complex Hj<.)+ involves only (3 X 2 — v 3^ “ 1 ■ = -I 27 -- , j 

ri + r2 ri + ? 2 

there is found for the hydration 11+ + H 2 (') the work 


r® 


If Ti + ^2 is again put equal to 1.0 10“*, the w’ork of hydration per mole is 
found to be .fl* 255,000 cal. The Cl” ion can fasten it.self to the II 2 O only 
on the outside of the molecule on one of the II 10 ns: Cl” — 11+ — O” ” — II+. 
Since the attraction between an H+ ion and the Cl” ion striking it directly 
is compensated by the repulsion of the ( ) — ion (doubled distance i)ut doubled 
chargeO. practically only the attraction between the Cl” ion and the 
more distant 11+ ion remains. The w'ork corresponding to this attracAon 

1 c® 

as the result of the distance 3(ri + amounts to il* = « . or, 

o ri -h r2 

expressed in calories per mole, 100,000 cal Thus altogether, the work of 
hydrating a mole of H+ 10 ns and Cl” 10 ns in the gaseous state is about 350,000 
cal , while experimentally the value of about 330,000 cal was obtained. On 
the basis of Hess’ law the heat of hydration of the gaseous 10 ns is cipial to the 
work of ionization of the gaseous molecule (315,000 caL) plus the heat of 
solution (17,000 cal ). 


In order to illustrate the influence of the ionic diameters upon 
the behavior of heteropolar compounds (although in comparison 
with that of the ionic charge this effect is rather small), the four 
compounds H2O, H2S, H2Se, and H2Te may be compared with 
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respect to each other. It must be assumed that the ionic radius 
increases from O to Te. Therefore, the H+ ions are held more 
firmly by the doubly charged negative ion in H 2 O than in H 2 S, 
in H 2 S more firmly than in H 2 Se, etc. This supposition is 
confirmed by the measured electrolytic dissociation constant 
(affinity constant) which for H 2 O is about 10”^^; for 112 ^, about 
1 • 10"^; for H 2 S, about 1.7 • 10”^; and for II 2 TC, about 10“®. 

An instructive example, in which the simultaneous influene<5 
of the length of the radius and the charges of the ions of hetcro- 




polar compounds appears, is given by the l)ehavior of the ele- 
ments of a horizontal row of the periodic system with respect to 
the radical OH”. 

It is well known that the compound X(OH)n will dissociate 
()H~ ions if X is an alkali or alkaline earth metal, and ions if 
X is phosphorus, chlorine, etc., that is, the elements found on the 
left side of the periodic table have basic properties, while those 
on the right side are acidic. 

It may be assumed that the ionic sphere with m charges, which 
corresponds to the element X, possesses approximately the same 
diameter in the various elements; the diameter of the hydrogen 
ion, which consists of a mere nucleus, will be considered as being 
very much smaller. 
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The simple; positively charged alkali metal (Na) will be 
attracted by the oxygen, yet, due to its greater diameter, the 
oxygen dissociates more readily from the sodium than from the 
H+ ion, which is very firmly held to the oxygen because of its small 
radius (Fig. 90) ; thus, in solution, OH” ions are easily formed. 

A doubly charged atom (alkaline earths) allows two OH" ions 
to be added to it in the manner indicated in Fig. 906, but, due 
to the double charge of the middle ion, there is already a percep- 
tible repulsive effect upon the H+ ions i.e., the H+ ions of the Oil" 
are somewhat loosened, and the basic chanicter is less distinct 
than in the previous case. The more the charge on the central 
ion increases the stronger will the O" ion be held, but, on the other 
hand, the respulsive force on the 11+ ion will simultaneously 
become greater. 

The compounds Al(OH) 3 , Si(OH) 4 , PO(OH) 3 , S02(0H)2, 
C 103 ( 0 H) have, therefore, increasingly acidic characters; the 
last two are exceptionally strong acids {cf. Figs. 90c to (/, in 
which the dotted ring indicates the place where dissociation 
occurs). The quantitative calculation shows that up to the 
fourth element (Si) it is easier to split off an OH" ion from the 
molecule, but above that it is easier to split off an H+ ion. Already 
at phosphorus, the force of repulsion on the H+ ion is so great 
that the molecule P(OH )5 is no longer formed at all, but the ion 
P( 0 H) 302 — is first obtained. But since the O" ions mutually 
repel each other, one of these dissociates off and unites with the 
far-removed H+ ions to form H 2 O, so that the neutral molecule 
P0(0H)3 remains. This, however, still has the tendency to 
repel the H+ ions and thus acts as an acid. 

The greater the charge on an ion the greater is its effect, 
not only on the free ions with which it comes in contact but 
also on the ions contained in other heteropolar molecules; thus 
the latter are frequently split off and the highly charged ion links 
together with a number of oppositely charged ions into a firm 
complex. In this effect of a high ionic charge on a heteropolar 
compound is to be seen the reason why ions which carry a charge 
of more than three are not formed in solutions, especially aqueous 
solutions, or are at most capable of existence only in very small 
amounts. If it were possible to prepare some of the ion S++++++ 
in the free state, so soon as it was brought into contact with 
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water, the 0 — ions would be strongly attracted, the ions 
strongly repelled, and the following exchange would take place 

S++++++ + 4H,0 = SOr- + 8H+. 

On the whole, it may thus be seen that the chemical and elec- 
trochemical behavior of numerous inorganic compounds may be 
explained in a far-reaching manner by attributing to them a 
decided heteropolar character and correspondingly considering 
them schematically as built up of a number of ionic spheres 
between which only electrostatic forces act. It is clear that this 
somewhat rough method of treatment cannot always lead to 
completely correct results. This is the case particularly when 
the heteropolar character of a compound is not very pronounced, 
f.e., when the exchange of valence electrons is not complete. 


Fajsins has performed an investigation to take this into account through 
the consideration of a ^Meformation of electron shells** {Naturmasenschaflenf 
11, 165 (1923)). Although this author 
arrived at several remarkable qualitative 
results, it must be considered as doubtful 
whether permanent advance is produced m 
this way, because a general applicability 
of the simple ionic sphere model breaks 
down rather less on account of the lack of 
the rigidity which it was necessary to 
assume at first, than because of the fact 
that frequently there are actually no com- 
pletely detached ionic spheres present l)ut, o- 
instead, the valence electrons are, at least 
to some extent, shared between the two 
kernels 

P Homopolar Compounds 

353. The Model of the Hydrogen 
Molecule. — ^The simplest homopolar 
compound is the hydrogen molecule 
H 2 . According to an old theory by 
Bohr, the union of the two atoms is 
effected by a (one-quantum) ring formed by two revolving elec- 
trons, so that the model illustrated in Fig. 91 is obtained. This 
system is in itself completely stable; the electrons will be attracted 


V/- 

Fig 91. 
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by the nuclei, but the centrifugal force prevents them from com- 
bining. The nuclei are located in stable positions where their 
mutual repulsions, and the attraction components of the electrons 
which act in the direction of the lines connecting them, hold the 
entire system in equilibrium.^ The shape and the absolute 
size of the system are then completely determined by the condi- 
tion that the orbital energy of the electrons must l)e equal to 
V 2 A/i. Its other physical properties are also absolutely fixed 
by this coiulition (c.flr., optical properties). 

Tests as to whether and in how far the Bohr H 2 model cor- 
rectly reproduced the ol)ser\"ed physical and chemical properties 
have in several cases (dispersion and magnetic rotation) led to a 
confirmation of it; in other eases values of at least the correct 
order of magnitude were obtained, according to the model the 
work of dissociation should be about 62,000 cal per mole, while 
the results of measurements by various methods give about 
90,000 cal^ While for a long time, due to this and several other 
disagreements between experiment and theory, it seemed neces- 
sary to alDandon Bohr’s model altogether, Kramers’ discoveries 
about the helium atom (see 321) at least open up the possibility 
that the reason for the disagreement is not to be sought in the 
incorrectness of the model but rather in the present lack of 
knowledge concerning the laws which govern the mutual effects 
of rapidly moving electrons. 

Of course, whether it is possible to have a one-quantum ring with two 
electrons, as Bohr's model assumes, seems to 1)0 doubtful from the behavior 
of orthohelium, whose ical li-orbit, which likewise must consist of siicii an 
electron ring, actually cannot be realized Just due to this circumstance of 
the helium atom whose orbits m the normal state cniss, a certain probability 
was given to the supposition expressed by Born (Natiirwi't'tenschaftcn, 10, 
677 (1922)) that the orbits of the valence electrons of the hydrogen molecule 
revolve m planes beyond the Hue connecting the two nuclei and cutting each 
other at an angle of 60°. However, L Nordhcim showed that such a model 
was not stable (Z. Physik., 19, 69 (1923)). 

^ * However, the model is dynamically unstable, for if one electron is 
pushed slightly ahead, it will move still farther out of its orbit and the model 
changes a Hiiite amount from that suggested by Bohr. 

2 * For a rocrent calculation of the heat of dissociation of II 2 , sec Graham 
Edoar (/ Am Chem , 46, 673 (1923)). The values obtained arc some- 
what less than 90,000 cal., depending upon the temperature. 
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Now, since the elliptical electron orbits play such an important part in 
Bfjhr's newer atomic models, it is natural to consider that possibly the val- 
ence electrons of homopolar compounds also describe elliptical orbits in 
whi(‘.h both foci arc occupied by the nuclei of the atoms which are to be 
united (see, for example, Knorr, C. A , Z. anorg Chem , 129, 109 (1923)). 
If this idea is applied to the hydrogen molecule, it is found that there will be 
only one lo-ellipse, te, a completely flattened out orbit, because every 
higher-cpiantum orbit gives much too low values for the heat of dissociation. 
Ill general, however, this sort of system cannot be objected to on the ground 
that a lu-orbit is always impossible because it would lead to collision with the 
nucleus. In molecules the lo-orbit is certainly distorted and therefore is 
not cpiite a straight line In the particular case of the hydrogen molecule, 
a collision between the electron and the nucleus would be avoided; for exam- 
ple, due to a nitation of nuclei about their common center of gravity which 
is most probably always present (null point energy). (See Euck£N, A , 
Natu) wisiicnschaften, 10, 533 (1922).) 


It will not be possible to decide whether or not one of the previ- 
ously advanced models for the hydrogen molecule is correct 
until the law which descril)es the mutual influence of rapidly 
moving electrons is discovered. Under these circumstances an 
attempt to find models for the homopolar compounds of the 
higher atoms is still less promising, since, as a rule, even more 
than two electrons will be shared between the nuclei. Some 
idea cf the complexity of the relations in these homopolar com- 
pounds is given by the band spectra; for example, the absorption 
band spectrum of iodine shows that even at room temperature 
only a part of the molecules arc in the normal state and that 
at the same time a large number of them are present in various 
states of excitation. 

364. Work Involved in Severing Organic Bonds. ^ — In order 
to calculate theoretically the unsolved problem of the physical 
properties of a homopolar bond from the molecular model and 
to obtain as broad an empirical foundation as possible, it is impor- 
tant to determine a number of constants which are characteristic 
for the individual homopolar bonds. Bonds of special interest 
occur in organic compounds; above all, we shall l>e concerned 
with those bonds in which carbon is a member; C — H, C — C, 
C=C, C=C. Since these bonds do not occur alone, but 
together with others in the structure of the larger organic mole- 

^See Faj\ns, K., Ber Deut chem Gesell, 53 , 643 (1920). 
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cules, the first problem is to derive the results which hold for the 
individual bonds from the observations made upon the com- 
pounds as a whole. 

One of the most important constants of a bond is the work 
required to sever it. Even with complex molecules, the deter- 
mination of this work is not so very difficult if- it is assumed 
that the work of decomposing such a complex molecule into 
atoms is purely the sum of the amounts of work involved in 
separating the individual bonds contained in the compound, 
i.€,f that the work of separating each bond is independent of the 
neighboring bonds. Therefore it is assumed, in contrast with 
the heteropolar, that in the homopolar compounds each atom 
exercises forces which affect only its immediately ricighbonng 
atoms. As it will be shown later, this assumption is really 
justified. 

Empirically, the work required to decompose a molecule is 
obtained from the heat of formation at absolute zero, the latter 
in an emergency being found from the heat of combustion^ (see 
200). Of course the heat of formation refers to the origin of the 
compound from solid carbon (diamond) and the diatomic gases 
(H 2 , O 2 , etc.) ; in order to get the work of decomposition, the heat 
of formation must be increased by the heat of evaporation of 
carbon (according to the number of carbon atoms in the com- 
pound) and the heat of dissociation of the diatomic gases con- 
cerned. For each txoo atoms in the compound, the heat of 
dissociation enters once into the calculation. 

The heats of formation of a number of hydrocarbons, deter- 
mined in this manner, are summarized in column 5 of the follow- 
ing table; the heat of evaporation of carbon was taken as 150 
Cal, (H. Kohn),2 the heat of dissociation of H 2 as 90 Cal, 

1 As a rule, no great error is introduced when the value determined at room 
temperature is used 

*Z. Physik., 3 , 143 (1920). 
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Tabu! 78.— Enbboy of Fobmation of Several Uydkocaiwonh (Colorw*) 


1 SulMtanco 


Methane 

Ethane 

Propane 

Tetraincthylmothane 

n-octane 

Ethylene 

Propylene 

Acetylene 

Alblcne 

Bcnienc 

Toluene 

Naphthalene 








348 

592 

836 

1324 

2055 

466 

710 

330 

582 

1152 

1306 

1851 


"rhe determination of the work of decomposition or the energy 
of formation no longer offers any difficulties: the linkage C — H is 
obtained from the energy of formation of methane, which has four 
such bindings and no other kinds; the linkage C — C is obtained 
from ethane, etc. Thus the following values are derived: 


Bund 

WoKK or Uecom- 

POUITIUN (PBlt 

Mole) Caloriea 

C^— H 

87 

C — C aliphatic 

70 

C — C aromatic 

105 

c 

HR 

c c 

170 


The agreement between the observed values and those calcu- 
lated from the above individual values is so satisfactory that one 
may consider the basic assumption, that the binding energies 
are quite independent of each other, to be essentially justified. 
Only naphthalene shows a marked deviation; but in this case the 
benzene bonds are so increased that a certain mutual effect does 
not seem surprising. 

The values for the work of decomposition of individual bonds 
are remarkable in many respects: 


1. The work of decomposing C — H is, as far as can be judged at the 
present time, about as great as that for H — H. 


















638 


FUNDAMENTALS OF PHYSICAL CHEMISTRY 


2. The work of decomposing C — C (aliphattc) is about oncdialf as much 
as the heat of evaporation of carbon. If, in agreement with the results of 
X-ray analysis (see 358) with respect to the atomic structure of the diamond, 
it IS assumed that each atom of the diamond is linked to four neighboring 
atoms, then there exists a total of linkages in a gram-atom of diamond, 
since each single linkage belongs to two atoms. Therefore, in order to 
evaporate one gram-atom of diamond, 2N linkages must be severed The 
fact that the work of decomposing the aliphatic bond C — C per mol*? is 
approximately half the heat of vaporization of carbon thus makes it prob- 
able that the C atoms in the diamond are held together by the same forces as m 
the aliphatic comjmunds 

3. The work of decomposing the double and triple carbon bonds is greater than 
that of the single bonds, although the amounts are far from being twice and 
three times the latter. This result seems to contradict the viewpoint of 
organic chemistry, in which, according to experience, it is customary to 
consider the double and triple carbon bonds as being looser than the single 
bonds ^ Yet this view is ba.scd only upon the fact that a double bond is 
relatively easily changed to a single bond by the addition of another atom, 
such as bromine; concerning the absolute value of the sticngthof a double 
bond, nothing further can be said here. That the value 118 Cal is quite 
plausible for the bond C -C may be illustrated by the following example 
Ethylene changes to ethylene bromide by the adilition of bromine The 
molecular heat of reaction is about 26 In order to effect the addition, 
energy must first be employed, 46 Cal to decompose the Br^ molecule into 
Br atoms, and 118—70 = 48 (*al to change the double bond into a single 
one — ^a total of 94 Cal The reason why the reaction takes place in spile of 
this lies 111 the relatively high binding encigy of bromine and carbon, which 
from the heat of formation of methyl bromide has a value of about 62 I'al. 
Instead of the observed value of 26 Cal for the molecular heat of reaction in 
the addition of bromine to ethylene, the calculated value is found to be 
-94 + 2 X 62 = 30 Cal 

4. The aromatic C.5 — C linkage is considerably stronger than the ali- 
phatic, but it IS, how ever, not so strong as the double bond I 

Just as the energy of formation of a compound may be calculated from the 
work of decomposing the individual linkages, it is, of course, possible to 
calculate back from them to the heat of combustion, provided the heat of 
evaporation of carbon, the heat of dissociation of hydrogen, and the heat of 
combustion of both carbon and hydrogen are considered as being knowm 

366. Light Absorption and Color of Organic Compounds. — 
Further empirical material on the mutual bonds between mole- 
cules is given by the optical properties of substances. 

Direct information concerning the energy transitions and, 
therefore, also concerning the orbits of the valence electrons is fur- 

^ * Not all organic chemists accept this viewpoint; some consider, rather, 
that a double bond is not so strong as two single bonds, etc. 
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nished, as has already been mentioned in 335, by the character- 
istic emission or absorption siJectra of molecules in the gaseous 
state which are usually called the band si)ectra. 

If the absorption of a substance in the Ihiuid or dissolved state 
is observ'ed, all the fine structures of the band spectra disappear 
and only a reduced number of relatively broader absorption 
regions is left. Although these absorption spectra are less suitable 
for a quantitative investigation of the molecular structure than 
the band spectra of the gases, it is possible to deduce from them a 
nunil)cr of valuable empirical laws for the investigation of the 
constitution of organic molecules. 

Even without a spectral investigation, the color of a compound 
gives a certain indication concerning the approximate position 
and strength of the absorption bands in so far as these he in the 
visil)le portion of the spectrum. A blue-colored solution, for 
example, absorbs in the orange region; a yellow solution in the 
blue-violet, etc. 

The majority of valence electrons of simple homopolar bonds 
in the unexcited state of the molecule at ordinary tempera- 
tures) generally have relatively high velocities of revolution 
and, therefore, similar to the Lyman series of hydrogen, can get 
into the next neighboring stable orbit oiil^'^ by a largo energy 
transition, that is to say, by the absorption of ultra-violet light. 
An absorption in the visible spectrum is obtained from electrons 
whose energy transitions are smaller and, tlu^refore, also possess 
smaller velocity of revolution than the normal valence electrons. 

An absorption in the visible region is thus to be expected in link- 
ages containing relatively loosely bound electrons, which is fre- 
quently discerned by chemical m<*ans from the unsaturated 
character of the bonds. Indeed, a numl)(»r of unsaturated groups 
of atoms may be named, in the presence of which a coloring of 
the molecule always occurs, and which are usually called chromo- 
phores (0. N. Witt). Examples of such chromophores are 
found in the groups “ -C O, =C— S, =C=N — , — N— N — , 

HC CH 

/ \ 

and especially C C==. 

\ / 

HC CH 
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If the chromophore group is relatively weak, as, for example, 
the carbonyl group, then a single group is not sufficient to develop 
a visible color in the molecule and two or more arc necessary. 
Thus the effectiveness of groups is very much greater when they 
are immediate neighbors. As a rule, the color caused by one or 
more chromophore groups is changed by introducing still another 
group (which of itself will not develop a color) into the molecule; 
these arc distinguished as the bathochrome groups — CHs, 

— 0 — CH 3 , — COOH, — CeHs, etc ), which displace the 
absorption spectrum from violet toward the red and therefore 
cause color changes from yellow to green through red, blue, and 
violet; and the hypsochrome groups {e.g , — H), which work in 
the opposite direction. Moreover, in order to transform a 
compound, which is colored due to the presence of a chromophore 
group, into a real dye which has the property of clinging fast to 
organic fibers, it is, in general, necessary to introduce still 
another group, the auzochrome (e.flr., — NII 2 , — OH), which 
always acts as a bathochrome at the same time. 

However, recent exhaustive investigations^ indicate that the 
simple assumption of a simple chromophore group which is more 
or less influenced by other groups does not alwaj'^s suffice for the 
explanation of the origin of colored organic compounds. 

In agreement with the above assumption of the presence of 
loosely bound electrons, a color seems to appear not only when 
single chromophores are present, but also when the whole mole- 
cule seems to be chemically somewhat loosened (Kauffmann 
calls this phenomenon ** Valenzzersplitterung*'), even without the 
presence of definite chromophore groups. The benzene ring in 
particular is easily affected by such an influence, since, according 
to Kauffmann, it is capable of existing in a large number of 
states which can be converted into each other rather easily. 
Thus it is clear that sometimes a color can appear or disappear 
through apparently trifling changes within the molecules. 
Examples of this are found especially among the indicators, 
t.c., basic and acidic dyes which in the undissociated and ionized 
states have totally different colors (see 191). Since the mere 

^ An evcellent review of these investigations is given by IIenrichs, F., 
“Theories of Organic Chemistry,” translated by Johnson and Hahn, 
John Wiley & Suns, Inc. (1022). 
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addition of an H+ or an 0H“ ion cannot, according to other exper- 
ience, directly produce a change of color, it must 1^ assumed that 
the dissociation of an indicator involves a more or less extensive 
internal rearrangement, which is to be considered as the real 
reason for tlie change of color. In a number of cases, as PTantzsch 
has shown, such rearrangements may be demonstrated chemi- 
cally, or at least be made very probable. 

366. Molecular Refraction. — Besides the emission and absorp- 
tion phenomena, the electrons contained in a molecule make 
themselves conspicuous by an influence on the velocity of propaga- 
tion of light passing through the substance. The substance thus 
shows, compared with a vacuum, a bending of the light ray 
(refraction), and the influence becomes greater the more closely 
the vibration number of the light ray approaches the frequency 
of the electron. 

We are, therefore, interested in finding a quantity which in the 
simplest possible manner will express the influence of the indi- 
vidual electrons (valence and others) contained in the molecule. 
It is seen at once that the relationships in this case will be some- 
what more complex than for the heat of formation of a molecule, 
which could be obtained in a simple additive manner from the 
energj' values characteristic of the specific linkages involved. 
That the refractive index of a compound Ciumot be made up 
additivcly from the indices of its constituents is shown by the 
simple fact that atomic carbon (diamond) has a much higher 
n'fractivc index than any organic compound. 

Theory' teaches that the refractive index (n,) of a substance 
must be represente<l by the expression 


,, 7 + '.v'or'". ■ ) 

Hr — /It "j ■■ - - - - , 

1 - A' +N'' A" . ) 

o 


(303) 


where N', N”, etc. are tlic numbers of the different kinds of 
electrons in the unit volume; A\ A”, etc. arc quantities which 


^ Sec Lorentz, H. A , “The Theory of Electrons, “ Leipzig (1909). The 
calculation has only been performed t^n the basts of classical theory, but the 
application of the quantum theory will not make any essential difference 
in the results obtained for refraction and dispersion. *Sce also the chapter 
by P. Debye in Marx, Ilandbuch der Eadiologie (loc. cit.) vol. 6, 1925 
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depend upon constants of the elections, especially their 
characteristic frequencies, as well as the wave length of the 
light. 

By transformation we got 


nr* - 1 

«r* + 2 


~(A"A' + .V"A" + 


. .) 


/Ir* - 1 ^ 4irAr"A" 

« r *"+2 3 3 ■■■ 


It is desirable to have this expression in molar terms rather than 
in cubic centimeters, i.e., to multiply it by the molecular volume 

*'»• ~ j • The quantities r„N', etc. then become equal to 

N, Avogadro’s number, provided that in each molecule there 
occurs just one of each kind of electron concerned, or a whole 
number (oi, bi ... ) times N, if each molecule contains more 

(«i, bi, ... ) electrons of each sort. Putting = Ai; 

4;jr 

-.4"N = Az, then each of the quantities Ai, Az, etc. represents, 

for a definite wave length of the light, a constant quantity which 
has a value chanicteristic for evory electron (valence as well as 
int-eratomic) vibration and for ever>" wave length, and which is 
called the refraction equivalent. Hence, 


Wr* - 1 

nr^' + 2 5 


aiAi + biAz + 


m) 


The expression ”" 2^2 ^8* calh'd the molecular refrac- 

tion, 28 Urns composed addiUvehj of the refraction equivalents of 
the indtindual electronic vibrations. 

In order that it may be a really additive property of the indi- 
vidual electron vibrations the molecular refraction must above 
all be independent of the state of aggregation or the density 
(temperature) of the substance. As Table 79 shows, this condi- 
tion is, indeed, fulfilled. Another somewhat simpler expression, 

Wr — 1 , 

- ■} also varies but slightly with the density. 

Experience shows further that the molecular refractions may 
really be calculated additively in a fairly satisfactory manner 
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Table 79 


Substance 

Hr — 1 

6 

Wr* - 1 1 

nr® + 3 4 

Vapor 

Liquid 

Differenci* 

Vapor 

Liquid 

DifTerenre 

Water 

0 3101 

0 3338 

-0 0237 

0 2008 

0 2001 

+0 0007 

Carbon disulfide 

0 4347 

0 4077 

-0 0030 

0 28<IS 

0 2S05 

+0 0003 

Cliliiroform 

0 2()1U 

0 3000 

-0 0300 

0 1700 

0 1700 

+0 0000 


from specific, empirically determined refraction cciuivalents. As 
is to be expected from the foregoing, a definite refraction equi- 
valent is generally to be introduced for each atom as well as for 
each bond. If the atom or bond concerned occurs a times in 
the molecule, its equivalent is to be multiplied by factor 
A number of refraction equivalents for the calculation of the 
molecular refraction of organic substances arc' given in Table 
80. In most cases the e(iuivalent of the atom concerned is 
coml)in(Ki with that of its bond to a C atom, to give a single 
numl)er. For the bond C — C, the value zero should be assumed 
in accordance with the data in the previous literature, although 
in this way the molecular refraction of the simplest hydrocarl jons 
((TI. 1 , C 2 H 0 ; is not quite correctly reproduced ^ 


Table SO -1U:fiia(’ti()N’ Kqitivalents fob Vakioi-s Toloks 


iSiibstaiicc 

//« 

I) 

iifi 

Iffi - Ifa 

C.Virbon . 

2 413 

2 418 



Hydrogen 

1 092 

1 100 

n9 


Carljoiiyl oxygen 

2 IS9 

2 211 



Ether oxygen . 

1 639 

1 643 


0 012 

Ilvdroxyl oxygen . 

1 522 

1 525 

1 531 

0 006 

Chlorine . 

5 933 

5 967 

6 043 1 

0 107 

Hronnne . 

S 803 

S 865 

S 999 

0 211 

Iodine ... . 

13 757 

13 900 

14 ‘224 


Ethvlenc bond 

1 686 

1 733 

1 824 


Acetylene bond 

2 328 

2 398 

2 506 



^ Satisfactory results are obtained if the value 0.27 is used for C — C, and 
2 20 for the C atom; the values for ethylene and acetylene bonds are then 
to be increased by 0.27. 
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As an example, the calculation of the molecular refraction of 
ethyl alcohol from the observations and from the refraction 
equivalents may be compared. The refractive index for the 
sodium D-line is l.JiOl, the density 0.791, and therefore the 
molecular refraction is 12.89, while the sum of the refraction 
equivalents is 2 X 2.418 + 6 X 1.100 + 1.525 = 12.96. 

The molecular refraction for benzene, strange to say, may be 


calculated according to the old K^kul6 formula 




0 c 


9 


by using the refraction equivalent for the double bond three 
times. Since this formula is to l)c considered as disproved, it 
would be more correct to introduce a special refraction equi- 
valent for the benzene bond which must be about one-half as 
large as that of the ethylene bond. 

With complex molecules there sometimes occurs a marked 
excess (** exaltation of the observed molecular refraction 
above that calculated from the refraction equivalents. Devia- 
tions occur, especially when two double or triple bonds are 
separated by only one single bond. For such conjugated bonds 
other refraction equivalents must, therefore, be introduced, 
which are somewhat different from those of single bonds or of 
more widely separated double bonds. 

It thus seems as if the principle that the molecular refraction 
can be calculated from the refraction equivalents of the at\)ms 
and quite definite bonds alone is, indeed, approximately correct 
but cannot be applied rigorously. In cases where it fails to work 
one must assume that there is an influence of the neighboring 
bonds — which, according to the results given in 353, is not to 
be wondered at, especially with the greater anomalies (double 
and triple bonds); with two conjugated double bonds, the 
‘‘ exaltation '' is considerably affected, so that the single bond 
between them is weakened and its refraction equivalent increased. 
The comparison of the observed and calculated molecular refrac- 
tions is frequently used to aid in the investigation of the constitu- 
tion of compounds in organic chemistry. The sensitivity of the 
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molecular refraction, as compared with the influence of constitu- 
tion, is especially valuable in this connection.^ 

The refractive index and, therefore, also the molecular refrac- 
tion of a substance changes with the wave length of the light; 
thus the substance shows the phenomenon of dispersion. The 
difference of the molecular refractions of a substance for different 
wave lengths is called the molecular dispersion. It can be shown 
that this, just as the molecular refraction, is composed of dispersion 
equivalents which are characteristic of the individual atoms and 
bonds fsee Table 80, column 5). For the investigation of the 
constitution, the determination of the molecular dispersion is 
often even more useful than that of the molecular refraction. 

d. Tiik Formation of Crystals 
a. The Structure of Crystals 

367. The Arrangement of the Atoms or Molecules of a Crys- 
tal in a Space Lattice. — From the standpoint of the atomic 
theory it was suggested, even without a more exact knowledge of 
the details, that the striking regularity of crystals was to be 
explained by a similarly regular arrangement of the atoms or 
molecules. As early as 1850, Bravais was able to express the 
conjecture that a ci^’^stal could l:>e conceived of as a more or less 
complex space lattice in which atoms or molecules were placed 
at the points of intersection. By mathematical-geometrical 
treatment, this conception was later systematically extended by 
Fedoro\v (1890) and especially by Schonflies (1891) ; they derived 
the structures of the various molecular or atomic space lattices 
from the perceptible properties of the ciy’^stals (the position of 
the crystal surfaces, symmetiy’^, etc.). The investigations w'ere 
based upon the directly plausible assumption that a crystal sur- 
face could be formed only in such a direction as a plane (“ Netz- 
cbene” or atomic plane) could be located in the space lattice; this 
plane passed through a large number of points of intersection 
at which the atoms and the molecules were situated. In an 
ordinary cubic lattice it is possible to locate such planes not only 
parallel to the surfaces of the cube but also perpendicular to the 

' See Eisexlohr, ^SSpektrochemie orgamscher Verbmdungen,” Stuttgart 
(1912); also Henricr, loc. cit. 
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diagonal of the cube (which gives the octahedral surface of regu- 
lar crystals), as well as perpendicular to the diagonals of the faces. 

A direct confirmation of the conception of a space lattice was 
first obtained through the discover 3 ^ by Max von Laue (1912) 
(see 322) that the space lattice of the atoms in crystals could he 
used as a ^^diffraction grating” for the X-rays. After that it was 
possible not only to solve the problem of measuring the wave 
lengths of the X-rays when the dimensions of the space lattice 
were know, but also the converse problem of determining the 
space-lattice arrangement of unknown crystals in case X-rays of 
definite wave lengths were used. 

368. The Detennination of the Atomic or Molecular Space 
Lattice by Means of X-rays of Known Wave Length.' — For 
the analysis of the space lattice Bragg’s reflection-angle method, 
alread}'' briefly discussed in 322, is very suitable. The reflection 
angles for different (at least three) crystal surfaces arc deter- 
mined, and from these the distances between the planes occupied 
by the atoms or molecules may be calculated by the application 
of ISq. (284). These planes obviously correspond to distinctive 
planes in the space lattice. Thus if a number of the planes 
belonging to the various ciy-stal surfaces are constructed, in the 
ratio of the measured distances, then the intersection points of the 
space lattice and the position of the atoms or molecules are 
obtained. 

If the planes corresponding to a crystal surface are not equally 
spaced and contain different atoms, the separation and the approx- 
imate content of the two planes can be determined if the 
reflected rays of higher order arc considered, ?.e., if not onl>^ the 


angle corresponding to ^ = 2 sin ai is used but also ^ 


2 sin txo 
"2 ' 


^sin az 
“3 


By way of example it might l)c assumed that 


we are concerned with two planes I and II, which are occui)ied 
by about the same masses and which follow each other alternately; 
the distance between the planes I-I may be considered to be 
related to that between II-I as 3 to 1. 


** Bkaoo, W. H and W. L., “X-rays and Crystal Structure,”* Wyckofp, 
R. W. O , “The Structure of Crystals”; Chemical Catalog Co. 1924., 
Ewald, P., “Kristalle und Rontgcnstrahlen.” 
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The two rays reflected from the different planes, in general, 
vil^rate in different phases, at one time being strengthened, at 
another time weakened by interference. To illustrate the pre- 
vailing relations, turn to Fig. 92, in which, of course, the waves 
are not sketched with their reflection angle but with the pro- 
jection of this on the ordinate. Thus, for the example chosen, 
the second-order reflection angle is completely eliminated, but 
the fourth order is intensified. The determination of the struc- 
tures of several simple crystals according to this procedure has 
lH‘en explained in a clear fashion by W. L. Bragg. ^ 

The Bragg rotating-crystal method, which has the disadvan- 
tage of reciuiring relatively large crystal surfaces, has been 







modified by Debye and Scherrer and independently also by Hull,® 
BO that a finely divided crystal powder can be used. The X-rays 
of a definite wave length are allowed to fall upon a small cylinder, 
which consists of the cr>'stalline material or into which the crystal 
powder is pressed. In case the positions of the small crystals 
arc completely disordered, a nuinl)er of the crystal surfaces will 
be in the positions of their reflection angles, and reflection will 
occur. The rays reflected in the various directions are most 

1 *Proc Roy Soc,A ,89,248 (1913) ; also Bragg, W.H. and W. L , “X-rays 
and Crystal Structure,*’ chap. VIII, et seq. 

* • See Bragg, W H. and W. L., “X-rays and Crystal Structure,** chap. 


X. 
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simply registered by surrounding the crystal cylinder by a cylind- 
rical photographic film (see Fig. 93). From the size of the angle 
at which the original ray is reflected, the reflection angle of the 
plane is found directly. In spite of the fact that in complex 
crystals the various crystal surfaces usually have different reflec- 
tion angles, all of which appear simultaneously on the photo- 
graphic film, an unequivocal evaluation of those is not, as a 
general rule, possible without other information. 



369. The More General Results of Crystal-structure Deter- 
minations by Means of X-rays. — The X-ray analysis not only 
gives the space-lattice arrangement of numerous crystals but 
leads also to several results of more general importance, of which 
the following may be emphasized: 

At the equidistant lattice points of rock salt and the related 
salts (KCl, KBr, etc ) atoms or ions, and not molecules, are found. 
The X-ray analysis shows, first, that the mass centers of the 
atoms or molecules are arranged in an ordinary cubic {fpace 
lattice, such as is represented in Fig. 94.^ At the same time, the 
lattice distance Ao of the space lattice is obtained. If Eq. (255) 
is now applied, we find for the molecular volume: = NAo®, 

^ It may be assumed m this case that all the mass centers of the lattice, and 
therefore all planes, are approximately equally efTcctive (e g , KCl). If the 
crystal is built up of atoms or ions of different weights, the planes of the 
octahedral surfaces, which consist alternately of the two kinds of atoms or 
ions, will be unequally effective in reflecting the X-rays. Investigation has 
confirmed the inequality of the planes of the octahedral surfaces for the 
majority of salts, and, therefore, has proved directly that the building units 
of the crystals involved cannot all be of the same sort, which would be the 
case if the lattice points were occupied by molecules instead of atoms or ions. 
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if the lattice points are occupied by molecules, or Vm = 2NAo*, if 
they arc occupied by atoms. Since the lattice distance Ao as 
determined^ by the X-ray analysis is 2.815 • 10“*, in the first 
case Vm = 13.50 and in the second 27.00 arc obtained, while 

58 5 

from the molecular weight and the density h",- = 27.00 cc. is 

ol)tained. The lattice points are therefore occupied either by 
atoms or by ions. 

A number of arguments may be advanced in favor of the idea 
that the lattice points arc occupied by ions and not l)y atoms: 

1. The fact that the characteristic atomic vibrations can he 
made clectromagnetically perceptible by means of the so-called 



1 
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residual rays (see 79), which is only possible if the atoms are 
ionized. 

2. The fundamental conception of the nature of hetcropolar 
compounds. 

3. Electrolytic dissociation. 

4. The confirmation of the magnitude of the lattice energy 
which is to be calculated in 361. 

5. According to Debye, the intensity of an X-ray beam dif- 
fracted from atoms depends upon the number of their outer 

^ In order to be able to find an unknown lattice distance (or parameter), 
the wave length of some lino in the X-ray region of the spectrum must be 
accurately determined. In principle, this is done by proceeding from a 
lattice that is certain to be monatomic (like the diamond or metals) and 
calculating the lattice distance from the molecular volume according to 
Eq (2.55). The wave length can then be found from this value and the 
measured reflection angle by using Eq. (284). 
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electrons. Now, since the X-ray beam reflected through the 
reflecting angle represents a measure for the diffracting power of 
the atoms in the various planes, Debye was able to draw certain 
conclusions concerning the number of electrons occurring at the 
individual lattice points from the intensity of the various reflec- 
tion orders of the X-rays reflected from the LiF crystal. He 
found that the number of electrons corresponds to the ions, not 
to the neutral atoms. 

Even though these arguments, taken individually, could not 
be considered as quite conclusive, taken all together, the result 
that ions and not atoms are situated at the lattice points in most 
salts is quite beyond any doubt. In some salts like HgCU, 
which are very slightly dissociated electrolytically, the residual 
rays are also extraordinarily weak; in such cases either neutral 
atoms or whole molecules must be situated at the lattice points. 

360. The Lattice Structure of Certain Crystals. — While the 
two ions of a simple binary salt commonly form an ordinary cubic 

lattice (Fig. 94), a large number of 
metals have the so-called /wre-cen- 
tered cubic lattice (Fig. 95), which 
arises from the simple cubic lattice 
by merely removing each second 
point. A few of the hietals (Li, Na, 
Fe) have the cube- {or body-) cen- 
tered lattice (Fig. 96), in which one 
extra atom is situated in the center 
of each cube whose corners are occu- 
Fig 96 pied by atoms; this lattice can be 

considered as being formed by the 
interpenetration of two simple cubic lattices with a doubled 
value of Ao. A number of other metals (like Mg, Cd, Zn, Hg) 
crystallize in the hexagonal system, a structure which usually 
approaches the most dense packing (of spheres) possible. 

The structure of the diamond (Fig. 97) is more complex than that of rock 
salt. One may imagine it as consisting of two face-centered cubic lattices 
which have been displaced along one of the cube diagonals a distance of one- 
quarter the length of the diagonal The structure is very much clearer if 
the tetrahedral arrangement is considered as the base, and from this it can 
be seen that each atom in the diamond is located at the center of a tetra- 





THE STRUCTURE OF MATTER 


651 


hedron whose corners are also occupied by carbon atoms, so that each carbon 
atom IS bound equally in all four directions corresponding to the four val- 
ence bonds. 

Graphite (Fig. 98) has a crystal structure which is quite different from that 
of the diamond. It consists of a number of hexagonal rings (benzene rings) 
bound together in one plane, these pianos being arranged in layers above 
each other and relatively far apart. On this account they are relatively 
loosely held together, and hence the ready cleavage of graphite along these 
planes. It may also be considered that graphite would be transformed into 
diamond if the large, perpendicular connections of the C atoms between the 


3S3»fO COT 



various layers were greatly shortened, to, if the carbon atom involved 
was caused to leave the plane of the hexagon by being raised or lowered. 
(According to Debye and Scherrer, lampblack consists of very fine graphite 
splinters ) This structure agrees very well with the chemical fact that in the 
oxidation of graphite or soot niellitic acid is formed. 


COill 



Zincblende possesses the same sort of structure as the diamond, except that 
Zn and S atoms follow each other alternately. An 8 atom is found in the 
center of each tetrahedron the corners of which are occupied by Zn atoms, 
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and, conversely, each Zn atom is surrounded by four S atoms (r/. Fig. 99a, 
and 97). 

Zincblende, which belongs to the regular system, bears the same relation 
to the hexagonal modification of ZnS (wurtzite) as diamond does to graphite. 
The space lattice of wurtzite which is illustrated by Fig. 996 is of particular 
interest, because in contrast with zincblende the atoms approach each other 
so closely iii pairs that it is really possible to speak of the formation of a 
molecule m this case. As is indicated by Figs. 99a and 5, wurtzite can be 
considered as being formed from zincblende in the following way: take the 
two parallel neighboring layers in which Zn and S atoms are directly perpen- 
dicular to each other and displace them in the direction indicated by the 
arrow (Fig. 99a), so that all atoms come to he directly over each other. 




Fiii 


« 

p. The Lattice Energy of Crystals of Heteropolar Compounds 

361. Electrostatic Calculation of Lattice Energy. — On the 
basis of the fact that ions are located at the lattice points of rock- 
salt crystals and from the models of monovalent ions given in 
360| it is possible, as Born and Lande' have shown, to determine 
the forces acting between the ions and from these forces the 
energy which would be obtained if gaseous ions were allowed to 

^Verh. Deut phyaik Gencll ^ 20, 210 (1918); Born, M., ibid, 21, 553 
(1919). A simple presentation is given by Born, M , *‘Thc (^institution of 
Matter,” translated by Blair and Wheeler, E. P. Dutton &Ck>mpany 
(1923). 
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unite into a crystal. This energy is called the lattice energy. 
It thus involves a detailed calculation, depending upon electro- 
static laws, of those attracting and roiK'lling forces whose presence 
has already been proved (68) to l>e essential to the understanding 
of the solid state, but whose more detailed properties could not 
be determined at that time. 

In the calculation of the attractive force, to which is ascribed a 
greater effective range than the repulsive force, the ions are con- 
sidered, as a first approximation, to be simply charged spheres. 

c- 

Between two single, different!}' charged ions Coulonib^s law ^ is 

considered to hold; A is the distance existing for the moment 
between the ionic centers, which in a simple cubic lattice is the 
same as the distance between the planes of the cube faces. In 
the ionic lattice each ion is acted upon simultaneously from all 
sides by a large number of positively and negatively charged 
neighboring atoms, by which the force as a whole becomes some- 
what diminished. As an exhaustive calculation by E. Madelung^ 
shows, the attractive force between two neighboring ions in the 
direction of the line connecting them is: 

.fi a 0.2905®* • 

A“ 


The work reciuired to separate a single connection eoinpletely 
when the original distance was Ao, is, therefore, 

4>a = 0.2905 • (305) 

ao 

In order to separate the ions of a whole crystal containing one 
mole of the compound and therefore 2N ions, a total of X 2N = 
ON connections must be broken (from each ion six connections 
proceed, but only half of them are involved in the calculation). 
The positive part of the lattice energy per mole thus amounts to 




1.743Ne* 
Ao 


(3050) 


If the value of Ao for rock salt is introduced, wc get 
^ 1.743 X O.OG X 10^»(4 .77 X 10-“) ^ ^ 

.. . n o-j K v "ifwa 

848 • 10‘» 200 CoZ. 

^Phymk ZeU., 19 , .>>24 ( 1918 ). 
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or, more generally, putting 



then 

= 613^ Cal. (3055) 

If the outer electron shells are considered simply as rigid 
elastic spheres, then the calculation of the lattice energy ends 
with the expression Eq. (3056), which may be said to be sufficient 
as a first approximation. 

In other cases — ^for example, in the calculation of the com- 
pressibility of the crystal lattice — the repulsive force (5?r) of 
the ions, which is due to the mutual effects of the negatively 
charged electron shells, must be considered as well as the attrac- 
tive force. In this case it is, of course, necessary to turn back to a 
detailed model of the ions. By considering the ions of the halo- 
gens or alkali metals as cubes whose corners arc occupied by 
eight electrons wdth the inside carrying an effective positive 
charge of seven or nine. Born succeeded in finding a repulsive 
force (limited by the mutual effects of the outer electrons) which 
increases inversely proportional to the tenth power of the dis- 
tance. Thus the repulsive force is to be calculated from the 
centers of the cubes just like the attractive force, and, therefore, 
the following equation is found, which, however, can be expected 
to hold only for a very limited range 



The value of the factor P may be empirically determined by 
assuming that, when the atoms are in the position of rest, the 
repulsive force must be equal to the attractive. Therefore wo 
may put 

B ^ 0.2905e2 
or 

^ _ 0.290562Ao« 
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The total force acting upon an atom outside of the position of 
rest is, therefore, 

ta + + V). (300) 

The work of separation for one bond or connection is, in analogy 
with Eq. (305) : 

. 0.2905eV. 1\ 0.2905 .8 


V , 1\ 0.2905 ,8 


The consideration of the repulsive force gives for Eq. (305a) 
also the factor so that in place of Eq. (3055) we get: 


^ = 545 ^ 


(307a) 


a relation which claims to hold approximately for all binary salts 
of the same crystal type as NaCl, whose ions contain eight elec- 
trons in the outer shells and whose repulsive force may be 
assumed, therefore, to be (approximately) inversely proportional 
o Ao'” (the lithium salts are thereby excluded). 

362. A Test of the Electrostatically Calculated Lattice Ener- 
gies. — A test of h]<|. (307a) is only possible by indirect methods, 
since a decomposition of an ionic lattice into a completely ionized 
ideal gas and the measurement of the energy required is not 
practically feasible. However, certain differences of lattice 
energies can be readily measured. 

For example, the salts NaCl and KI can first be transformed 
into ionized gases and then the ions considered as uniting to form 
two other lattices, namely, KCl and Nal. The total difference 
of energy 

U' = —^NaCl +^A'a/ +^KCl 


must be equal to the energy of transformation and, therefore, as 
a first approximation be equal to the heat content of the reaction 

NaC-lfoitd “f” Klaojid “ Nal*i,i,d “f" IvC-l Molxd' 

The latter may be measured indirectly, most surely, by dis- 
solving all the salts to form a very dilute solution in which they 
arc completely ionized. Since the heat of mixing of these 
solutions is (sec 141) equal to zero, Hess’ law (see 200) gives the 
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heat content of reaction simply from the difference of the heats of 
solution L. 

Q — LiiaCl + Lki ~ TjkcI ~ i'.val- 

In the following table the difference of the lattice energies V 
and the heat of solution Q are compared. Since the differences, 
especially with respect to the lattice energy, amount to only a 
few per cent of the absolute values, the agreement may be said 
to be satisfactory. 


Tablb 81. — Diffkiib.vcbs of Lattice Enekoies a\i) of IIf,ath of Souition 


Rc.'ictioii 

cnlc. 

Q calc. 

KCl + LiBr = KBr + LiCl 

+4 

+3 « 

KCl +LiI = KI +LiCl 

+7 

+7 2 

KCl + NaBr = KBr + N.aCl 

+3 

+2 0 

KCl + Nal = KI + NaCl . 

•It 7' 

+5 

+3 4 


363. The Calculation of the Work of Ionization for the Chlo- 
rine Atoms. — If, in view of the above, the expression for the lat- 
tice energy is coasidered essentially correct, then it can be 
applied to the calculation of other, more important, but as yet 
unknown, atomic energy values. For example, the work of 
ionization of the halogen atoms, which has already been used in 
360, is of outstanding interest. This may be obtained by means 
of the following cyclic process: 


/ 


/ 


NaCl 


JjVa 


Na 


Na 


solid 


soil I 


N (Ijatticc energy — 

Dl“ (Jon vapor) 

I Jc'i (Work of ionization) 

(’I (Neutral atoms) 

I u /Heatof(‘vaporation\ 
I Vor dissociation / 


'z'C’l* 


U' 

’Naa’ 


(Heat of formation) 


solid 
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The following energy equation is now obtained; 

+ «/ivo + Jci + ^Ia'o + Del + U* = 0 . 

If, according to Eq. (307a), we put $ = 182 Cal., Jsa from 
310 (with = 41445) is 117 Cal., Ay. = 27 Cal, Dci = 30 
Cal. {•per gram atom), V = 98 Cal, we obtain 

Jci 90 Cal 

According to this, free chlorine atoms have a negative energy of 
ionization; this could have been expected from the beginning. 
The formation of on ion, i.e., the taking up of an electron, thus 
takes place spontaneously with the liberation of energy. Since 
with the alkali metals the formation of an ion takes place with 
the liberation of an electron from the neutral atom and the absorp- 
tion of energy, and since the absolute amount of the energy 
involved is but little greater than for chlorine, the total energy 
of ionization of the metallic salt vapor which is already dissoci- 
ated into atoms is slight (for NaCl it amounts to about 27 Cal). 

364. Calculation of the Compressibility of Se/eial Crystals. — 
The compressibility of crystals may be calculated as follows 
from the equation for the total energy of a lattice (Kq. (306)) : 


While the force vanishes at the position of rest, it immediately assumes 
noticeable values when the distance Aq is slightly decreased to A. If Eq. 
(306) IS difTereii tinted with respect to A and then A is again put equal to Ao 
and dA = Aq — A, then it follows that * 


ft 


0.2905 8p» 
Ao» 


(Ao - A). 


The amount of work to be performed (from the outside) over the distance 
Ao — A thus amounts to : 



2 324c* (Ao - A)* 
Ao» ‘2 


If a mole is thus compressed so that the distance Ao is decreased to A, then 
this amount of work must be performed 6N tunes, which gives us the 
expression 


AmuI = 


13.94 . c* (Ao - A)* 
Ao* 2' 


This amount of work is, obviously, to be put equal to the volume work 
performed by the compression; for the latter we find, since the pressure 
during the compression is not constant but changes from 0 to p, as a first 
approximation, }^pAt>m. It, therefore, follows that 

pAWm =* -■^j,-e*(Ao — A)*N. 
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Now, HiiiccAo — A h:i8 already bccai assumed to be small, the cube of 
this distance is practically zero and we may put 

(Ao - A)» = Ao» - A» - 3Ao*A + 3A*Ao 0 


or 


Ao* - A* = 3AoArAo - A) ~ 3 Ao®CAo - A). 


Since 2N(Ao* — A*) = A/'« = 2N3Ao*(Ao — A), it follows that 

13 94 Alt* , 


A. .7 


Au‘ 36 N 


1 Al>m 


For the compressibility which is here to be jiiit eiiiial to ^ , we finally 
get: 

'‘ = 2S&- = m4.‘« = 5 68 10-.A.V 


The test of this extremely simple formula, according to which the com- 
pressibility of a binary salt depends only upon the lattice constant Ao, using 
the experimental material, leads to a striking confirmation, as the following 
table shows ' 


Table 82. — Compressibility of Certain C.'rystals 



K obs 

K calc. 

NaCn 

4 1 10-*® 

3 46 10-« 

NaBr 

T) 1 

4 73 

Nal . 

6 9 

6 30 

KCl 

5 0 

5 36 

KBr 

6 2 

6 64 

KI 

8 6 

S 68 1 

TlCl 

4 7 

4 60 

TlBr 

5 1 

5 36 

TII 

6 7 

6 76 


1 * Richards and Saerens (/ Am, Chem. Soc,, 46 , 934 (1924), while 
acknowledging that Ikirn's equation for the compressibility is in the right 
direction, point out u number of discrepancies in it, including the fact that 
Born docs not adequately take into account the affinities which bind the 
atoms together to make the solid. In this paper will be found numerous 
references to work on the compressibilities of salts. (!See also Slater, J. C.« 
Phys. Rev,, 23 , 488 (1924).) 
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366. Summary. — ^Just as it was possible, by means of purely 
blectrostatic forces, to determine a number of chemical properties 
of heteropolar molecules on the basis of very simple assumptions, 
an attempt to calculate in an analogous manner some important 
properties of crystals of heteropolar compounds has also proved 
successful. Thus, on the whole, evidence has been produced for 
at least the heteropolar substances that the so-called chemical forces 
are identical with the forces which determine the coherence of the 
crystal. That the existing theory cannot yet reproduce all the 
details is not surprising in view of the quite schematic atomic 
model involved in the considerations.^ 

The relations in the purely homopolar compounds are far 
more unsatisfactory, but even here it could certainly be shown, 
at least for the diamond, that the chemical forces are identical 
with the cohesive forces of the crj^stal (see 364). However, a 
satisfactory calculation of these forces on the basis of theoretical 
conceptions has not yet been attained in any conclusive way, 
even for the simplest compounds. 

The investigations on the more complex molecules have been 
more successful than those on the simpler compounds. Accord- 
ing to a theory developed by Debye,® the force of attraction 
(van der Waals) of such molecules reduces to a sort of ‘^influence 
effect.” Of course, this case is generally concerned with sub- 
stances which have far smaller cohesive forces (i c., greater vola- 
tility) than those substances whose space lattices consist of 
individual atoms. 

e. The Metallic State 

366. General. — Matter in the metallic state is distinguished 
by a number of physical properties which in many respects arc 
important from both practical and theoretical standpoints. 
Prominent among these properties arc: 

High electrical conductmtijy good heat conductivityj high reflective 
power (metallic luster), very slight permeability to light. 

The metallic state is most marked in a number of elements 
on the left side of the periodic system; other elements whose 
chemical relations belong to the metalloids, e.g., As, Sb, Te, 
show a less highly developed metallic character. A number of 

' Sec Born, M. and Geiilach, W., Z Phynik., 6 , 433 (1921). 

’ Physik. ZeU., 21, 178 (1920); 22, 302 (1921). 



660 


FUNDAMENTALS OF PHYSICAL CHEMISTRY 


metallic compounds, especially the sulfides and oxides, also 
possess metallic properties. 

We are familiar with solid and liquid metals; by evaporation, 
however, the characteristic metallic properties disappear — 
for example, mercury vapor is completely transparent. 

If the consideration is restricted to the solid metallic state, 
then a large piece of metal represents an aggregate of fine crys- 
tals, and its properties depend upon the properties of the indi- 
vidual crystals together with the combination of the crystals with 
each other. 

The following will attempt to give a brief survey of those prop- 
erties of metals which are characteristic for the individual, chemi- 
cally homogeneous, metallic crystals, and which, therefore, appear 
suitable as the basis for conclusions concerning the constitution 
of metallic crystals and the character of the metallic state.* 
Of course, for larger metallic crystals, data which are free from 
objections, exist only in veiy*^ limited ranges, yet for a numl)er of 
properties the results obtained on crystalline, chemically uniform 
material, can l^e carried over to the metallic crystals themselves 
with some certainty, although some correction factors must be 
introduced. 

The properties which depend most on the crystalline structure 
of the metal, especially in the combination of different metals to 
form alloys, are generally of a complex nature. Since their inves- 
tigation is the problem of a special branch of science, metallog- 
raphy, they will not be considered more closely in the following. 

367. Electrical Conductivity.^ — A survey over the specific 
resistance w {i.e., the resistance of a cube with edges 1 C7W. long) 

^ A general summary, including the most important theories, is given by 
Bakdkckkr, K , ‘*Die elektrLschcn Krscheinungcn in mctallischen Leitcrn," 
Braunschweig (1911) (Sammlung Wisscnschaft , No. .*15); • C- A. Kraus 
in “The Properties of Electrically Conducting Systems” (Chemical Catalog 
Co ) (1922)) devotes Chap. XV to a discussion of iiietall c substances. It 
contains a considerable amount of data, especially conductivity data, on 
pure metals, alloys and metallic compounds, together with a number of 
references. See also Richardson, O. W , “The Electron Theory of Matter,” 
chaps XVII and XVIII, C'ambridge University Press (1914). 

* W. Meissner has written about the more recent investigations on the 
thermal and electrical conductivities of metals in Jahr RadiodkL Elekiromk, 
17, 229 (1921). * See also Brown, W. B , Phys, Rei\, 22, 171 (1923) and 
Simon, F., Z. phynk. Chem., 109, 136 (1924). 
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or the reciprocal of this, the specific conductivity k, of some 
substanc€^s at room temperature is given in the following 
summary: 



ir (ohms) 

K (reciprocal 
ohms) 

Silver 

1 0 • io-« 

0 02 • 10* 

Hisinuth . . 

1 2 ■ 10-^ 

0 S3 ■ 10* 

Resistance alloys . 

Metallic compounds (sulfidos, oxides, 

2-5- 10-^ 

2 5 • 10* 

{^nd similar substances) . . 

1 2 • 10-< 

0 83 10* 


and higher 

and lower 

Graphite 

Best conducting sulfuric acid solution 

2 8 • 10-* 

3 0 • 10“ 

(30 per cent) . 

1 3r> 

0 71 


It indicates that the electrical conductivity of typical metals 
at room temperature is about 10^ or 10^ times greater than that 
of a very highly conducting electrolyte (30 per cent sulfuric acid 
solution). 

The strong increase in the resistance of pure metals with 
increasing t(?mperature is very remarkable At high tempera- 
tures the resistance is approximately proportional to the absolute 

temperature. The temperature coefficient ;J‘ ^ of resistance 

has about the same value (as a rule, a little higher) as the expan- 
sion coefficient of an ideal gas. 

At ordinary temperatures the resistance curve is nearly parallel 
to the thermal energy content of the metal. Since the energy 
content is proportional only to the absolute temperature as long 
as the law of Dulong and Petit is fulfilled, at low temperatures a 
deviation from the proportionality with the absolute temperature 
also becomes perceptible. Oruneisen has shown that the 
expression 

---- = ATC„ = AT{1 + axT + aiT^)C, = 

W273 

AT +aiT + a, T*)d(J) (308) 
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represents the temperature coefficient of the resistance even bet- 
ter than the proportionality to the energy content. A is a 
proportionality factor, D the Debye function, di and 02 are 
correction factors which are determined empirically (but which 
are of minor importance) and which should compensate for the 
difference between Cp and C'*. As the following table shows, the 
formula reproduces the results remarkabl}’^ well. In spite of 
the fact that a change of several hundred fold in the temperature 
and 10,000 fold in the resistance is involved, the difference 
between the oliserved and the values calculated according to 
Eq. (308) is only a few per cent. 


w 

Tablk 83. — Tiik Kesistanc'k Ratios - of Pure Gold at Different 

li’27S 


Temperatures 

O = 100 «i = 7 • 10“5 m = 13 10 -« 


T 

- obs. 

U'iTK 

calc. 

M*271 

11 1 

0 00003 

0 00063 

14 3 

0 00170 

0 00172 

18 0 

0 00380 

0 00427 

21 T) 

0 oos:}i> 

0 00832 

57 S 

0 132 

0 131 

75 2 

0 207 

0 204 

01 5 

0 276 

0 273 

IGO 3 

0 502 

0 580 

273 1 

1 000 

1 000 

573 1 

2 24 

2 25 1 

1073 1 

4 77 

4 70 

1270 1 

6 03 

6 03 


As a rule, the same values of 0 can be used for the calculation of 
the resistance ratio by means of Eq. (308) as were used in cal- 
culating the atomic heat; in some cases where it is doubtful how 
closely the metal fulfils the condition of being monoatomic 
(Hg, Cd) different values of 0 arc necessary. 

At very low temperatures Eq. (308) fails and at a definite 
temperature the resistance ratio suddenly decreases very much 
more rapidly than corresponds to the Debye function. Just 
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below this limiting temperature, the specific resistance reaches 
such a low value that it cannot be measured even with the most 
sensitive methods. The metal has become ^^superconducting” 
(Kammerlingh Onnes (1911)).^ This superconductivity has been 
established for the following metals, the figures in parentheses 
giving the temperature at which this property occurs when only a 
small current load is applied in the measurement: Ilg (4.1), 
Sn (3.78), Pb (about 6), T1 (2.3). The extremely small value 
of the resistance is indicated by an experiment by K. Onnes, 
in which the current developed in an superconducting metal loop 
by induction or similar means flowed for hours without appreci- 
ably decreasing. The limiting temperature at which super- 
conductance occurs can, moreover, l>e influenced by various 
physical means (heavy current loads, external magnetic field, 
etc.). 

368. Heat Conductivity. — The heat conductivity (A') of the 
metal which conducts best (Ag) amounts to about 1 cal. 

=4.19 xmitis deg.'~^ at ordinary tempera- 

tures. For good-conducting, pure metals the heat conductivity 
in the region of the higher temperatures ilepends but slightly on 
the temperature, at low temperatures it increases more or less 
rapidly. A general law for the variation with temperature has 
not yet been obtained, since the majority of metals have been 
investigated in the crystalline state and the heat conductivity 
appears to be very much impaired at low temperatures by the 
crystalline structure. The heat conductivity of a large copper 
ci^’-stal, which was investigated by R Schott,* increased about 
thirty-one times by lowering the temperature from 273 to 20.4® 
abs. 

369. The Wiedemann-Franz Law. — For high temperatures 
where the electrical conductivity varies inversely proportional 
to the absolute temperature and the heat conductivity depends 
but very slightly on the temperature, there is a law stated by 
Wiedemann and Franz (1853) and completed by L. Lorenz 

(1882) : the ratio is constant and has the same value for a large 

^ A summary is given by Ckommklin, C A , in Physik. Zeu , 21, 270, 300, 
321 (1920). 

‘ Verh. Dent, physik. Gesdl., 18, 27 (1016). 
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number of metals. Recent measurements on pure metals at 

273“ give the following values for the ratio . 10® in watt . 

degreer^. ohm: Na, 2.23; K, 2.26; Li, 2.23; Cu, 2.23 to 2.42; 
Au, 2.35; Pt, 2.51; Pb, 2.47; Cd, 2.45. Towards lower tempera- 


tures, marked deviations from this law occur and the ratio 

decreases; of course, the variation is much less than for the 
individual values A' and k. For the copper crystal measured by 
Schott, the electrical conductivity increases about 1000 times 
between 273 and 20.4®, the heat conductivity about thirty-one 

times, while decreases only to about one-half. On account 

of the uncertainties attached to the above conductivity measure- 
ments, it is not yet clear in what way the Wiedemann-Franz 
law is to be modihed for low temperatures. 

370. Thermoelectric Phenomena. — 1. If the two junctions of 
a conducting circuit consisting of two different metals are put at 
different temperatures, a thermoelectric force is generated 
(Scebeck, 1821) which — provided it is not compensated by 
another e.m.f. in the circuit — according to Ohm’s law results in a 
flow of current. The thermoelectromotive force of two metals 
between 273 and T° may often be represented for the higlicr 
temperatures by the formula found by Avenarius (1863): 


E = a(T - 273) -|- ^(T - 273)* 

flW 

= a -b /3(r - 273). 


That is to say, the thermoelectromotive force per degree differ- 
ence of temperature increases with increasing temperature. For 
pure, typical metals a attains values up to 20 microvolts; consider- 
ably greater values are found for alloys, metallic compounds, 
and elements like As, Sb, Te, and Bi. Approaching the low 
dm 

temperatures, usually decreases and appears to become 


practically zero even at finite temperatures, similar to the tem- 
perature coefficients of the other properties of solid bodies. 

2. A counterpart to the Seebeck effect is the effect discovered by 
Peltier (1834). If a current is caused to flow across the junction 
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of two different metals, a heating or cooling occurs, depend- 
ing on the direction of the current. The amount of heat devel- 
oped is of the order of magnitude of about Kooo coulomb. 

As far as can be determined from the data available at present, 
the effect increases with increasing temperature approximately 
proportional to the absolute temperature. 

3. If a galvanic current flows in a homogeneous electric cir- 
cuit in which a temperature drop exists, then in every volume 
clement and depending on the direction of the current, a certain 
amount of heat will be given up or absorbed exclusive of heat due 
to resistance or Joule’s heat (Thomson, 1854). The effect is 
still smaller than the Peltier effect and its quantitative measure- 
ment can be performed only with the aid of very sensitive 
methods. As a rule, the Thomson heat effect (per coulomb 
and a temperature drop of 1^) is of the order of magnitude of 
about ± 10"® cal. 

371. Optical Properties. — In a good conductor of electricity 
it is relatively difficult to produce an electromagnetic oscillation, 
since the electric field is always largely annulled by the electrical 
compensation due to the conductivity. If, therefore, an electro- 
magnetic wave proceeding from a vacuum is allowed to fall upon 
a metallic conductor, the propagation of the wave will be highly 
disturbed, although in the surface layer of the metal only very 
small amplitudes of vibration of the electrical waves can be 
developed. According to the general laws for the propagation of 
wave motion, a '‘node” in the electric force must be formed in 
the metal surface. This is only possible through the formation of 
a reflected wave whose amplitude at the metal surface is approxi- 
mately equal to and in the opposite direction to that of the inci- 
dent wave. The greater the electrical conductivity of the metal 
the smaller becomes the field which can be developed at the sur- 
face, and therefore the more completely is the light reflected. 
The compensation of the field within the conductor often becomes 
more complete as the frequency becomes smaller, or, in other 
words, with longer period of vibration or wave lengths of the 
individual light. 

; It is, therefore, to be expected that the reflecting power of a 
metal is greater when its conductivity is high and the wave length 
of the incident light is large. The quantitative calculation 
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based on the electromagnetic theory of light^ leads to the formula 
100 - = -5‘L (309) 

V Xk 

in which IV represents the power of reflection in per eent and the 
numerical values of the constants involved are so chosen that k 
is expressed in reciprocal ohms and the wave length X in 
centimeters. 

In the range of visible light, this equation is not confirmed, 
yet Rubens and Hagen succeeded in showing that for light of 
longer wave lengths, from about X = 4 • 10”^ cm, = 4/4 upwards, 
it agreed completely with the observations. 

When we succeed in determining the electrical conductivity 
of a metal theoretically from the atomic structure, then imme- 
diately one of the most important optical properties, the reflective 
power, becomes calculable at least for light of long wave length. 

372. The Hypothesis of Free Electrons. — The electrical 
phenomena in metals may be explained in a far-reaching manner 
by the previously mentioned (see 286) assumption that within the 
metals, in the openings between the atoms, are numerous freely 
moving electrons. This hypothesis was first mentioned by 
Riccke (1898) and has since been taken up by Drude, Lorentz, 
and numerous other investigators, especially Debye and Bohr, 
and has been l)uilt up into a complete theory.^ Although the 
fundamental assumption of the presence of free electrons appears 
probable from various phenomena, especially the thermal emis- 
sion of electrons, and the theory has been very useful in the 
explanation of other specific facts such as the Wiedemann-Franz 
law, in other points it leads to contradictions which at present 
cannot be completely accounted for. It is sufficient, therefore, 
to indicate the theory in its clearest and simplest form as it was 
developed by Drude. 

It Will be tissumed that the electrons within the metal follow the laws 
which hold for gas molecules, and especially the law of energy partition; their 

//iV* 2 

mean kinetic energies thus amount to -g— * jj kT, further, the electrons 

^ See Raeueckkk, loc cit , p 127 er seq.; also Drude, “Theory of Optics,” 
translated by Ma\n and Millikan, Ixiiignians, Oreen & Co (1902). 

* A summary of the new electron theory is given by Sutek, P., “Die 
Elektronentheorie dcr Metalle,” Bern (1920). 
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undergo collisions with each other and w'ltli the metal ions, just like gas 
molecules; the distance which an electron can pass over freely can thus again, 
similar to gas molecules, be called the free path I 

If an electric force St = Xe acts on such an electron while the time 

between two collisions is ^ then the electron undergoes a total increase 
of velocity which is 

aV = ® T - I- (310) 

m m V 


The velocity components of the electrons in the direction of the electric 

AV IXfl 

field are, therefore, on the average, ■ %/ greater than the other 

^ z tn y ' 

velocity components 

aV 

If iV' electrons are present in 1 cw.®, an amount iV'c ^ ^ electricity 


will move through the cross-section q of the conductor in unit time as a 
result of the ^ times greater velocity of the electrons in the direction of 


the electric field; te , n current will flow whose strength is given by 

I I SE 


> T J 1 C • ■mr’ 


‘Zni V Ax'®‘ 


iVow putting g =* 1 and Aj = 1, then according to Ohm's law the term 
2wV 

N'eH resistance; for the specific conductivity, therefore (by 

introducing the law of equipartition of energy 


_ 1 N'eH _ 1 N'em 
* ~ 2 »»V 6 kT 


(311) 


The heat conductivity of a metal may be calculated by means of the elec- 
trons m the same way as that of gas bv means of the gas molecules In an 

dT 

ordinary gas or “electron gas“ there exists a temperature gradient or an 

energy gradient ^ ^ lU* With a mean free path Z, those electrons will 
pass through the cross-section of the conductor at the point 0 whose energy 
is not Uot but Uq ± The number of electrons which in unit time pass 

through unit cross-section is since it may be assumed schematically, 

as in 48, that of all the electrons only one-third possess a velocity at right 
angles to the observed cross-section In unit time there will thus pass 
through the unit cross-section an amount of energy which is 

aV = i N'Vl iV'Vifc 

3 dx 2 dx 

Since by definition the heat conductivity represents the amount of energy 
passing a unit cross-section at a unit difference of temperature, it follows 
directly that 

A' = 
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Now taking the ratio then 

If = 8.31 • 10^, 5 = 9G50 e.m m. and we then get = 2.24 • 10® 

ahn. units = 2.24 • 10”® (watt dcg~^ ohm). 

The agreement between this value and the one found in 369 as the result 
of observations is remarkable. 

373. The Theory of Thermoelectric Phenomena. — The hypo- 
thesis of free electrons is also useful in the explanation of the 
thermoelectric phenomena. If the presence of free electrons is 
assumed in metals, then in different metals they would have 
different concentrations and therefore unequal tendencies for 
expansion. At the junction of two metals the electrons would 
pass from the one metal to the other, z.c., the one metal is differ- 
ently charged electrically against the other and a contact poten- 
tial develops l^etween them. This potential is generally of the 
order of 10 ~* volts. Strange to say, an exact measurement, as a 
rule, involves such difficulties that a summary of the considerable 
amount of data is of no value for the present purpose. 

If a closed circuit is formed of two metals and if the two junc- 
tions are kept at the same temperature, then, at the junctions, 
potential differences develop which are equal in magnitude but 
opposite in direction, so that no current Sows in the circuit. 
In case the concentration and the velocity of the electrons in the 
two metals do not vary in exactly the same way with the tem- 
perature, then a constant potential will be established at ^he 
hotter junction which is different from that of the colder; thus the 
e.mf. of the two no longer balance each other and a thermo- 
electric force remains which is able to maintain a current in the 
circuit. 

The Peltier effect may also be explained from the conception 
that, by the transfer of a certain amount of electrons through the 
junctions of two metals, the electrons will be expanded or com- 
pressed. The work of compression or expansion can make itself 
effective only as a positive or negative heat effect. The Peltier 
effect is thus directly comparable to the Joule-Thomson effect 
in gases (see 88). 
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The Thomson heat effect is composed of two parts: 

1. From the heat equivalent of the work which corresponds to 
the expansion or compression of the electrons in passing from the 
warmer to the colder parts of the metal. 

2. From the kinetic energy which the electrons carrj*^ with 
them in their migration due to the electric current. 

If only the latter amount were involved in the matter, the 
Thomson effect would have the same sign in all metals, but in 
some metals it is positive, in others negative. 

374. The Hypothesis of an Electronic Lattice. — But in opposi- 
tion to the varied kinds of results which the hypothesis of free 
electrons could reproduce, there are several considerations based 
upon the following: 

If the energy partition law holds true for electrons, the pres- 
ence of the electron gas must indicate itself by greater atomic 
heats for the metals than for non-metals. But for something of 
this sort, especially at low temixjratures, no indication exists; 
the Debye TMaw^ holds with great accuracy for both metals 
and non-metals at low ternperatureSy at least as far as monoatomic 
substances are concerned.* 

^ If this discovery is to be brought into agreement with the hypothesis of 
free electrons, then it must be assumed unconditionally that only very few 
electrons are present. But in order to explain the excellent electrical 
conductivity with them, it is necessary that their free paths be quite con- 
siderable (sec Kq (311)). Formerly, this seemed to be unpermissible but, 
according to the more recent results on the behavior of electrons as com- 
pared with atoms, this conception must be given greater consideration. At 
])rcscnt one may dare to imagine that the electrons do not move in straight 
lines in the interstices between the atoms, but circle about the individual 
atoms; yet the orbits about the various atoms are so interlocked that forth- 
with an electron can pass a large number of atoms (around each individual 
atom the electron would tlescribe an approximately semicircular path) 
The mean free path (in the sense of 370 ) can no longer be understood to be 
merely the path from one atom to another, but the average distance through 
which the electron passes before it gives up its energy (which was received 
from an electric field). From such a viewpoint it seems conceivable that 
this first takes place after passing by numerous atoms, so that a large free 
path will be reasonable. 

‘ * After an exhaustive study of the specific heat data, Eastman, Williams, 
and Young {J, Am. Chem. Roc , 46 , 1184 (1924)) find that ai high lemperor 
tures the specific heat values are greater than the classical value C« » 
3R by amounts considerably larger than the experimental errors of the 
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It has, therefore, been attempted to replace the hypothesis of 
free electrons either completely with another or at least to give 
up the validity of the law of equipartition of energy. In all 
cases, the remarkable results of Eq. (312) must be given up, 
since the constant k of the equipartition law plays a decisive part 
in it, and the numerous agreements between observations and 
calculation must be considered as something accidental. 

One possibility of explaining the high heat conductivity of 
a metal without the use of the energy partition law consists in 
the assumption of an electron lattice which is superimposed on the 
lattice of the atom ions.^ The electrons on the points of the 
lattice perform relatively rapid vibrations (null point vibrations, 
see 71), which at low and ordinary temperatures do not 
contril)uto to the atomic heat. The excellent heat conductivity 
of metals exists due to the whole electron lattice, which is coher- 
ent in itself, acting as a unit in propagating the heat waves just 
like clastic waves. Other arguments can also be advanced in 
favor of the assumption of an electron lattice. For example, 
the fact that the atoms or ions of most metals in crystalline form 
can be arranged in a face-centered cubic lattice (see 368) indi- 
cates that, theoretically, metals have the same lattice structure 
as the halogen-alkali salts but that in the metals the halogen ion 
is replaced by an electron (Figs. 94 and 95). But, on the other 
hand, the high electrical conductivity of metals is not easily 
understood by means of the lattice hypothesis; since the electron 
lattice must be fixed in a stable position between the lattices of 
the metal ions, it would be expected that a certain amount of 
energy would need to be expended in order to overcome ithe 
force which holds it in its stable position. There should, there- 
fore, be a lower limit of electrical potential below which no cur- 

dctcrniinatioiis. These authors compare several explanations which have 
been proposed to account for this, but believe that the most probable one is 
that the loosely bound electrons have the power to absorb appreciable 
quantities of energy as first suggested by Konigsberger (Z EUkirochom., 17y 
280 (1011)) The application of this idea is limited to temperatures not too 
near the melting points, yet high enough that Cv should normally be nearly 
equal to 31?. 

'Lindemann, F. a, Phil. Mag., 29, 126 (1015); Borelius, G.,Ann. 
Physik , 57, 231, 278 (1018); 58, 489 (1919); Haber, F., Berl Akad. Ber., 
506 (1919). 
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rent could flow. As a matter of fact, nothing of this nature has 
been observed in metals, and Ohm’s law holds even for the lowest 
potentials. 

376. Summary. — On the whole, the electrical and many other 
properties of metals lend a very high degree of probability to the 
assumption of the presence of electrons which, within the metal, are 
free from the atoms and which possess a considerable independence. 
The numerous efforts spent in obtaining a more exact knowledge 
of the arrangement and motions of these electrons have produced 
no result which is completely satisfactory up to the present 
moment; each of the more detailed theories have led previously 
either to some contradictions or they were burdened with special 
assumptions which on more general grounds did not appear rea- 
sonable from the very beginning. 
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neutral salt (ref), 428 
Cathode rays, 517, 537 
Cells, galvanic (see e.m.f , electrode), 
acid-alkab, 339 
AgCl - PbCl, - HjO, 409 ^ 
calomel, 385 
Clark, 378 

concentration, 305, 307, 379, 384 
Cu^-+ - Cu+, 388 
fuel, 378 

IT, - O, - H,0, 391, 414-415 
H, - Cl, - HCl, 390-391 
oxidation-reduction, 314 

effect of 11+ concentration, 391- 
397 

quinone-hydroquinone, 396 
Sn (white-gray), 403 
Ventil, 459 
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Chemical aflinitVi 64 (see affinity, 
chemical potential) 
nature, 650 

Chcinical constant, 188-101, 412 
(see Nernat Heat Theorem) 
conventional, 117 
data, 100 

Chemical potential (-see maximum 
woik) 

application to solutions, 225, 310 
definition, 54, 310 

C'hloracetic acids, olectn^lytic disso- 
ciation, 313, 330 
Chlorine, 

Deacon’s pwcess, 206 
velocity of pas molecules, 87 
work of lonizatKiii, 657-658 
( 3apcvnm-( Mausiiis eciuation, 
fusion, 101, 210 

solution of solids, 210, 221. 270- 
271 

vaporization, 181-1S8, 214 
Cohesion Pressure, 137-140, 141 
(see internal pressure) 
molecular distani'e, 102 
surface tension, 150 
Colligativc properties of bolutions, 
201-203 
C'olloids, 

composition, 246 
conditions for stability, 266-267 
llofmeister series, 343 
osmotic pressure, 237 
size of particles, 237-210 
C*olor of compounds, 638-641 
Complex ions, 348-310, 358- 350 
interpretation, 627- 633 
Component, dehnition, 251 
Compound formation in solution, 
228-232 

distinction from eutectic mixture, 
263-264 

efTect on melting fioint, 230-232, 
257 

efTect on solubilitv, 230-232 
efTect on vaiior pressure, 220- 
230 


Compressibility, coefficient, 57 
crystals, 657-658 
elastic forces, 123 
expansion, 57 
ulcal solids, 96, 104 
liquids, 145 
periodic behavior, 478 
Concentration cell, 305, 307 (see 
e 111 f , solutions), 
definition, 370 
e m f , 384 

Conductivity, electrical, 
fused salts, 311 
metals, 660-663 
specific heat, 661-662 
))uro liquids, data, 306- 308 
solutions, 208, 301-305, 307 
comixiiind formal ion, 232 
Dcbyc-lluckel theory, 333 
C({uivnlent, 301 
spe(‘ific, 303 
('ondensed systems, 
definition, 254 
inaxiinuin work, 54 
CVinstant boiling mixtures, 280 
Constant heat sumination, 364-'366 
Contact potential, metals, 668 
solutions, 370-381 
('•ooling curves, 277-279 
Coordinative linkage, 630 
Corrospondance principle, 566-560 
C>orresponding states, theorem of, 168 
C-opper, thermal jiroperties, 99 
Critical isotherm, 166 
(Vitical point, 164 
CVitical pressure, 16-1, 170 
(Vitical temperature, 104, 261 
(Vitical volume, 164 
('ryohvdric point, 256 
('rystallization velocity, 177-179, 
198 
Crystals, 

compressibility, 657-658 
lattice energy, 652-656 
CVystal structure (see X-ray analy- 
sis). 

allotropy of iron, 265 
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Cubical atoms {see static atom). 
Current, electrical, 
definition, 43 
Current number, 555 

D 

Daniel coll, 3R5, 387 
Deacon process, 206 
Degree of Freedom, 
of motion, 72-73 
in ideal gases, 89- 02 
in phase rule, 253 
Density fluctuations, 241-215 
Diamond, 
atomic heat, 07 
cocfTicient of e\])anMon, 00 
heat content, 00 
Dielectric constant, 
data, 223, 224 

interpretation of, in solution, 345- 
347, 626 

normal liquids, 219-220 
use in Debyo-ITuckel theory, 320 
Difference coefTicient, 7 
Different lal coefficient, 6, 7 
calculation, 8 
partial, 20 

Differential cur\'e f«cc integration), 
14 

Differential equation, significance 
in physical pniblciiis, 17 
complete, entropy as, 58, 60 
Differential quotient (see differen- 
tial coefficient). 

Differentiation, 6, 13 
partial, 20 
Diffusion, 

cx)lloid particles, 242 
constant, 30 

dissolved substaiK'e, 30-33 
osmotic pressure, 212-214 
Fick’s law, 30, 243, 441 
velocity, 438-442 

rate of solution, 440-442 
Dilute solutions (see ideal solutions), 
choice of concentration units, 
232-234 


Dilute solutions, laws of, 203, 205- 
206, 212-213 

as result of kinetic theory, 231- 
235 

Di[)oles, electric (see polar mole- 
cules). 

Dispersion, optical, 645 
Dissociation equilibria, 2S5 ct seq. 
(sec cells, electrolytic dissocia- 
tion). 

cal(‘ium carbonate, 354, 415 
Dissociation of gases, 
ammonia, 205 
ammonium chloride, 202 
carbon dioxide, 203, 205, 416 
hydrogen chloride, 206, 300 
hydregen iodide, 287 
nitrogen totroxidc, 280 -201 
water vapor, 203, 206, 301, 411- 
415 

Distillation, 262-261, 270 
Distribution coefficient (^(•c equilib- 
rium, heterogeiMHius eiiuilib- 
riuni, partition coefficient; 
Divariant systems, 253 
Double layer, electric (Helmholtz), 
327, 382 

Duhen-Margules equation, 272, 321 
Dyna nudes, 510 

E 

Elastic constants and characteristic 
.atomic frc(|uency, 122 | 

Electricity, 

elementary charge, 481-185 
nature, 180-482 
positive and negative, 486 
Electrochemical reactions, 442 ct seq. 
Electrodes (see cells, e.m f ) 
amalgam, 388-389 
calomel, 385 
first type, 382, 385 
gas, 389-391 
normal hydrogen, 386 
oxidation-reduction, 303 
oxygen, 390 
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Electrodes, permanganate, 397 
quitihydroiio, 390-397 
second typo, 385 
Electrolysis, 448 
historical, 297-299 
Electrolytic dissociation, 296 et neq 
ammonium hydroxide, 313 
Arrhenius theory, 299 et »eq 
exceptions to, 306-307, 317, 
339-341 

chlorncetic acids, 313 
ncbye-ITuckel theory, 323-334, 
*313-348 
degree of, 299 
apparent, 307, 315-316 
definition, classical, 304r-305 
different solvents, 334 
effect of substitution, 314-315 
energy changes in, 626-633 
estimation, 290-30ti 
modern viewpoint, 298-299, 311- 
312, 026-633 
potassium chloride, 316 
repression, 336-341 (sec Molubihtv 
liroduct). 

salts, dissolved neutral, 315-317, 
334, 357-359 
salts, fused, 311 
solvents, pure, 3(Xi-30S 
water, 30S, 310, 338-339 
stepwise, 348 

ii^lectromagnetic mass, 508 
lOlectromotive force (e m f ) (we 
cells, electrodes, potentials), 
measure of activity coefficient, 322 
measure of maximum work, 376 
el Hcq. 

Nernst osmotic theory, 381-385 
l^ilectron, 482-485, 510 et seq 528 
arrangement in atoms, 016-622 
free, in metals, 666-668 
lattice, theory of, 669-670 
motion, 527 

orbits (see spectral scries, spec- 
trum). 

deformation, 346-347, 633 
elliptic, 559-564 
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Electron, orbits, nodal motion, 563 
perihelial rotation, 559 
shape, in alkali metals, 588-591 
stable, 533, 535 
types, table, 618 • 

ratio —I 512 
m 

thermal emission, 511-517 
valence, 613 
vapor pressure, 513 
vibrations, 602-605 
Electrostatic fon‘os, between ions, 
323 el seq (see elect nilytic di.s.so- 
ciation, hydration). 

Energy, 

absolute value, 45 
atomic and molecular processes, 
527 et seq. 
discontiniiitv. 529 
emission and absorption, 534 
ct seq 

chemical, 42 
conservation, 43 
content (see heat content). 

Planck’s formula, N oscillators, 
113-115 

simple solids, 120 
distribution law, 71, 114 
electrical, 42 
electromagnet «•, 43 
equi]>arti1ion principle, 71-73, 
111 
force, 44 

free (.ncc free energy), 
heat or thermal, 43 
internal (see internal energy), 
kinetic, 42 (see kmetic theory), 
null point (see null point energy), 
potential, 42 

quanta (see quanta of energy), 
radiant, 43 (see radiation), 
units, table, 44 

Entropy, 58-62 (see maximum work, 
Second I^aw). 
probability, 68 
vaporization, 175, 219-220 
Eutvos-lliimsay-Shields rule, 148 
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Equation of state, 28 
Kas(\s, aetiuil, J20 ct neq 
l^cithclot, 133 
carbon dioxide, 131 
ClauMiuf, 132 
low pressures, 131 
van der Waals, 129 et seq., 162- 
161) 

gases, ideal, 76, 318 
generalized, 262 
IkIUuLs, 143-145, 162-166, 318 
rcducc<i, 168 

solids, ideal, 104-106, 318 
Equilibrium (sec entropy, hetero- 
geneous and homogencKUis e(|ui- 
libriuin, law of mass action, 
maximum work, reversible proc- 
ess) 

chemical, 281 et seq, 
conditions, 63, 281-282 
constant, 286, 373-375 (see law of 
mass action) 
false, 263 

ions of different valence, 388, 393 
radioactive, 491 
sedimentation, 238-241 
solution, and solid phases, 366-369 
solutions, 359-361 (see partition 
coefiicicnt) 

state of subdivision, 266, 272 
thermal, 63 
gases, 72 

Equipartition principle, 71-73, 111 
Avogadro’s law, 87 
Dulong and Petit's law, 107 
laws of solutions 234-235, 318, 
324-325 

visible particles, 237, 240-242 
Errors, theory of, 33 
Escaping tendency (see fugacity). 
Ester hydrolysis, 426-430, 434 
Ethyl ether, cciuation of state, 144 
Eutectic mixture, 219, 256 
distinction from chemical com- 
pound, 263-264 
simple, 255-256 
Eutectic point, 219, 256 


Expansion, coefTieient of, 5 
compressibility, 57 
liquids, 144 
mean, 12 
solids, 97, 109 
true, 12 

Explosions, 432-433 
F 

Faraday, unit, 297 

Fluorcsence, 516, 548 

Fluorite, thermal pi-operlie^, 97, 90 

Force, 

attractive, 108-109, 163-168, 653- 
656 

molecular distance, 192 
solutions, effect in, 206-206 
driving, 25 
elastic, 25, 106 
compressibility, 123 
energy, 44 

environmental, in solution, 207 
repulsive, 108-109, 163-158, 66;}- 
655 

molecular distance, 192 
solutions, effect in, 20.5-206 
restoring, 27 

Free energy (sec maMmiim work), 
dehnition, 54 

partial molal, definition, 61, 316 
transition of sulfur, 371 
transition of tin, 40^3 
Freezing point (see activity i^ieili- 
ciciit, melting point, phase rule, 
system), 
constant, 247 

cur\'cs of binary mixtures, 219 
(see system). 

compound formation, 230-232 
solid solutions, 258-269 
lowering, law, 216-219 
molecular weight, 246-247 
technique, 246, 331 
Frequency (see spectrum), 
characteristic, 116 et seq,, 474 
determination, for solids, 122- 
125 
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Freqiionoy, characteristic, nioUinf; 
point equation, 107 
law (see Einstcin-Bohr law) 
limiting, atoms m solids, 120, 474 
Fugacity (see activity coefficient, 
osmotic pressure), 
definition, 208, 318 
ions and e m.f. of concentration 
cells, 383-^84 
Function, 1 
derivative, 8 
second, 11, 25 
explicit, 4 

exponential, 22, 26, 115 (see 

logarithms). 

heat (see heat function), 
implicit, 4 
inflection point, 10 
inverse, 4 
linear, 4 

logarithmic, 18-23 (see loga- 
rithms). 

maxima and minima, 10 
methods of representing, 2 el seq 
more than two variables, 28 (see 
equation of state). 

Fused salts, dissociation, 311 
Fusion, 
heat of, 183 

Clapcyron-Clausiiis, c(|uatiun, 
191 

data, organic substances, 228 
melting point, 170 
solubility of solids, 210 
process, 190-197 

G 

Gamma rays, 487, 520 (see X-rays). 
Gas (see actual gas, ideal gas; 
Bo^de temperature, 129, 130 
degeneration, 91 
inversion temperature, 130 
liquefaction, 142 
molecular heat, 80, 117 
solubility, 208-210 
data, 223 


( las, thermal equilibrium, 72 
velocity of molecules, 70, 87, 550 
vibrational energy, 117 

Gas constant, R, 
defimtion, 76-77 
difference of specific heats, 81 
value, 44 

Gas furnace equilibria, 355 

Gas laws, application (see ideal gas, 
actual gas, solution) 
effect of gravity, 153, 238-241 
electron vapor, 513 
sedimentation equilibrium, 238- 
241 

Gas reactions, 286 (see dissociation) 
change of mole number, 289-290 
no change of mole number, 286 
thermodynamic calculations, 399 
ei seq , 410 ct seq. 

Gibbs-llelinholtz equation, integra- 
tion, 398 

Glasses (see amorphous substance, 
solid solution). 

II 

Haber process for ammonia, 295 
thermodynamics, 368, 374, 401, 
414 

Halbicrungsdicke, 487 

Halt point, 278 

Heat (see energy, fusion, kinetic 
theory, sublimation, thermo- 
dynamics, vaponzation). 
atomic, 39, 40 (see specific heat, 
molecular heat), 
characteristic frequency, 116 
Cp-C* for solids, 105 
law of Dulong and Petit, 100 
metals, 100 
pressure, 125 
solids, law, 98, 121, 145 
sulfur, 103 

thermal expansion, 99, 103 
capacity (see specific heat), 
combustion, 364 
conductance, metals, 663-064 
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Heat, conlenti 38 

available work, 3J)S 
cciuilibrium coiibtant, 31K) -401 
ideal solids, 98 

Planck’s formula for N osc'illa- 
tors, 113-115 

decomposition of organic bands, 
635-638 
dilution, 206 
disordered motion, 68 
dissociation, 

ammonia (acc Haber process) 
hydrogen, 421, 634 
formation, 365 
function, 54 
fusion Uee fusion), 
ionization, calculation, 621-633 
mechanical equivalent, 43 
molecular, 39, 40 {nee specific, 
heat, atonic heat) 
gases, 39, 40, 79-81, 117, 133, 
137 {hce gases), 
liquids, 145 
reaction, 366, 368 
solids, 145 

solubility, solids, 218 
nature, 38, 68 
neutralization, 309-310 
quantity, 37 

reaction, 363 ct , 419 422 
solution, 216, 656 
differential, 224 

heat of fuMon, ideal solution, 
216 

integral, 225 
partial inolal, 224 
specific (nee specific heat), 
sublimation (see sublimation) 
theorem, Nernst, 41, 105, 189, 
402 et vcq. (see energy, 
chemical constant. Third Law 
of therinodynuinics ) . 
appro.\iuiatioii formula, 417- 
423 

condensed systems, 408 
liquids and solutions, 191 
perfect crystals, 191 


Heat, vaporization, 46 vaporiza- 
tion). 

Helium spectra, 570-572 
atomic structure, 593 
Heterogeneous equilibrium, 352 et 
8cq. 

generalized distribution law, 352- 
353 

solid and solution, 35.5-359 (see 
solubility). 

thermodynamic calculation, 415 
Heterogeneous system (vr equilib- 
rium, luderogciK.^ous eipiilib- 
rium, law of mass action.) 
definition of, 251 

ilcteropolar molecules (see polar 
molecules). 

Hidden iua\ima, 257, 270 
Ihldebmnd rule for entropy of 
vaporization, 175 
Hofmeister series, 343 
ilomogencous substance, 
thermodynamic relations of, .56- 
57 

Homogeneous system (see law of 
mass action, equilibiiuin). 
definition, 282 
chemical leactions, 2S3 
llomopolar molecules isce iion-polar 
molecules). 

Hydration in solution (see solvation, 
compound formation in solu- 
tion). 

electrostatic inter])n»tat ion, 313- 
348, 626- 633 

erroneous deductions concerning, 
233 

hydrogen ion, 336 
occurrence, 245, 444 
osmotic pressure, 245 
113 'drogen, 

atom, Bohr model, 556 ct seq 
-chlorine cell, 390-391 
from other elements, .524-.526 
molecular heat, 80, 91, 134 
molecule, models, 633-635 
heat of dissociation, 634 
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IlydroRon, 

iiiicloiiH, miiHS of, 486 
-oxyKi'ii cell, 391 
sohihility in palladium, 361 
spectrum, 553 et aeq. 

8toam-ir(3n equilibrium, 354 
swift particles, 521 
thcriiiometer, 93 
van (Icr Waals’ constants, 132 
velocity of gas molecules, 87 
Hy<lrogenafion, 395 
llydnigen chloride, 
absoiption bands, 59S-600 
energy of dissociation, 625-626 
specific heat data, 118 
Hydrogen iodide, dissociation ccpiili- 
bria, 287 

photo-chelni(^al, 545 
Hydrogen ion concentration (see 
acid-alkali cell, activity coeffi- 
cient, degree of elect rolvtic 
dissociation, ester hydrolysis, 
hydrogen electrode, indicators, 
qiiinhydronc electrode, salting 
out effect) 

Hydnilysis, 349 352, 426-430, 431 
(ncc react ion velocil.\ ) 
Hyixitliesis (sec Law, Principle). 

I 

Ideal gases, 

adiabatic expansion, 82 
laws, 75-79 

activity coefficient, 317-320 
importance in theory, 93 
kinetK^ derivation, 85-87 
solutions, dilute, 203-204 (see 
Hiu)iilt's law, solutions, vau't 
Hoffs’ law). 

solutions of strong electndj’tes, 
234 

temperature measurcincnts, 93 
limiting state of matter, 74 
maximum work in expanding, 81- 
85 

Ideal .salt solutions, definition, 331 


Ideal soliiLs, 
d(*finitioiis, 9<i, 98 
theoretical importance, 126 
transition state, 9S 
Ideal (or perfect) solution (jtee 
dilute solution, non-ideal solu- 
tions, solutions) 
boiling point law, 214-216 
concentration units, 232-234 
definition, 204-205 
environmental effects, 204-206 
freezing point law, 216-219 
sucrose, ideality, 214 
validity of laws, 233-234 
Indicators, 

acid-base, 301, 33t>-33.S 

hydroly.‘<is, effect of, 338, 351 
salt effect, 339 
table, 338 

oxidation-reduction, 314 
Infra-red spectra (^cc rotational and 
vibrational spectra) 
double bands in, 6(K>-601 
Instability constant (sec complex 
ions), 359 
Integral, 
definite, 17 
indefinite, 17 
])n)babihty, 33 

Integral heat of solution, definition, 
225 

Integration, 13-17 
constant, geometrical meaning, 16 
(.see Nernst Heat Theorem), 
higher differential quotients, 25 
partial differential equations, 30 
Internal energy, 
definition, 15 

electrical, of ions in solution, 324- 
328 

isothermal variation with volume, 
134 

kinetic theory of ga.sos, 89-92 
second law of Gay-Lussae, 78, 
88 

solids at low temperatures, 97 
Internal friction (see viscosity). 
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Internal proHaiiro, 1. '53- 156 (see coho- 
Hion pressure), 
calculation, 222 
data, 155, 222 
definition, 153 
Mortimer’s factor, 226 
polar components, 228-220 
Raoul b’s law, 221-228 
solubility of gases, 221-224 
solubility of solids, 224-22S 
Invariant systems, 253 
Inversion temperature, 136 
Iodine, velocity of gas irioleeiilos, 87 
Ion (see complex ions), 
color, 477 

distribution, in solution, 324-328 
migration, 444-446 
polanzation, optical properties, 
347, 620 
size, 324, 332 

in solution theory, 324, 331- 
334, 345-348, 627-633 
stability of compounds, 627-633 
specific interaction, 359 
transport, 443, 446^48 
Ionic strength, 234 
definition, 328 

liinit-ations of principle, 326, 358 
solubility product, 358 
Ion]zation (see dissociation, elec- 
trolytic dissociation, ion), 
by impact, 515-518, 530-533 
potential, 552 
thermal, 511-515 
by X-rayS; 517 
Iron, oe-jS-transition, 265 
Irreversible processes, 48 
change of entropy, 59 
maximum efficiency, 49 
maximum work, 51 
Isobars, 495 
Isotherm, 
critical, 166 
definition, 162 
Isothermal processes, 62 
Isotopes, 494-496, 5^ 
separation, 496-499 
table, 499 


J 

Joule-Thomson effect, 133, 135-136 
141, 668, (see internal energy, 
Gay-Lussac’s second law). 

K 

Kindling temperature, 431 
Kinetic theory, 64 et seq. (see Reac- 
tion Velocity), 
absolute temperature, 88 
actual gases, 137, et seq 
assumptions, 64, 73 
general, 40, et seq. 
ideal gases, 85, et seq. 
liquids, 137, et seq. 
iSecond Law, 68 
solids, 103, et seq 
Konowalow’s rule, 279 

L 

Lamp’s constant, 122 
Lattice constant, (see X-ray 
analysis) 

Lattice energy of ciy'stals, 652-4556 

I^attice plane, 573 

Law, 

Abegg, contravalence, 614 
Avogadro, 77 
equips rtition principle, 87 
Boyle, 75, 129 I 

mixtures, 79 

conservation of mass, 469 
Coulomb, 334, 529 
Dalton, partial pressures, 78 
solutions, 205, 234, 248 
Debye, atomic heat, 98 
displacement, 489-491 
distribution, solutions, 248-249, 
352-353, 359-361 
derivation, 249 
Duhem-Margulcs, 272, 321 
Dulong-Petit, 100, 126, 146, 159 
kinetic basis, 107 
Einstein-Bohr, frequency, 533, et 
eeq.f 542 
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Law, 

energy distribution, 71-73 
cqiiipartition of energy, 73 (see 
equipartition principle) 
Faraday, 297-298, 302, 481 
Fick, 30, 243, 441 
First, of thermodynamics (see 
thermo dynamicsL 
gas, general, 76 
( iay-Lussac, 75 
second, law of, 79, 88, 205 
Ciibbs, surface energy, 273-275 
(iibbs, Duhem-5Iargules, 272, 
321 

Oruneison, 103, 117 
Henry, 208-210, 248 
Hess, 361-366 
Hooke, 27, 106 
Kepler, 557, 559 

Kirchoff, heat of reaction, 366- 
368, 405 
radiation, 606 

Kohlrauseh, concentration, 317 
ionic migration, 298 
Mariotte, 75, 129 
mass action, 283, (see activity 
coefficient) 
activitv, 318 

equilibrium constant, 286, 373- 
375 

formulation, 284 
fugacity, 318 

restrictions, 317, 339-341, 370, 
374 

tSecond Law, 374 
transition acrids, 336 
weak electrolytes, 312, 336-341 
Maxwell, distnbution, 69-71, 550 
Morse, modification of van’t 
Hoff’s law, 204, 212 
Newton, second, 13, 25 
Ostwald, dilution, 312-315 
Poiseiiillc, 150-151 
Kaoult, 206-210, 255 
kinetic derivation, 207-208 
molecular forces, 220-221 
deviations, 220, 221, 223, 226, 
229 


Law, 

rei’tilinear diameters, 171, 261 
Second, of thermodynamics (see 
thermodynamics) . 

Stefan, 157 

Stefan-Boltzmann, 609 
Stokes, 240, 244, 484, 548 
T«-law, 98, 121, 669 
van't lloff, dilute solutions, 203, 
212, 233 

velocities, distribution, 69 
Wicdemann-Franz, 663 
Wien, displacement, 1 17, 608 
LeChatelier-Braun principle, 400 
Liquation process, 259 
Liquids, 

abnormal, 149, 170, 220 
conductivity, 30(^308 
crystalline, 149, 160-161 
difference from other states, 142 
equation of state, 143-145 
extremely dry, 170 
molecular heat, 145 
normal, 149, 170, 219 
surface energy, 149 
surface tension, 147-152 
vaiior pressure curve, 187 
Liquefaction of gasi^s, 142 
L. M. A. (abbreviation for Law of 
mass action). 

Ixiganthm, 
base, 19 

Briggs’ common, or decadic, 22 
logarithmic function, 18-23 
natural or Naperian, 20 
Loschmidt’s number, 65 

M 

Magnetic field, 
effect on liquids, 150 
Magnetism, 
atoms, 447, 620 

ferromagnetism, effect of heat on, 
265 

liangevin theory, 265, 347 
Magneton, 265 

Mass-spectrograph, (see positive 
rays). 
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Maxima and minima, 10, 129 
Maximum work (see Carnot cycle, 
irroversiblu process, reversible 
process). 

constant p and T, 54-4 O (^ee 
chemical potential) 
constant v and T, 52-54 
definition, 52 
determination, 360 et seq. 

electromotive force, 376 et seq 
gas reaction, 371-375 
isothennul expansion, gases and 
solutions. 360 
difTerential cocfhciciit, 62 
expansion of ideal gas, 81-85, 
319 

g:dvanic clement, 52— 56, 308 
heat of vaporization, 180 
heterogeneous rcaction.s, 375 
solutions, application to. 319, 370 
Mean free path (sec kinetic theory), 
92 

Mechanics, classical theory (see 
kinetic theory) 
failure, 73, 111-112 
Melting point (see freezing jioint, 
fiLsion). 

( 'lapey ron-Cla usi use q \ lat ion , 1 9 1 , 
216 

compound formation, 230-232, 
257 

curves (see freezing point curves), 
data, organic compounds, 217 
dependence on pressure, 171 
equation (Lindemann), 124-125, 
197, 474r^76 
heat of Vision, 176 
periodic variation, 478 
Membranes, seini-pcrmcablo, 201- 
202, 235-236 

Metals (see X-ruy analysis), 
atomic heat, 100, 102 
characteristic frequency, 125 
characteristic properties, 659- 
660 

characteristic temperature, 102 
cxinductivitv, electneal, 660-663 


Metals, conductivity, heat, 663-664 
contact potential between, 668 
electron lattice, 669- 670 
free electrons, 666-668 
molecular heat, solid and liquid, 
145 

optical properties, 665-666 
Micelle, definition, 246 
Migration, 

of ions, velocity of, 302, 444 
liquid junction potentials, 3S0- 
381 

Miscibility (see solubility), 200 
incompietc, 221, 260-261 
Molality, 
dchiution, 201 
Molarity, 
definition, 201 

Moleinilar Weight (acc atomic 
weight). 

average, m dissociation equilibria, 
200 

chemical, 94 
physical, 94 

determination, 95, 147-149, 152, 
246-247 

Molecules, structures, 622-(>15 (see 
spectra, noii-pular :uid polar 
coinixninds) 

Mule fraclioii, 
definition, 200-201 
disadvantage, in non-ideal solu- 
tions, 233 I 

Moments of inertia, 
molecular, in diatomic gases, 601 
reaction velocity, 465 
Motion 
heat, 
gases, 67 
liquids, 67, 159 
solids, 110 
ordered, 68 

periodic, 27, 106-108, 110, 159 
quasi]>criodic, 159 
VISCOUS medium, 25 
Mutual solubility of liquids, 260- 
261 
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Neutralization, 309 
Neutral salt action, 315--331, 33fV- 
348, 428 

Nitrogen tetroxide, dishociation, 
2S9-291 

Nodal motion of orbits, 563 
Nomogram, 3 
Non-electrolytes, 

ofTcct of salts on solubility, 341- 
348 

Non-ideal solutions, 
description, 2H1-221 
Non-polar molecules Ucc ideal solu- 
tions). 

deOnition, 220, 613 
Nuclear-charge defect, 5S0 
Niiclouh, 
charge, 522-526 
effective, 572, 580-5S2 
diatomic gases, distance betA\een, 
601 

motion, 558 
in molc(‘ulos, 597 
size, 519 -522 
stability, 525 

Null point energy, 112 (see Nernst 
Heat Theorem, quantum the- 
ory). 

O 

Ojitical properties (see dielectric 
constant, refraction), 
metals, 665-666 
electrical conductivity, 665 
Organic bonds, 635-63S 
light absorption, 63tl"615 
Oscillator (see periodic motion), 
characteristic frequency, 116 
onc-dimensionnl, 117 
Planck’s 113, 527-529 
Osmondite, 267 

Osmotic coefficient, 321, 328-329 
effect of ionic size, 331 


Osmotic pressure (see activity, activ- 
ity coefficient, fugacity). 
concentration law, 203-204 
definition, 201 
diffusion, 242-244 
electrolytic solutions, 300 cl srq. 
energy distribution law, 234-235 
freezing point, 247 
hydration, 246 
ideal solution, 210 
thermodynamic derivation, 211- 
212 

ions and fugacity, 383 
ions and single potentials, 3S0 
measurement, 203, 206, 213, 247 
vapor pressure, 211-214 
visible particles, 237 
Osmosis, 201-202 

kinetic mechaniMn, 235-236 
Overtone vibrations, 567 
Overvoltage, 397. 456-459 
Ovulation, definition, 391,395-396 
Oxidation-reduction potential, 392- 
397 

acid-base equilibria, 395-397 
data, 394 

gas pre!>8ure, 392-394 
Oxygen, 

-hydrogen cell, 391 
velocity of gas molecules, 70, 
87 

P 

Partial molal heat of solution, 
definition, 224 
Partial molal v'olume, 
definition, 225 

Part'd ion coefficient, 282 (see equililv 
rium, heterogeneous equilib- 
rium). 

definition, 248 
Passivity, 459 
Peltier effect, 663, 668 
Perilielial rotation, 559-563 
Periodic table, 471-472 
radioactive elements, 495 
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Perpetual motion, 
first class, 45 
second class, 48 
Phase, 

definition, 161, 251 
Phase displacement, 27 
Phase rule, 250 ct seq. 
apparent limitations, 264-267 
chemical systems, 361-363 
denvation, 252 

geometrical representation, 253 
one component systems, 173 
result of Second Law, 270 
statement, 254 

two component systems, 254 ci 
seq. 

Phosphorescence, 54.S 
Photochemical phenoiiicna, 539, ci 
seq. 

classification, 540-542 
laws, 539, 542-546 
Photoelectric effect, 617 
frequency law, 537-539 
Physical cheinistry, 1, 33 
Planck’s constant of action, 116, 
534, 559 {see quanta of energy) 
Planimeter, application, 17 
Poisbon equation of electrostatics, 
326 

Polarization, 346 
chemical, 454 
concentration, 451 
decomposition, 450 
galvanic, 449 
irreversible, 456 

Polar molecules {see non-ideal solu- 
tions). 

acidity and bacisity of, effect on 
compound formation, 220- 
230, 232 

definitions, 219, 613 
dielectric constant of solvent, 347 
solutions, 228r-234 
Positive rays, 498, 505-506 
Potassium chloride, apparent 
degrees of electrolytic dissocia- 
tion, 316 


Potential (see electromotive force) 
chemical {see chemical potential), 
contact, metals, 668 
decomposition, 450 
difference, 42 

convention in sign, 384, 385-387 
metal-solut ion, 38 1-384 
electrical, 42 
average, of ions, 324 
electrode {see electromotive force), 
ionization, 552 
liquid junction, 370-381 
oxidation {see oxidation-reduction 
potentials), 
resonance, 551 
scries of elements, 3S5 -3SS 
single, and c ni.f , 379 
thermodynamic (sec thermody- 
namic potential), 
threshold, 539 
Principle [see law). 

Camot-Clausius {see Second Law 
of thermodynamics) 
conservation of energy {see First 
Law of thermodynamics), 
correspondence, 566-568 
equipartition of energy, 73 
ionic strength {see ionic strength). 
Le Chatelier-Braun, 400 
selection, 567-568 

Probability {see kinetic theory of 
gases), 
entropy, 68 

integral, 33 I 

Proteins, as ampholytes, 309 
Proton {see hydrogen nucleus, 186). 
Prout’s hypothesis, 479, 497 

Q 

(^uadniplc joint, 253 
Quanta of energy, hypothesis, 113 
{sec liohr theory, spectral scries, 
spectrum) 

Quantum conditions (see Bohr 
theory). 
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Quantum number, effective, 572, 
580-582, 589 
equatorial, 564, 597 
pnncipal, 561 
subordinate, 561 
Quinhydronc electrode, 396-397 

K 

Radiation, 

black-body, 117, 605-613 
density, 607, 612 

Kayloigh formula, 612 
derivation of law, from Einstein 
frequency law, 610-612 
Planck's derivation, 612-613 
infra-red, 123-125 
laws, limitation, 528 
Radiation hypothesis of chemical 
reactions, 466 
Radioactive substances, 
atomic weights, 492 
constant, 24, 488^489 
decomposition, 17, 23 
families, 487, 489 
life periods, 24, 489 
Radioactivity, 
decomposition constant, 24 
discovery, 486 
displacement law, 489, 523 
energy changes, 509-510 
radioactive constant, 24, 488-489 
theory, 486 ei 8eq. 

Radon (radium emanation or niton) 
{see radioactivity). 
Ramsay-Shields rule {see Eotvos). 
Ramsay and Young rule, 169 
Rare-earth elements, electron ar- 
rangement, 621-622 
Reaction velocity, 12, 423 et seq. 
Arrhenius theory, 430, 461 
heterogeneous systems, 438-442 
effect of diffusion, 440-442 
higher order reactions, 426 
incomplete reactions, 427- 429 
kinetic theory, 461-466 
radiation hypothesis, 466 
temperature coefficient, 429-431 


Reaction velocity, thermodynamic 
theory, 460-461 

unimolecular reactions, 424-426 
concentration units, 428 
Rectilinear diameters, law, 171, 261 
Reduced quantities {see reduced 
equation of state). 

Reduction {see oxidation-reduction 
potentials). 

definition, 391, 395-396 
Refraction, 641-445 
Relative internal pressure {see 
internal pressure) 

Relativity, 469, 504 
fine structure of spectral lines, 562 
Residual rays, 123 (&cc frequency, 
melting point equation). 
Resistance, frictional, 25 {see viscos- 
ity) 

Re.^nancc potential, 551 
Rcststrahlcn {see residual rays) 
Reversible processes {see equilib- 
rium, maximum work), 
change of entropy, 59 
maximum work, 50 ei seg ^ 81-85 
Root-mean-square velocity, 87 
Rotation of molecules, 90-92, 465 
Rydberg constant, 554, 557-558, 
570 

effect of nuclear motion, 558 

S 

Salts {see activity coefficient, elec- 
trolytic dissociation, hydrolysis) 
catalysis by, 428 
characteristic frequencies, 125 
Salting out effect, 333, 341-348 
Hofmeister series, 343 
ions upon ions, 343 
Saturation current, 513 
Scattering experiments, 
alpha rays, 518,-522 
X-rays, 523 
Screening, 
constant, 580 
effect, 571-572 
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Sedimentation equilibrium, 237-240 
Sccbcck effect, 664 
Selection principle, 567-568 
Senes, geomctricMl, 21, 115 
Silicon, thermal properties, 00 
Size of particles, 237-210, 266, 273, 
{see ions). 

Solids (see atomic heat, ideal solid), 
amorphous, 143, 264 
molecular heat, 145 
solutions, 258-260, 265, 270 
Solubility (see freezing ])oint). 
activity coeflicieiit, 322 
cocfTicient (Nernst), 248 
compound formation, 230-232 
critical, of liquids, 261 
distribution law, 2-48 
free energy of transition, 370-371 
gases, in iK^uids, 208 210 
ideal solutions, 208-210 
internal pressure, 221-224 
non-ideal solutions, 223 
non-electrolylcs, salts upon, 341- 
348 

organic compounds, data, 217 
227, 232 

pressure, 270-271 
salts, effect of other salts, 320-331 
general treatment, 357-350 
size of particles, 266, 273 
solids, in liquids, (sec heterogene- 
ous equilibrium, solubility 
product). 

heat of fusion, 216 
ideal solutions, 216-210 
melting point of organic com 
lioiind, 217 

Mortimer’s relation, non-ideal 
cases, 226 

non-ideal solutions, 223, 227- 
228 

temperature, 216-217, 223-225, 
(see Clapeyron-(71auHius 
equation) 

Solubility product, (see activity 
coefficient, solubility), 
definition, 356,-357 


Solubility product, effect of added 
salts, 357-350 
c m f. of galvanic cells, 385 
ionic strength of solution, 358 
Solution (see activity coefficient, 
dilute solution, electrolytic dis- 
sociation, ideal and non-ideal 
solutions, solubility product), 
colligativc properties, 210-213 
concentration units, 200-201 
choice of, 233 
definition, 109 

(hbbs-Duhem equation, 272, 321 
kinetic theory, 234-246 
molecular weight determination, 
246-247 

perfect, (see ideal solutions), 
solid, 258-260, 265, 270 
teiLsion, electrolytic, 382, (sec 
activity, fiigacity) 
vai)or pressure, 206-210 (see 
llaoult’s law). 

Solvation, 226, (see 'compound for- 
mation m solution, hydration, 
solubility), 
occurrence, 245-246 
ph3'.sicai picture, 228 
^)und, velocity m solids, 110, 122 
Space lattice, 573-571, 616, rf seq 
Spark spectra, 584 spectral 

senes). 

Specific heat, (we atomic and molec- 
ular heats). 

classical theory. 111 • 

definition, 38 

electrical conductivity of metals, 
661-662 
gases, 70-81 
Cp-Cr, 81, 105 
explosion method, 04, 117 
mean, 30 

pressure constant, 40 
solubility, 218 
true, 39 

volume constant, 40 
Spectral lines, 

displacement law of, 501-503 



SUBJCET INDEX 


697 


Spectral lines, effect of mass, 406 
fine structure of, 562 
Spectral series, 553, et aeq. 
higher atoms, 571, ci seq. 
alkali metnls, 584, 592 
Bergmann, 585, ei aeq., 500 
diffuse, 584, et aeq. 
fundamental, 585 
principal, 584, et aeq, 

Ilitz formula, 586-587 
sharp, 585, et aeq, 
hydrogen, 553, et aeq. 

Btilmer, 553-554, 569 
Fowler, 569-570 
Lyman, 553-554, 556 
Paschen, 553-554 
Pickering, 569 
siiiiilar to hydrogen, 569 
Spectrum, 
atomic, 546, et aeq. 

excitation, 547-552 
band, 602-605 
hydrogen, 553, et aeq. 
internal {aee X-ray spectra), 
line, 478 

molecules, 594, et aeq 
rotation, 59^602 
vibration, 597-602 
vibration, internal, of solids, 118- 
119 

Stark effect, 564, 568 
Steel, 264, 267 

Strong electrolytes, (aee activity 
coefficient, electrolytic disso<*ia- 
tion, solubility of salts). 
Sublimation, heat of. 183 
extrapolated, (aef Ncni'st Heat 
Theorem). 

Substitution, m organic coinpouiuls, 
dissociation constants, 31 1 315 
oxidation-reduction potciitial,3 14, 
397 

Successive reactions, Ostwald’s rule, 
438 

Sugar inversion, 424-425 
Sulfur, atomic heat, 103 
transition point, 173, 371 


Summation, 

of geometrical scries, 21 
integration as, 14 
Superc'onductanco, 663 
Superheating, 178 
Surface energy, 149, 151-152 
Surface tension, 146-149, 151-152 
butyric acid and water, 275 
cohesion pressure, 156 
finely divided substances, 266- 
267, 272-273 
Gibb's equation, 273^275 
System (aee galvanic cells) 

Ag-Au, 259 
Ag-Pb, 278 
Al-Pb, 261 
Al-Zn, 260 

Benzoic acid- Benzene- 11 2 ^), 360 
C-CO-Ot, 355, 376, 116 
CaO-COj-CaCOa, 353, 415 
Cu-Ni, 278 
CuS04-H,0, 371 
Fe-Fe. 04 -H*, 354 
FcCla-lIiO, 256-257 
HNOrHiO, 263, 280 
Ice I-Ice II, 173 
K-Na, 258 
Mg-Sn, 257 
NrOt, 262 

NH4C1-H,0, 255-257 
NH,Cl-PbO, 362 
Pd-H,, 361 
Phcnol-lIiO, 261 
Sn (gray-white), 403 
Sulfur (moDOclinic-rhombic), 173, 
371 

T 

Tamman’s equation, 

7’, p and v of liquids, 144, 152, 155 
Tautomcrism, 285 
Temperature, 

absolute or Kelvin scale, 37, 51 
kinetic theory, 88 
Boyle, 129, 136 

characteristic, 101, 116, 121, 476 
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Temperature, 

characteristic, atomic heats of 
solids, lOr-102 
liquids, 159 
critical, 164, 261 
definition, physical scale, 35-37 
dimensions, 37, 77 
inversion, 136, 142 
measurement, explosion method, 
94 

gas thermometer, 93 
Thermal analysis, 277-279 
Thermal emission of electrons, 511- 
515 

Thermal pressure, 
gases, 85, 141 
ideal solids, 10-1, 110 
liquids, 153-155 
molecular distance, 192 
Thermodynamic potential, (ace 
chemical potential, maximum 
work). 

definition, 54 

Thermodynamics, 40 {see Table of 
Contents, energy) 

First Law, 41-47 
Second Law, 47, rt srq 
Third Law, (see Nernst Heat 
Theorem) 

Thermoelectric phenomena, 604-665 
Thermometer, 36 
gas, 93-9*1 

Third Law of Thermodynaiiiics (m'c 
Nernst Heat Theorem). 
Thomsen-Bertholet principle, 36t) 
Thomson heat effect, 665, 669 
Titration curves, 351 (ref ) 
Transition curve, 172-173 
Transition point (sec allot ro])ic 
forms, triple point), 
e m.f., 378 

Transition pressure, 173 
Transition temperature (see melting 
point, boiling point). 

Transition velocity (see crystalliKa- 
tion velocity). 

Transport number (Hittorf), 446-448 


Triple point, 172, 253 

Trouton's rule (vaporization), 173- 
174 

application to fusion, 177 
comparison with Hildebrand's 
rule, 177 

U 

UH ra violet light (sec hydrogen spec- 
tra, 553-554). 

Uiiivariant systems, 253 

V 

Valence, 613 e/ scg. 
activity coefficients, 326, 330 
atomic structure, 615 srq 

Van dcr Waals' equation, 129, 131, 
137-141 

coexistence of liquid and vapor, 
162-164 

constants, 166-167, 475 
critical phenomena, 164-166 
solutions, 204 

Van’t Hoff coefficient, 307 (see 
osmotic coefficient). 

Vaporization, 

condensation of iiiixturcs, 261, 264 
entropy, 175 
heat of, 173, 183 
boiling point, 174 
external work, 180 
extrapolated, 188 
surface tension, 158 
temperature, 181-183 
process, 193 

Vapor pressure, 161 (see fiigacity, 
heat of vaporization), 
boiling point laws, 169, 214-216 
Clapeyron-Glausius equation, 
184-188 

curves, 185-187 
compound formation, 229-230 
external pressure, 250 
kinetic calculation, 191 
molecular lowering, solutions, 
206-10 (see llaoult's law), 
kinetic mechanism, 236-237 
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Vapor pressiire, non-ideal mixtures, 
221 

osmotic pressure, 211-214 
partial, and composition, 271-272 
relative (Ramsay and Young), 
169 

salt hydrates, 371 
small drops, 272-273 
solids, 171 
temperature, 169 
Variables, 2, 4 
dependent, 4 
independent, 4, 28 
Velocity, 11 {see migration) 
average, 11 

gas molecules, 87 
crystallization, 177-179, 198 
diffusion, 440 
distribution law, 69-71 
gas molecules, 70, 550 
reaction {see reaction velocity) 
root-mean-square, 87 
Ventil cell, 459 

Vibration {see motion, spectrum) 
atomic (see frequency) 
gas molecules, 89-91, 117-118 
liquids, 159 

solids, 106, 110, 118-120, 474 
“coupled,” 118 
frequency, 28 
overtone, 567 
sine- wave, 27 
Viscosity, 

CTystallinc liquids, 150, 161 
Poiscuilles’ law, 150-151 

W 

Walden’s relation, heat of fusion 
and melting point, 227-228 


Water, 

as a catalyst, 434 
conductivity, specific, 306 
dissociation of vapor, 293, 296, 
391, 414-415 

electrol>i;ic dissociation, 308-310, 
338-339 

heat of vaporization, 183 
ionization, 309-310 
rotation spectrum, 596 
vibration spectrum, 598 
Water gas equilibrium, 288 
Wave number, 554 
Work, 

maximum {see maximum work), 
mechanical, definition, 41 

X 

X-rays, 

production, 535 et seq. 
scattering, 523 
spectra, 573 et seq. 

atomic energy levels, 577 et seq 
continuous, 537 
excitation, 582-583 
non-periodic nature, 478 
series, 574 et seq 

wave length, measurement, 573 
X-ray analysis, crystal structures, 
metals and solid solutions, 260 
pow'der method, 647-648 
reflection angle method. 616 647 
results, 648-652 
theory, 573-574, 64,5-650 

Z 

Zeemann effect, 564 
Zwitter-ion, 309 








